Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



yyy 



THE STANFORD 

COMPUTATION 

CENTER 



e»pfaln T. J. 1- Se« 
MATK^MATICAI. 

tcaxcxt 




cJT/-/^'^ 



a» teikins H«llt 
<V.ti.t-rl>]>A Mam 



'A- 



2 = fte'^. 
If '■^ ' I, 
e'^^ c„^-^ /.c»i? 



t^i 










T. J. J. SEE 

Hake Islanb. Caup. 



ELEMENTS 



INTEGRAL CALCULUS, 



KEY TO TEE SOLUTION OF DIFFERENTIAL 

EQUATIONS, AND A 3B0BT TABLE 

OF INTEGRALS. 



WILLIAM ELWOOD .BYERLY, Ph.D., 



BSCOSD SDiriOS, RgVISED AUD XJfLABBXD. 



BOSTON, n.S.A.: 

PUBLISHED BY GINN AND COMPANY. 

1895. 






Entered according to Act of Congress, In the year 18SS, by 

^\^LUAM ELWOOD BYERLY, 
In the Office of the Librarian of CongreM at Waebington. 



All Rights Resbrvko. 



Ttpography by J. 8. CnsuiNo & Co., Boston, U.S.A. 



Prvbswork bt Ginn 9i Co., Boston, U.S.A. 



V 



The following volume is a sequel to my treatise on the 
Differentia] Calculus, aud, like tliat, is written as a text-book. 
The last chapter, however, a Key to the Solution of DiffereDtiol 
Equations, may prove of service to working niatliematicians. 

I have used freely tlie works of Hcrtrand, Beujamia Peirce, 
Todhnnter, and Boole ; and 1 am much indebted to Professor 
J. M. Peirce for criticisms and suggestions. 

I refer constantly to my work on the Differential Calctdus 
as Volome I. ; and for the sake of convenience I tisxe added 
Chapter V. of that book, which treats of Integration, as an 
appendix to the present volume. 



W. E. BYEELY. 



CAHBBtDQt, I88L 



PREFACE TO SECOND EDITION. 



In enlarging my Integral Calculus I have used freely 
Schlomilch's '^ Compendium dcr Uolieren Analysis," Cayley's 
'* Elliptic Functions," Meyer's '^ Bestimmte Integrale," For- 
syth's '^ Differential Equations," and Williamson's ^^ Integral 
Calculus." 

The chapter on Theory of Functions was sketched out and 
in part written by Professor B. O. Peirce, to whom I am 
greatly indebted for numerous valuable suggestions touching 
other portions of the book, and who has kindly allowed me 
to have his Short Table of Integrals bound in with this volume. 

W. E. BYERLY. 
Cambrioob, 1888. 
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CHAPTER I. 

SYMBOLS OF OPERATION. 

1. It is often convenieDt to regard a fiinctiooal symbol as 
indicating an operalion to be performed upon the expression 
which is written after the symbol. From this point of view tlie 
ajTnbol ia called a symbol of operation, and the expreeaion writ- 
ten afler the symbol is called the subject of the operation. 

Thus the ajmbol D. in D.{a^y) indicates that the operation of 
differentiatiDg with respect to a; is to be performed upon the 
subject {3?y). 

2. If the result of one operation is taken aa the subject of a 
second, tlicre is formed what is called a compound function. 

Thus logsinx is a compound function, and we may speak of 
the taking of the logsin as a compound operation. 



3. When two operations are bo related that the compound 
oi>cration, in which the result of performing the first on any 
subject ia taken as the aubjcct of the second, leads to the same 
result as the compound operation, in which the result of per- 
forming the second on the same subject is taken as the subject 
of the first, ttic two operations are commutative or relatively free. 

Or to formulate ; if 

fFu = Ffu, 

the oi>eratioDS indicated by f aud F are commutative. 
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For example ; the operations of partial differentiation with 

respect to two independent variables x and y are commutative, 

for we know that 

D,D,u = D^D,u. (I. Art. 197). 

The operations of taking the sine and of taking the loganthm 
are not commutative, for log sin u is not equal to sin log u. 

4. K f(u±v)=fu±fu 

where u and v are any subjects, the operation /is distributive or 
linear. 

The operation indicated b}' d and the operation indicated by 
Z>, are distributive, for we know that 

d(u ±v) = du± dv, 

and that A(w ±v) = D^u± D,v, 

The operation sin is not distributive, for sin(w -|- v) is not 
equal to sinw -|- sin v. 

5. Tlie compounds of distributive operations are distributive. 
Let / and F indicate distributive operations, then fF will be 

distributive ; for 

F{u ±v) = Fu± Fo, 
therefore fF{u ±v)= f{Fu ± Fv) = fFa ± fFo. 

6. The repetition of any operation is indicated by writing an 
exponent^ equal to the number of times the operation is per- 
formed^ after the symbol of the operation. 

Thus \og^x means log log log ar ; cT^a means dddu. 

In the single case of the trigonometric functions a different 
use of the exponent is sanctioned by custom, and sin-w means 
(sinw)* and not sin sinw. 

7. If m and n are whole numbers it is easily proved that 
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Tkit formula i» assurnvd for all values of m and n, and nega- 
tive a7ui fractional expone^its are interpreted by its aid. It is 
called the law of indices. 

8. To find what interpretatiou must be given to a zero ez- 
pottent, let 









11 the formula of Art. 7. 



That is ; a symbol of operation with the exponent zero has no 
effect on the st^ject, and may be regarded as multiplying it by 
nnity. 

9. To interpret a negative exponent, let 

m = —n in the formula of Art. 7. 
/-/»«=/- + -„=/•„ = „. 
Ifwecall fu = v, then f-'v = u. 



= 1 



we get 



r'ft^: 



and the exponent —1 indicates what we 
function of /«. (I. Art. 72.) 

The exponent — 1 is used in this sense t: 
functions. 



have called the anti- 
gen with trigonometric 



10. When two operations arc commututiee and distribittive, 
the symbols wliich represent ttiem may l>e combined precisely ns 
if they were algebraic quantities. 

For they obey the laws, 



a(m 



n) = 



n which all the operations of nrithinitic and nlgel>ra are foumlcd. 
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For example ; if the operation (Z>, + D^) is to be performed 
n times in succession on a subject u, we can expand {D, + D^)* 
precisely as if it were a binominal, and then perform on u the 
operations indicated by the expanded expression. 

(Z>. + D,yu = (Z>/ + 3 D^W, + 3 D, D/ + />/)« 



IMAGINABIE& 



CHAPTER II. 
IMAGINARIES. 



n. An imaginary is usually defined ia algebra as the indi- 
riiteil even root of a negative quantity, and although it is cteax 
that there can be no q'tantity that raised to an even power will 
he negative, tlic assumption is made that an imaginary can be 
treated like any algebraic quantity. 

Imagiuaries are first forced upon our notice ici connection 
with the subject of quadratic equations. Considering the typical 
qu.dr.tio ,- + „x + 6 = 0, 

we find that it has two roots, and that these roots possess cer- 
tain important properties. For example ; their sum is ~a and 
their product is 6. We are led to the I'oneliision that evcrj' 
quadratic has two roots whose sum and whose product are 
simply related to the coefficients of the equation. 

On trial, however, we find that there are quadratics having 
but one root, and quadratics having no root. 

For example ; if we solve the equation 

3^-23; + 1 = 0, 

we find that the only value of x which will satisfV it is unity; 
and if wo attempt to solve 

a* — 2a; + 2 = 0, 

we find that there is no value of x which will satisfy the equation. 

As these results are apparently inconsistent witli the conclu- 
sion to which we were led on solving the general equation, we 
naturally endeavor to reconcile them witli it. 

The difficulty in the cose of the equation which h.ts but one 
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root is easil}' overcome by regarding it as having two equal roots. 
Thus we can say that each of the two roots of the equation 

ic2_2a;+l = 

is equal to 1 ; and there is a decided advantage in looking at the 
question from this point of view, for the roots of this equation 
will possess the same properties as those of a quadratic having 
unequal roots. The sum of the roots 1 and 1 is minus the co- 
efficient of X in the equation, and their product is the constant 
term. 

To overcome the difficult}' presented by the equation which 
has no root we are driven to the conception of imaginariea. 

12. An imaginary is not a qxuintity^ and the treatment of 
tmaginaries is purely arbitrary and conventional. We l>egin by 
laying down a few arbitrarj* rules for our imaginary^ expressions 
to obey, which must not involve any contradiction ; and we 
must perfonn all our operations upon imaginaries, and must 
interpret all our results by the aid of these rules. 

Since imaginaries occur as roots of equations, they bear a close 
analogy with ordinarj' algebraic quantities, and thej' have to be 
subjected to the same operations as ordinary quantities ; there- 
fore our rules ought to be so chosen that the results may be 
comparable with the results obtained when we are dealing with 
real quantities. 

13. By adopting the convention that 



V— a^ = a V — 1 , 

where a is supposed to be real^ we can reduce all our imaginary' 

algebraic expressions to forms where V — 1 is the only peculiar 

symbol. This s^inbol V — 1 we shall define and use as the sj/m- 

hoi of some operation^ at present unknown,, the repetition of which 

has the effect of changing the sign of the subject of the operation. 

Thus in a V — 1 the symbol V — 1 indicates that an operation 

is performed upon a which, if repeated, will change the sign 

of a. That is, 

a(V^)'=-a. 
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Prom this point of view it would be more natural to write the 
symbol before instead of after the subject on which it operates, 
(V— l)a instead of flV — 1, and this is sometimes done; but 
as the usage of mathematicians is overwhelmingly in favor of the 
second form, we shaU employ it, merely as a matter of con- 
venience, and remembering that a ia the subject and the V — 1 
the m/mbol of c^ration. 

14. The ndes in accordance with which we shall use our new 
symbol are, first, 

oV^ + 6V^= (a + 6)V^. [I] 

In other words, the operation indicated by V— 1 is to be dis- 
tributive (Art. 4) ; and second, 

o^^l-.(^^l)a, p] 

or our symbol is to be commutative with the symbols of quantity 
(Art. 3). 

These two conventions will enable us to use our aj-mbol in 
algebraic operations precisely as if it were a quantity (Art. 10). 

When no coefllcient is written before V — 1 the coetHcient 1 
will be understood, or unity will be regarded as the subject of 
the operation. 

15. Let us see what interpretation we can get for powers of 
V — 1 ; that is, for repetitions of the operation indicated by the 
B^'mbol. 

(V^)''=l (Art. 8), 

(-/^)'=-l, bydefinition (Art.l3), 

(V^n)*= (V^n)=V^n = - V^n, bydeamtjon, 

(^An)*=l^/^ =V^1, 

(V^)''=(V^n)^ =_i. 



and so on, tlie values V— 1 
cycles of four. 



-V~i, 



1, occurring in 
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16. The definition we have given for the square root of a 

negative quantity, and the rules we liave adopted concerning its 

use, enable us to remove entirely the difficulty felt in dealing 

with a quadratic which does not have real roots. Take the 

equation 

a^-2x-\-5 = 0. (1) 

Solving by the usual method, we get 

a;==l± V^^; 

V"^ = 2 V^^, by Art. 13 [1] ; 

hence a?=l-|-2V^ or 1— 2V^^. 

On substituting these results in turn in the equation (1), per- 
forming the operations by the aid of our conventions (Art. 14 
[1] and [2]), and interpreting (V — 1)* b}' Art. 15, we find that 
they both satisf^v the equation, and that they can therefore be 
regarded as entin^ly analogous to real roots. "VVe find, too, that 
their sum is 2 and that their product is 5, and consequently that 
they bear the same relations to the coefficients of the equation as 
real roots. 

1 7. An imaginary root of a quadratic can alwa^'s be reduced 
to the form a -f 6 V — 1 where a and b are real, and this is taken 
as the general typo of an imaginar}- ; and part of our work will 
be to show that when we subject imaginaries to the ordinary 
functional operations, all our results are reducible to this t3'pical 
form. 

If two imaginaries a-h^V — l and c-fdV^^ are equal, 
a must be o([ual to c, and b must be equal to d. 

For we have a -f 6V— 1 = c + dV— 1. 

Therefore a — c = (d — 6) V^ , 

or a real is equal to an imaginary, unless a — c=zO = d — b. 

Since obviouwly a real and an imaginary cannot be equal, it 
follows that a = c and b = d. 



Chap. II.] 



rUAGIN ARIES. 



18, We have defiaed V — 1 aa the sjmbol of an operation 
whose repetition changes the sign of the subject. 

Several different interpretatiooe of this operation have been 
suggested, and the following one, in which every imaginar}' is 
graphically represented by the position of a point in a plane, is 
commonly adopted, and is found exceedingly usefVil in suggest- 
ing and interpreting relations between ditferent imaginaricB and 
between imaginaries and reals. 

In the Calculus of Imaginaries, a + b V— 1 is taken as the 
general symbol of quantity. If 6 is equal to zero, a + b V— 1 
reduces to a, and is real ; if n is equal to zero, a + b V— 1 re- 
duces to 6 V— 1 , and is called a pure imaginary. 

a + b V — 1 is represented by the posiUon of a point referred 
to a pair of rectangular axes, as in analytic geometry, a being 
taken as the abscissa of the 
point and ( as its ordinate. 
Thus in the figure the position 
of the point P represents the 
imt^nary a + b V — 1 . 

If 6 = 0, and our quantity ia 
real, /* will lie on the axis of - 
X, which on that account is 
called the oris o/reafs; if a=0, 
and we have a pure imaginary, 
P will lie on the axis of T, 
which is called the axis of pure imaginaries. 

It follows from Art. 17 that if two im^inaries are equal, the 
points representing them will coincide. 

Siuce a and aV^^ are represented by points equally distant 
from the origin, and lying on the axia of reals and the axis of 
pare imaginaries respectively, we may regard tlie operation 
indicated by V— 1 as causing the point representing the subject 
of the operation to rotate about the origin through an angle of 
90". A repetition of the operation ought to cause the point to 
rotate 90° further, and it docs ; for 

a(V^)' a. 



and is represented by a point at the s 



i distance from the 
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origin as a, and Ipng on the opposite side of the origin ; again 
repeat the operation, 

and the point has rotated OO"* further ; repeat again, 

and the point has rotated tfirough 360**. We see, then, that if 
the subject is a real or a pure imaginai'y the effect of performing 
on it the operation indicated by V— 1 is to rotate it about the 
origin through the angle 90°. We shall see later that even when 
the subject is neither a real nor a pure imaginarj', the effect of 
operating on it with V — 1 is still to produce the rotation just 
described. 

19. The swm, the product^ and the quotient of any two imagi- 
naries, a -h 6 V — 1 and c -h d V — 1 , are imaginaries of the tj'pi- 
cal form. 

a-h^V^-f c-fcZV^ =a + c-f (t + d)V^. [1] 



(a + W-l) (c-f-rfV^) =ac-6cZ-f (6c-f ad)V^. [2] 
g-f W^ _ (g-fftV^) {c—cW^) _ ac-\-hd-{-{hc—ad)'/^ 

_ ac -f hd be — ad . 

" c^ + cT*"^ c' + fj^ '^"^- lS] 

All these results are of the form A -|-i?V— 1. 

20. The graphical representation we have suggested for 
imaginaries suggests a second t3'pical form for an imaginar}'. 
Given the imaginary aj-f yV— 1, let the polar coordinates of 
the |K>int P which represents x-^-y V— 1 be r and <f>, 

r is called the modulus and ^ the argument of the imaginar}-. 




IMAGiyABIES. 



The figure enables us to establish very 
simple reUtioQS between x, y, r, and 0. 



ul 






[I] 



x + yy/—l = rccw0+ (V — l)rain0 

= r(cM0+V^.8in0), [3] 

where the imaginary is expressed in terms of its modulus and 
ai^ument. 

The value of r given by our formulas [2] ia ambiguous in 
sign ; and may have anj- one of an infinite number of values 
difTering by multiples of ir. In practice we always take the 
positive value of r, and a value of which will bring the point 
in question into the right quadrant. In the case of any given 
imaginary then, r can bare but one value, while i^ may have any 
one of an influite number of values differing by multiples of 2ir. 

The modulus r is sometimes called the absolute value of the 
imaginary. 

Examples. 

(1) Find the modulus and aigiiment of 1 ; of V— 1 ; of —4 ; 
^Jr-^V"^; ofS+SV^T; of 2+jV^; and express each of 
these quantities in the form r(co3 0+V— l.sin^). 

(2) Show that everj' positive real has the argument zero; 
everj' negative real the aigument ir ; every positive pure imagi- 
uarj' the argument' - ; and every negative pure imaginary the 
argument — . 

21. If we add two imaginaries, the modulus of the sum is 
never greater than the sum of lite moeluli of the given imagi- 
naries. 
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The sum of a -|-6 V^ and c -j-d V^H" is a + c + (6+d) V^. 
The moduUis of this sum is 's/ {a -\- c)- -\- {b -\- d)'^ ; the sum of 
the moduli of tt+^V^ and c+dV^ is Va^+^+V<?T^. 
We wish to show that 

the sign -< meaning " equal to or less tfian" 

Now V(aTcpT(M^ -< V^T^H- V"?T^, 

if (a4-c)2 + (6-f d)* -< a^ 4- ^2 + 2V((t=^ -f- ^') {c" + cf') +c* + d*, 

that is, if ac 4- 6(f -< VaV + a^'cP-hdV-f-ird* ; 
or, squaring, if 

or, if -< {ad -hey. 

This last result is necessarily true, as no real can have a 
square less than zero ; hence our proposition is established. 

22. The modulus of the product of tico imaginaries is the 
product of the moduli of the given imaginaries^ and the argument 
of the product w the sum of the arguments of the imaginaries. 

Let us multiply 

ri (cos <^i + V — 1 . sin <t>i) by r2(cos <^2 4-V — 1. sin <^2) ; * 
we get 
ri r2[co8 </>! cos <^ — sin <^i sin <^o -f- V — l(sin <^i cos <^ + cos <t>i sin ^^g)], 

cos <^i cos <^ — sin <^i sin <^ = cos(<^i + <^) , 

sin </>! cos <^ + cos </>! sin </>2 = sin (<^i + </)a) 
by Trigonometry ; hence 

Ti (cos <^i + V -- 1 . sin <^,) To (cos <^i + V — 1 . sin </>j) 
= rir2[cos(<^i -h it>2) -f- V — 1. sin(</)i + </»2)], 
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and our result is in the tj-pical form, ^r, being the modulus and 
<^i + ^ the ailment of the product. 

If each factor has the modulus uuity, this theorem enables us 
to construct very easily the product of the imagiuaries ; it also 
enables us to show that the interpretation of the operation V — 1 , 
suggested in Art. 18, is i>erfectly general. 

Let us operate on any imi^uary subject, 

r(coB^ + V — l.ain^), with V— 1, 

f-V^.sin^Y 



l[^cos| + V^. 



The modulus r will be unchanged, the argument (^ will be in- 
creased by ^, and the effect will be to cause the point repre- 
senting the given imaginary to rotate about the origin through 
an angle of 90°. 

23. Since division » the inverse of multiplication, 

ri(cos.^,-|-V — 1. siui^i) -f- rj(co3^-l- V— l.sin^) 
will be equal to 

^ [cos (*, ~<h) + V^- B>n{*, - *i)] , 

since if we multiply this by r,(cos^-t- V— 1. sin^), according 
to the method established in Art. ii, we must get 

r,(cos4, -1- V— 1- sin.^,) . 

To divide one imaginarij bii another, we have then to lake the 
quotient obtained by dividing the modulus of the Jiist by the 
modulus of the second eta our required modulus, and the argu- 
ment of the first minua lite argument of the second as our new 
argument. 

24. If we are dealing with the product of n equal factors, or, 
in other words, if we are raising )-(coa i^ + V— 1 . sin r^) to the 



/" 
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nth iK)wer, n being a positive whole number, we shaU have, by 
Art. 22, 

[r(cos<^ + V^.8in<^)]" = r»(cosn^ + V^.8inn<^). [1] 

If r is unity, we have merely to multiply the argument by n, 
without changing the modulus ; so that in this case uicreasing 
the exponent by unity amounts to rotating the i^oint represent- 
ing the imiiginary through an angle equal to </> without changing 
its distance from the origin. 

25. Since extracting a root is the inverse of raising to a 
power, 

V[r(cos<^4-V^.8in<^)] = \^(^cos- + V^.sin-j; [1] 

for, by Art. 24, 

-yrlcos^-f V^.sin^J = r(cos</)-|- V^.8in<^). 

Example. 

Show that Art. 24 [1] holds even when n is negative or 
fractional. 

26. As the modulus of every quantity, positive, negative, 
real, or imaginary, is positive, it is alwtiys possible to find the 
modulus of any required root ; and as this in<^dulus must be real 
and positive, it can never, in au}- given example, have more than 
one value. We know from algebra, however, that ever}' equa- 
tion of the nth degree containing one unknown has n roots, and 
that consequently every number must have n nth roots. Our 
fonnnla. Art. 25 [I], appears to give us but one ?ith root for 
any given quantity. It must then be incomplete. 

We have seen (Art. 20) that while the modulus of a given 
imaginary has but one value, its argument is indeterminate and 
may have any one of an infinite numl>er of values which differ by 
miilti{ile8 of 2 IT. If </h) Is one of these values, the fUU form of 
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the itnagiDar}' ia notr(co3^+ V — l.sin^), aa we have liithcrCo 
written it, but is 

r[coa(^ + 2m7r) + V^.8iii(0o + 2m^)], 

where m ia zero or any whole number positive or negative. 
Since angles differing by multiples of 2ir have the same trigo- 
nometric fliDctioiiB, it is easily seen that the introduction of the 
term 2nn into the ai^ument of an imt^nary will not modii)- 
any of our results except that of Art. 25, which becomes 

\'r [cos(*,+ 2m^) + V^^- 8in(^+ 2mjr)] 



Giving m the values 0, I, 


2,3 


ivelj, 


we get 






^. 


t + ^' 


■^ + 2'-;, 


*, 






^^■1,. 


■h 



as ailments of our nth root. 

Of these values the first k, that is, all cxeept the last two, 
correspond to different points, and tlieivfore to different roots ; 
the next to the last gives the same point as the first, and tlie 
last Oie same point as the second, and it is easily seen that if we 
go on increasing m we shall get no new points. The same tiling 
is true of negative values of m. 

Hence we see that ^•ery quantity, real or imaginary, hun n 
distinct nth roots, all having the same modulns, but with ai^i- 
ments differing by multiples of 



27. Any j'ositive real differs from nnity only in it-* modulus, 
and any negative n-ul differs from —1 only in ils mudulii-. All 
th« nth roots of any number or of its negative may be obtained 



16 
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- 1 by the real positiTe 



by multiplying tlic nth roots of 1 c 
Mtli root «f the number. 

Let us consider some of the roots of 1 and of — 1 ; for ex- 
ample, the cube roots of 1 and of —1. The modulus of 1 
is 1, and its argument is 0. The modulus of eacli of the cube 

roots of 1 is 1 , and their arguments are 0, -^, and ■— ; that is, 

0°, 120°, and 240°, The roots in question, then, are repre- 
sented by Uic points P^, /*,, /*,, in the figure. Their values arc 

l{cosO+ V^.sinO), 
1 (eo8 120° + \Cn:. sin 120'), 
and l(cos240°-f-V^.sin240''), 

orl, -i + f V^Ti, _j-^V^. 



The modulus of —1 is 1, and its 

argument is tt. The modulus of the 

. and their arguments are -, - + — , 

0°, 300°. The roots in question, then, 

are re|>resentod by the points i*i, P,, 

P3. in the figure. Their valnes aiB 

i + ^V^, -1, i-'^-J^. 

Examples. 




cube roots of —1 i, 
^ + 1^, that is, G0°, 




(1) What are the square roots of 
1 and — 1 ? the 4Hi roots ? the 5th 
roots ? the 6th roots ? 

[i) riml llio cube roots of —8 ; the 5th roots of 32. 

pS) Show that an imaginarj- can have no real nth root ; that 
Bttiv.- real lias two real nth roots if n is even, one if n is 
t that a negative real has one real nth i-oot if ,1 is oild, none 
I la even. 
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28. ImagiDaries having equal moduli, and argumente differing 
oidy in sign, are called conjugate imaginaries. 

r(co8^+ V^.aiD.^), and r[co8{ — ^) + V^.sin(— <^)], 
or r(oo3 — V— l.sini^) are conjugaie. 

They can be written x + y V— 1 and x — y V — 1, and we see 
that the points correaponding to them have the same abecisea, 
and ordinates which are equal with opposite signs. 



(1) Prove that conjugate imagittaries have a real sum and a 
real product. 

(2) Prove, by considering in detail the substitution of 
a + b V^l and a — b V^ in turn for x in any algebraic poly- 
nomial in X with real coefficients, that if any algebraic equation 
witii real coefficients has an imoginar}- root the conjugate of that 
root is also a root of the equatjon. 

(3) Prove that if in anj' fraction where the numerator and 
denominator are rational algebnuc polynomials in x, we aiibsti- 
tate a + b V^ and a — 6 V^ in turn for x, the results are 
conjugate. 

Tranacendental Functions of Imaginaries. 

29. We have adopted a definition of an imaginary and laid 
down rules to govern its use, that enable us to deal with it, in 
all expressions involving only algebraic operations, precisely as 
if it were a quantity. If we are going further, and are to sub- 
ject it to transcendental operations, we must carefully define 
each function that we are going to use, and establish tiie rules 
which the function must obey. 

The principal transcendental ftinctions are e*, loga;, and sina;, 
and we wish to define and study these when x is replaced by an 
imaginary variable z. 

As our conception and troatmcnt of imaginaries have been 
entirely algebraic, we naturally wish to doliue our transcendental 
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functions by the aid of algebraic fbnctions ; f^d singejEe-know 
that the transcendental functions of a real variable can be ex- 
pressed in terms of algebraic functions only by the aid of infinite 
series, we arc led to use such series in defining transcendental 
functions of an imaginary variable ; but we must first establish 
a proposition concerning the convergency of a series containing 
imaginary' terms. 

30. If the moduli of the terms of a series containing imaginary 
terms form a convergent series^ the given series is convergent. 

Let Mo + ^'i + ^2 -f + '^n -f- be a series containing imagi- 
nary terms. 

Let 
Uo= i?o(cos4>o+ V — 1.8in*o), Wi = i?i(co8*i-|-V— 1.8in*i),&c., 

and suppose that the series i^-f- -Ri-|--R2-h -h-Bi»-h is 

convergent ; then will the series Wo+ Wi+ w^-h be convergent. 

The series i?o + i?i -f- is a convergent series composed of 

positive terms ; if then we break up this series into parts in any 
way, each part will have a definite sum or will approach a defi- 
nite limit as the number of terms considered is increased in- 
definitely'. 

The series Uq + Wi + i^ -f- w« -f- can be broken up into 

thetwo series 

22ocos*o-f- 7?iCOS*i-f-i22COs*2 + -|-i?nCos*^-|- (1) 

and 

V^(2?oSin*o-f /?i8in*i-f/?28in*,-f + /?nSin*»-h ). (2) 

(1) can be separated into two parts, the first made up only 
of positive terms, the second only of negative terms, and can 
therefore be regarded as the diflerence between two series, each 
QOnsisting of positive terms. Each term in either series will be 

I term of the modulus series Bq + Ri -\- Ri -\- multiplied by 

ft iqpia&tlty less than one, and the sum of n terms of each series 
Ifll tilierefore approach a definite limit, as n increases indefi- 
llllfy. The series (1), then, which is the abscissa of the point 
MpMeuliiig the given imaginary* series, has a finite sum. 
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In the same way it may be shown that the coefflcient of V— 1 
in (2) has a finite sum, and this is the ordinate of the point 
representing the given series. The sum of n terms of the given 
series, then, approaches a definite limit as n is increased indefi- 
nitely, and the series is convergent. 

31. We have seen (I. Art. 133 [2]) that 

when X is real, and that this series is convei^ent for all values of x. 
Let us define e*, where z = x + y V^ , by the series 

This series is convergent, for if « = r(cos ^ + V^ . sin ^) the 
"™' , r ,• ,• ,- 

made up of the moduli of the terms of [2] is convergent by 
I. Art. 133, and therefore the value we have chosen for e* is a 
determinate finite one. 

Write X + y V^ for x, and we get 

^^ ■! I »+yV^i I («+»V=i)' I (»+iiV=i)' , pj 

The terms of this series can be expanded by die Binomial 
Theorem. Consider all the reealting terms containing any given 
power of X, say sf ; we have 



pV ^ I ^ i\ ^ il ^ nl 

or, separating the leal terms and the imaginary terms, 

l(i_i^ + s!_j!+ ) 



pi' 



J)! ^ SI SI 71 
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or — (cosy+ V^.ainy), byI.Art.lS4. 

P' 
Giving p all values (Vom 1 to oc we get 

e-*"^=(cosy + V^l.siiiy)(l + | + ^ + ^ + |^ + ) 

= e" (cosy + V^ . Biny) , [4] 

which, by the way, is in one of our tj-pical imaginary forms. 

If x=0, in [4], 
weget «'-^ = co8y+ V^.siny, [5] 

wluch st^gests a Dew way of writing our ^^ical imi^naiy; 

namely, 

r(oos* + V-1. sin^) = re'*^. 

32. We bavp seen that ' _ ' . ' 

ft*f^i^ ^^-/^ . ' ' '' 

let us s<* if all iiiingiuar^- powers of « obey the fcito of indicea; 
that is. if the LHiuation 

eV = e-*- m 

IS umvorsally tnie. 

Let H = j-j-f-u,V^ ainl f = J', + y,V^, 

then .-= .-,-,. .'-. ^ ,..(co.y, + V~l.sinyO, 
«• = (J. * s -""i = .''.(I'osy, + V^l. siiiy,). 

'"♦^ = *""'■["» C«'i + yi) + V^l-8iii{y, + y0] 
= .-'.*'. [f,>s (y, + y,) + VUl . sin (y, + j^) ] 

— »■♦•. 
J» A-<in«,Hf.U propfrfy o/e*i»w,./,ai >„(/,■<,« AoWs /or 

KxAXPLt. 

***' "Iwn « «m1 r wv inuurinan-. 
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Logarithmic Functiona. 



33. As a logarithm is the inverse of an exponential, we ought 
to be able to obtain the logarithm of an imaginar}- from the 
formula for e"*'"'^'. We see readily that 

z = r (co8<^ + V^. sin^) = e''«'+*'^, 
whence logz =; logr + ^ V — 1 ; 

or, more strictly, since 

r = r[co8(<^ + 2H,r) + V^.8in(^ + 2n«-)], 

logJ = logr+(^+2n^)V^ [1] 

where n is any integer. 

If z = x + y V— 1, rs= Vx' + y', and ^ = tan"'s!; 
whence l<^z=!il(^(r' + /) + V^.tan""! [2] 

Bach of the expressions for 1<^ z is indeterminate, and repre- 
sents an infinite number of values, differing by multiples of 
2ffV^. 

This indeterminatenesa in the logarithm might have been ex- 
pected a priori, for 

e*'^'^" = cos27r+V^.8in2ir=l, byArt;.31. 

Hence, adding 2 -a V — 1 to the logarithm of any quantity will 
have the effect of multiplying the quantity by 1, and therefore 
will not change its value. 

Example. 

Show tliat if an expression is imaginar}', all its logarithms are 
imaginary' ; if it is real and positive, one logarithm is real and 
the rest imaginar}- ; if it is real and iiegati^u, all are imaginary-. 
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Trigonom^ie FundumM. 
34. If^isreal, 

2> 2* z' 

8! 5! 7! "-J 

coa« = l- — -hi^-— + [2] 

by I. Art. 134. ^' ^^ ^^ 



If 2 = r(co8<^+ V— l.sin^), 

the series of the moduli, 

r* r* r' 

r + — + — + — + , 

3! 5! 7! 

l-f — -f — -f — + , 

2! 4! 6! 

are cosily seen to be convergent ; therefore if z is imaginary, the 
sericH [1] and [2] arc convergent. We shall take them as defi- 
nitions of tlie sine and cosine of an imaginary. 

Example. 

From the formulas of Art. 31, and from Art. 34 [1] and [2], 

show tliat 

e*^^ = cos2-h V— l.sinz, 

and e"'^-* = cos 2 — V — 1. sin 2, for all values of z, 

35. From the relations 

(^^-* = COS2 -I- V— 1. sinz, 
g-.-/"-! «. (jQgjj _ V— 1. sinz, 

we get cos2=: -21 , [1] 

It 

Sin* = 5^ -Jz , [2] 

k •. 2V^1 

**"'■ wines off. 
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DfAGINAfilKS. 


Let 




2 = a; + ffV^. 


co8(a!+yV3i) = 


j^ 


-+«-^" 



_ (coa3!+V— l.sinz)e~'+(coag— V— l.ainxje' 
2 

by Art. 34, Ex., 



^!l±£l'-VrT.rin«^^' 



[3] 



In the same way it may be showD that 

. , , I — r, {i»3x+V— 1. single"'— (ooasB — V—l. sin a!)e' 
2V — 1 

If 2 is real iq [1] and [2], we have 



[*] 



::v^. 



If« = y V— 1, and is a pure imaginary, 

co6yV^ = 5^±ll', [5] 

siny V^ = ^~'"' V^ ; [6] 

whence we see that the cosine of a pure imaginary is real, while 
its sine is imaginary. 
By the aid of [5] and [6], [3] and [4] can be written: 

cos(!i: + yV^) ascosa^cosyV— 1 — sinxsinyV— 1, [7] 

8in(x + y V— 1) = Bina:cosy V^ + cosassinyV — 1. [8] 
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Examples. 

(1) From [1] and [2] show that sin' 2; -h cos* 2; = 1. 

(2) Prove that 

cos {u -|- v) = cos w cos V — sin u sin v, 

sin (u -f- v) = sin u cos V + cos u sin v, 
where u and v are imaginary'. 

The relations to be proved in examples (1) and (2) are the 
fundamental formulas of Trigonometry, and they enable us to 
use trigonometric functions of imaginaries precisely as we use 
trigonometric functions of reals. 

Differentiation of Functions of Imaginaries, 
36. A function of an imaginary variable, 

is, strictly speaking, a function of two independent variables, 
X and y ; for we can change z by changing either x or y, or both 
X and y. Its differential will usually contain dx and dy^ and not 

necessaril}' dz ; and if we divide its differential by dz to get its 

dy 
derivative with respect to 2, the result will generally contain -p, 

ax 

which will be wholly indeterminate, since x and y are entirely 
independent in the expression x-\-y^l—\. It may happen, 
however, in the case of some simple functions, that dz will appear 
as a factor in the differential of the function, which in that case 
will have a single derivative. 

87. In differentiating^ the yf^l may he treaJted like a con- 
stant; for the operation of finding the differential of a function 
is an algebraic oi)eration, and in all algebraic operations V^^ 
obeys the same laws as any constant. 



IMAGINARIB3. 



Example. 
Prove that d<a!*V^) = 2x V^. dx ; 

and that dV— 1. 8iiia;= V— 1. coai.dK. 

We have, by the aid of this principle, 
if z = x + yf-i, 

dz=:dx+ V — 1. dy; 
if 2 = r(co9^+ V^.aiu*), 

d« = df(cos^ + V^.8in^) + rd.^(-Bip^+V~l.< 
= (dr + rV^. d*) (co9 *+ V^ . sin *) . 



[1] 



8*) 

[2] 



38. Let ua nt 
linz, and cosz. 



■ consider the differentiation of «", e*, loge, 

B = r(cos*+ V^.sin^), 

«- = r-{coam« + V^.sinm.^), by Art. 24 [1] ; 

di" = Mtr""'dr(eoani^+ V— l.sinmi^) + mr"di^ (— ainm^ 

+ V^.co8m*), 
ds- = mi--' [coa (m- 1) * + \'^. 8in(wi- 1) <^] (cos^ 

+ V^. Bin 0)dr 
+ mr*[co6(m— 1) ^ + V — l.ain(wi— l)-^] (coa^ 

+ V^. ain<^) -Z^. d<l>, 
dr=mr^-' [eoa (m-1 ) 4. + V^.sin (m- 1) ^] (dr 

+ rV^.d<^) (co3^+ V^.ein^), 
(b-=ma— 'd*. [1] byArt.37[2], 

and a power of an imaginary variable has a single derivative. 
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89. If z^x-^yyT-iy 

e'=c"(ooBy+V^.8iny), by Art. 81 [4], 

de* = €fdx{cosy -hV — 1. siny) -h c"(— siny 
-hV^.co8y)dy, 

d€'=e*(co8y + V— l.siny) (cLc-hV— l.dy), 

dc* = €•(&, [1] 

[2] 



(2? 






Example. 


Show that 


da'^^a'loga.dz. 



log2 = logr + <^ V^ , by Art. 33, 

r r 

r(co8 </> + V— 1 . 8iin^) 
dlog2 = — , [1] 

^ = 1. [2] 

dz z 



41. 8m2 = ?- -L , by Art. 35 [2]. 

2V-1 

dsinz = ^ ±4: V^ . dz 

2V^ 

= 5^^ y efo, by Art. 35 [1] , 

<l8in2 = C082.d2. [1] 
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dooez = — aiaz.ds. [2] 

42. We see, then, that we get the same formulas for the dif- 
ferentiation of simple Ainctions of imagiDariee as for the dif- 
fereotiation of tlie corresponding functions of reals. It follows 
ttiat ODr formulas for direct integration (I. Art. 74) hold when x 
is imaginary. 

Hyperbolic Functions. 

43. We have (Art. 35 [5] and [G]) 

«rf 8in»v:ri=fiiii::v^. 

2 

where x is real. — ^ — is called the hyperbolic eosine of a;, 

2 «■ — «-' 
and is written cosha; ; and — a — <e called the hyperbolic sine 

of X, and is written ainlia; ; 

Binb* = — ^^-^sst — V^.sin^V — 1. [1} 

2 • L J 

cosha!=^±^' = ooaa!V^. [2] 

The hjrperbolic tangent is defined as the ratio of sinh to cosh ; 
and the hyperbolic cotangent, secant, and cosecant are the re- 
ciprocals of the tanh, cosh, and sinh respectively. 

These functions, which arc real when x is tbhI. resemble in 
their properties the ordinary trigonometric functions. 
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44. For example, 



eosh'o? — Binh'x= 1 ; [1] 

for cosh' 05 = 



_ g»' 4- 2 -f g~*' 



and smh' x = — • 

4 



Examples. 

(1) Prove that 1 — tanh'x = sech'a?. 

(2) Prove that 1 — etnh*a; = — csch'a?. 

(3) Prove that 8inh(a;-f-y) = sinhxcoshy-f coshofsinhy. 

(4) Prove that cosh (a? + y) = cosh x cosh y -f sinhxsiohy. 



45. d8inhx=zd- = — ^ dx, 

2 2 

d sinh X = cosh x.dx. 



Examples. 

( 1 ) Prove d cosh x = sin h x. dx, 

d tanh x = sech'-x.^fo;. 
d ctnh iT = — csch^ic.dx. 
d sech a; = — sech x tanh x.dx. 
dcschx = — csch a; ctuh «.(/». 

If). TVe can deal with anti-hyperbolic functions just as with 
anti-trijronometric functions. 
To lind cZsinh ^aj. 

Let u = sinh 'a;, 

then a: = sinh?/, 

dx = cob\\ u.duy 






««<«< 



••^tmim^m 



iMBlAiB 
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du=i 



dx 



coshu' 



co8hu= Vl +a^, 



dsinh'^a; = 



dx 



Vl+aJ* 
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006hu= Vl + sintfu, by Art. 44 [1], 



[1] 



Examples. 



Prove the formulas 

dco6h"'a; = 



_i dx 



dtanh~*a; = 



dx 



!-«« 



d8ech~*x = — 



dc8ch~'a? = — 



dx 



a; Vl — aj* 

dx 
a;V?+l 



47. The anti-hj'perbolic functions are easily expressed as 
logarithms. 

Let u = sinh~*a5, 



then 



X = sinhu = , 

2a;e- = e2--l, 
e«»'-2aje''=l, 
e«--2a:e- + a5« = l + aj*, 

€•• - a; = ± -sfl-hA 
e"* =x± Vl-f a^ ; 
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as e* is necessarily positive, we may reject the negative value in 
the second member as impossible, and we have 

M = log(a?-hVl-fa«), 
or sinh-'x = log(x -|- Vl -fa*). [1] 

Examples. 
Prove the formulas 

eo8h~'ic= log(aj+ Vaj*— 1). 
tanh-»a? = |log?-t^. 

1 —OP 

48. The principal advantage arising from the use of hyper- 
bolic functions is that they bring to light some curious analogies 
between the integrals of certain irrational functions. 

From I. Art. 71 we obtain the formulas for direct integration. 

^ =tan-^x. [2] 






1-f a" 
dx 



From Art. 46 we obtain the allied formulas : 
dx 



f—^— == sinh-'a? = log(a;-h Vh^). [4] 

J Vl-fic* 

r. ^^ = cosh >ic= log(a;+ VS^Ti). [5] 

J Vaj*— 1 
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dx 



1-a? 
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tanh-»«=*logii^. 



81 



[6] 
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CHAPTER III. 

GENERAL METHODS OF INTEGRATING. 

49. We have defined the integral of any function of a single 
variable as the function which has the given function for its 
derivative (I. Art. 53) ; we have defined a definite integral as 
the limit of the sum of a set of differentials ; &nd we have shown 
that a definite integral is the difference between two values of an 
ordinary integral (I. Art. 183). 

Now that we have adopted the differential notation in place of 
the derivative notation, it is better to regard an integral as the 
inverse of a differential instead of as the inverse of a derivative. 
Hence the integral of fx.dx will be the function whose differ- 
ential is fx.dx ; and we shall indicate it by j fx.dx. In our old 
notation we should have indicated precisely the same function by 
I fx ; for if the derivative of a function is fx we know that its 
differential is fx.dx. 

50. If /x is any ftinction whatever of a?, fx.dx has an integral. 
For if we construct the curve whose equation is y =fx, we know 
that the area included by the curve, the axis of X, any fixed 
ordinate, and the ordinate corresponding to the variable x, has 
for its differential ydx^ or, in other words, fx.dx (I. Art. 51). 
Such an area always exists, and it Is a determinate function of ar, 
except that, as the position of the initial ordinate is wholly arbi- 
trary', the expression for the area will contain an arbitrary con- 
stant. Tlius, if Fu; is the area in question for some one position 
of the initial ordinate, we shall have 

Cfx.dx = Fx -f C, 

where C is an arbitrary constant. 
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Moreover, Fx + Gib & complete expression for ifx.dx; for if 

two functions of x have the same differential, they have the same 
derivative with respect to x, and therefore they change at the 
same rate when x changes (I. Art. 38) ; they can ditfer, then, 
at any instant only by the difference between their initial values, 
which is some constant. 

Hence we see that every eoBpreasion of the form fx.dx has an 
integral^ and^ except for the presence of an arbitrary constant, 
but one integral. 

51. We have shown in I. Art. 183 that a definite integral 
is the difference between two values of an ordinary integral, and 
therefore contains no constant. Thus, if Fx-\-G ia the integral 
of fx.dx^ 



£ 



fx,dx=Fb — Fa. 
In the same way we shall have 



X 



fz.dz = Fb — Fa; 



and we see that a definite integral is a function of the values 
between which the .sum is taken and not of the variable with 
respect to which we integrate. 

Since 



I ifx.dx = Fa — Fb, 

J fx.dx = — I fx.dx. 



Example. 



fx.dx + I fx.dx = I fx.dx. 



52. In what we have said concerning definite integrals we 
have tacitly assumed that the integral is a continuous function 
between the values between which the sum in question is taken. 
If it is not, we cannot regard the whole increment of Fx as equal 
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to the limit of the sam of the partial infinitesimal increments, 
and the reasoning of I. Art. 183 ceases to be valid. 

Take, for example, I ^. 

•7-1 ar 

/f =/*"•*** = Zl = - i' by I. Art. 55 (7) ; 
and apparently 

But I —- ought to be the area between the curve v = --« the 
•/-I TT or 

axis of Xy and the ordinates corresponding to a; = 1 and a; = — 1, 

which evidently- is not --2 ; and we 

see that the function — is discon- 

ar 

tinuous between the values a5 = -- 1 
and a; = l. 

The area in question which the 
definite integral should represent is 
easily seen to be infinite, for 







and each of these expressions increases without limit as € ap- 
proaches zero. 

58. Since a definite integral is the difference between two 
values of an indefinite integral, what we have to find first in any 
problem is the indefinite integral. This may be found b}' in- 
spection if the function to be integrated comes under au}' of the 
forms we have already obtained by diffferentiation, and we are 
then said to integrate directly. Direct integration has been illus- 
trated, and the most important of the forms which can be in- 
tegrated directly have been given in I. Chapter V. For the sake 
of convenience we rewrite these forms, using the differential 
notation, and adding one or two new forms from our sections on 
h^-perbolic functions. 
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J loga 

iaiax.dx= — cosz. 
jcosx.dx = Binx. 
Ctaax.dx= — logcosz, 
j ctnz.dz ^ \ogBiax. 

r dx . , 

I =Bin-'a;. 

f_^ = tan 'X. 

f— ^^— =« 



g^^'- 
*!-« 



J asv 



K^xfFO- 



r~- " = vers"'*. 
\'2x-x' 
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54. We took ap in I. Chap. V. the principal devices used in 
preparing a function for integration when it cannot be int^rated 
directly. 

The first of these methods, that of integraium by subatiitUion^ 
is simplified by the use of the diflferential notation, because the 
formula for change of variable (I. Art. 76 [1]), 

I u = I uD^ becoming I udx = I tt--dy, 

reduces to an identity and is no longer needed, and all that is 
required is a simple substitution. 

(a) For example, let us find j — Vl + loga. 
Let 1 -f log 05 = z ; then — = ris, 

and f^ Vl + logx =Cz^dz = !«• = |(H- logo;)'. 

When, as in this example, a factor of the quantity to be 
integrated is equal or proportional to the differential of some 
function occurring in the expression, the substitution of a new 
variable for the function in question will generally simplify the 
problem. 

(6) Required I 

Let e* = y; then e'dx^dy, 

dx __ e'dx __ dy 
6* + e-""e^-|-l"2/»-|-l' 

and f_^£- = f-^, = tan-^y = tan'V. 

(c) Required | ^ecx.dx, 

1 cos a? 
secx = = — r— 

cos a? cos' a 
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Let zsss smx; 



then dz = coax.dXf 
COS* a? =1—2*, 



J co8»a; J 1 ^ ' ^ 



1-2* 



1-2 



by Art. 53, 



fsec «. d* = i log l^t^ = log tan f ^ + 1\ 
J 1 — 81D o; \4 2/ 



Examples. 

Prove that (1) fc8ca;.cte = ilog?^=^5^^ = logtan?. 

J l-l-cosa; 2 

«/;!%=-*"•"'- "^ 

Suggestion: Let x=:co8Z. 

55. The formula for integration by parts (I. Art. 79 [1]) 
becomes 

I ydv =: ttv — I vdw, [1] 

when we use the differential notation. It is used as in I. Chap. V. 
(a) For example, let us find j oc^ log x.dx. 

Let lis logo;, and dv=^Qifdx; 

doc 
then dw = — , 

X 



and 



v = 



n + l' 



/a^loga;.da;=i loga;— ( dx=z— — (log a; ^—\, 
* n + 1 ^ J71 + I n + lV n + iy 

(6) Required i a;sin~^a?.(2a;. 

Let ussin^^a;, and dv^ocdx; 

dx 



then 



du = 



Vl-ar^' 
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and V = — , 

I a58in"*a!.da; = — 8in~'x + i(co8"'a; + icVl — «•). 

.. 

Let tt = aje", 



and dv = 



then dw = (»e* -f e')da; = €^(1 -f a;)da?, 

and r = , 

1-f a; 

J(l+a;)» l-haJ J 1 + a;^ 



Examples. 

(1) I — — = sm^ — ^^— 
•^ Vl-aaj-or* Vl3 

(2) I xtan'^x.dx = -^t — tan"* a; — ^x, 

(3) r '^^ = — L_+ 1 

^'J{l-xy l-x 2(l-a;)' 

(4) r '''^ = - V2 ax - ar* + g vcrs-'^. 
•^ V2ax — X* a 

(5) CVuiT^. dx = ^ V27i^31? + r sin-' ill«. 

^ Z CI 

Suggestion : Tlirow 2ax — a^ into the form a* — (» — a)*. 

(6) ri±i:2^r/x=log(x-f sina;). 
J x + smx 
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(7) C=LtA 

^ ' J 1 + co 



cosa; 2 

X . 



Suggestion : Introduce - Id place of x. 



8)/- 



dx 



a; (logic)* (n — 1) (loga)*"^ 

9) ri2Si]^£)da; = loga;pog(logaj)-l]. 

0) r£5l!^^ = ;gtan2 + logcos2, where«=: 

l)f.,_^ = J_logtan/'? + ^Y 

J smx+cosx y2 \2 8/ 

ox r sinogda? __ _ log(<» + &cosg) ^ 



sin"* 05. 



= tan-* (a? + 2). 



Va^ + 4a;-f 
6) f . ''^ , . = 1 tan-' /'^ tan A 
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CHAPTER IV. 

RATIONAL FRACTIONS. 

56. We shall now attempt to consider S3*8tematically the 
methods of integrating various functions; and to this end we 
shall begin with rational algebraic expressions. Any rational 
algebraic polynomial can be integraled immedialely b}' the aid of 
the formula 

afdx = -^ 

n-f 1 

Take next a rational fraction, that is, a fraction whose nu- 
merator and denominator are rational algebraic polj'nomials. 
A rational fraction is jt^^P^'^* i^ its numerator is of lower degree 
than its denominator ; improper if the degree of tiie numerator 
is equal to or greater than the degree of the denominator. Since 
an improper fraction can alwa3's be reduced to a pol3'nomial 
plus a proper fraction, b}- actually dividing the numerator by the 
denominator, we need ov\y consider the treatment of proper 
fractions. 

57. Every proper rational fraction can be reduced to the sum 
of a set of simpler fractions eacJi of which has a constant for a 
numerator and some power of a binomial for its denominator; 

that is, a set of fractions an}' one of which is of the form 



fx 
Let our given fraction be -^ • 

^ Fx 



(x—a)"* 



Ka, 6, c, &c., are the roots of the equation, 

Fx = 0, (1) 

we have, from the Theory of Equations, 

Fx=z A{x — a) (^x — b) {x — c) (2) 
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The equation (1) may have some equal roots, and then some of 
the factors in (2) will be repeated. Suppose a occurs p times 
as a root of (1), b occurs q times, c occurs r times, &c., 



then 
Call 
then 



Fxz=A(x — a)' {x - by (« - c)' 

A{x — by {x - cy = 4ai ; 

Fx=i (x — ayifiXy 



(8) 



and 4r- = 



^ foi fa 

Fx {x — ay^tx {x — ay^tx {x — aytfiX 

fd fd 

{x—ay (a — a)'</>a;' 

•^''"'£** 

•7 , , . is a new proper fraction, but it can be reduced 

(a? — a)'<^ 

to a simpler form b}' dividing numerator and denominator by 
a; — a, which is an exact divisor of the numerator because a is a 
root of the equation 

fx 

<t>a 

If we represent by fx the quotient arising from the division 
of ^ — «^ <^ by 05 — a, we shall have 

fa 
fx _ ft>a , fiX 

Fx 
fix 



A^=o. 



+ 



where 



{x — ay • (a;-a)'-*</>a;' 
is a proper fraction, and may be treated 



precisely as we have treated the original fraction. 

fa 

fx =: ^^ A. /»^ 

(x-ay-^ifiX {x - ay-^ (« - a)'-*<^' 

By continuing this process we shall get 

fa fa fa 



Hence 



f,-y(^ 



Fx" {x-- ay "^ (a?-a)'-* "^ (a? -a)'-^ "^ '^x-a'^ 



x — a <l>x 
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T^rMz si-s;,'mstii'allv the 
>rj.: sni t,. Ill-;* Olid wo 

- .:■:■,.::,:: Ly ilio aiil yf 



- .; r^ ....■^\nz.K w ,■!" Iiiiror ile^nw 
■ . ■ ■.;■ :;» ^ii jw ,if i!u' iiuiiiorator 
;■- j.^T^* i'Ij' .iiik'Hiiuator. Sim-e 
L»s s '-i- ^^^^^v^ to a jiolvuotaia] 
■r_j.l!j .^1:.^:.J; :h(Miiimi-ratorbySie 
A^QMitT : Ji? tnatohiit of pnpv 



>.- n -IK V rtdinrdhAimm 
..*' t.'\:.-\ hit a ■>mAii»t for a 



: /.T A 




TWcifBKxn v^^ 3W- teiv HOW «(<>■>£ ;w«m. ant ^fcwi oil -rf 
the &»oc$ a ^^ «iL ^ x^wowti. Si^^wiw * iwmt* f iteH* 
as a roiX ^jf ^1 ' . ) ^wncs^ { siiw«:^ .- <4w-ta» ' win.. *<t.^ 

then A=^j-— 4'V«^, 



fa <) 

. fn 

— — is ft now proixT ftwUou. hut It ww> ho nMlw«<«l 

(x — ay<^ 
to a simpler fonn by dividing nuinenilor luid doiMMuliukloT l\v 
x~a, vhii-k is an oxaot divisor of t)u> uimH'mt>tr Ikh-sh^o ti la k 
root of the equation 

Arlnintt niiih llio dtvUlitll 



mil ini>> Iw truAUiil 
'tl'.r>. 
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f X 

Id the same way "^^ can be broken np intx> a set of fVactions 

having (a; — 6)*, (a? — 6)*"*, &c., for denominators, plus a frac- 
tion which can be broken up into fractious liaving (a;— c)% 

(x — c)""* , &c., for denominators; and we shall have, in 

the end, 

fx ^ A I ^2 I , -^i> I A 

Fx (ic-a)' (aj-a)'-* x-a (x — hy 

+ i \.^i + + -A; + + ^' [1] 

(05 — 6)* * x — b *" -^ 

where K is the quotient obtained when we divide out the last 
factor of the denominator, and is consequently a constant. More 

than this, K must be zero, for as (1) is identically true, it must 

fx 
be tnie when «= oo ; but when x= oo^ :L- becomes zero, be- 

JrX 

cause its denominator is of higher degree than its numerator, 
and each of the fractions in the second member also becomes 
zero; whence K=0, 

58. Since we now know the form into which any given rational 
fraction can be thrown, we can determine the numerators b}- the 
aid of known properties of an identical equation. 

Let it be required to break up t-^^ — into simpler 

fractions. ^''"^^ ^"""^^^ 

By Art. 57, 

Sx-1 A ^ B , C 



{x-iy{x-^i) {x-iy^x-l a;-|-l' 

and we wish to determine Ay jB, and C Clearing of fractions, 
we have 

Sx-l==A{x-]-l)-\-B{x-l)(X'j-l)-\-C(x-\y. (1) 

As this equation is identicall}' tnie, the coefllcients of like 
powers of x in the two members must be equal ; and we have 

B + C=0, 

^-2C=3, 

A'-B + O^-l; 
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whence we find 


A=l, 

C=-l; 




and ^'-'^ 


1 , 1 


1 


(x-l)»(« + l) 


(x-l)*"* x-1 


x + l 
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(2) 



The labor of determining the required constants can often be 
lessened by simple algebraic devices. 

For example ; since the identical equation we start with is 
true for all values of «, we have a right to substitute for x values 
that will make terms of the equation disai)pear. Take equa- 
tion [1] : 

3a;-l = ^(aj + l) + i?(a;-f l)(a;-l) + C(a;-l)^ [1] 
Leta?=l, 2=z2A, 

2 a? - 2 = i? (x + 1 ) ( .r - 1 ) -h C ( a? - 1 ) « ; 
2 = i?(x-|-l)H-C(a:-l). 
2=2B, 

-a?+l=C(x-l), 



then 

divide by a; — 1 , 
Let a;= 1, 

then 



Examples. 

(1) Show that when we equate the coefficients of the same 
powers of x on the two sides of our identical equation, we shall 
always have equations enough to determine all our required 
numerators. 

(2) Break up "^ „ "" into simpler fractions. 



59. The partial fractions corresponding to any given factor 
of the denominator can be determined directly. 
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Let us suppose that the factor in question is of the first d^ree 
and occurs but once ; represent it b}' a; — a. 



by Art. 57, where 



Fx x-a 4ai' ^' 

Fx 

<l>x = 



05 — a 
so that Fx=:{x — a) tfac. 

Clear (1) of fractions. 

fx = A<l>x + (x — a)fiX. (2) 

As (1) is an identical equation, (2) will be true for any value 

of X. Let x=a, 

fa = AifMy 

a result agreeing with Art. 57. 

Hence, to find the numerator of the fraction corresponding to 
a factor (x — a) of the first degree^ we have merely to strike out 
from the denominator of our original fraction the factor in ques- 
tion, and then substitute a for x in the result. 

If the factor of the denominator is of the nth degree, there are 
n partial fractions corresponding to it. Let (x — a)" be the 
factor in question. 

fx_ A^ Aj ^s , A^ il/x 

where Fx = {x—a)*<tiX. 

fx 
Multiply (4) by (x — a)*, and represent (« — a)"^ by <^. 

Fx 



<l>x=Ai-\-A2(x — a)'{'As{x — ay+ +-4^ (a? — a) 



n-l 
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Differentiate saccessiyely both members of this identity, and put 
X = a after differentiation, and we get 

At = 4>'a, 
^ 8! ' 



4.= 



(n~l)! 



0(»-i)a. 



Although these results form a complete solution of the prob- 
lem, and one exceedingly neat in theor}', the labor of getting 
the successive derivatives of 4>x is so great that it is usually 
easier in practice to use the methods of Art. 58 when we have to 
deal with factors of higher degree than the firsti So far as the 
fractions corresponding to factors of the first degree and to the 
highest powers of factors not of the first degree are concerned, 
the method of this article can be profitably combined with that 
of Art 58. 



60. As an example where the method of the last article 
applies well, consider 



3a;-l 



B 



x{x-2){x-^l) X x-2 



+ 



C 



« + l' 



A^ r 3a;-l "I ^1 
L(a:-2)(a:-hlU-o 2' 

P^ r3a;-1 1 ^5 
lx{x-^l)i^, 6' 

3a;-l 



1 1.5 



1 



aj(a?-2)(a; + l) 2 x 6 a; -2 3 a-f-l 



[1] 
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Again, consider 

1 ^ 1 ^ A B 

p_r 1 1 ^ i_ ^ v^^ 

^ 1 vin 1 ^2] 



61. Let us now consider a more difficult example, where it is 
worth while to combine our methods. 

To break up 5^ill 

ic»+l=(a;-hl)(»«-a;-hl) 
= (xH-l)(a;-i-iV^)(x-i4-iV^), 

(a;-l)*(a;»-hl) (x-1)^ (x + l) (a:'-ic+ 1) («-!)* 

+ ^^=. (1) 

L(x-lV(a^-x+l)J._. 24' 
' L(x+l)(a:*-a;+l)_|..i ' 

L(x--l)<(x+l)(a;-J + ^V-3)>4+4vr5 S' 
l{x-iy{x + l){x-i-i-J-3)J"i-W=i 3 
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1 
3 



+ 



1 
3 



1 (2a;-l) 



Substitute these values and clear (1) of fractions. 

24(««4-l) = 24(aj+l)(a^-a;+l) +24^(0;- l)(a;+l) («*-«+!) 
+ 24^3(aj-l)*(aj4-l)(«"-»-fl)-f 24^(a;-l)»(a?4-l) 
(aJ»-x4-l)4-(aJ-l)*(a^-a?-f l)-8(2a;-l)(a;-l)Xa:+l); 

15aJ«-51 aj» 4-45a?*-h6aj» - 51aj« 4-45a; - 9 = 24^,(a; - 1) (a;4-l) 

(aJ» _ X 4- 1) -f 24^8 (« - 1)' (« + 1) (»* - a? + 1) + 24^^ 
(a;-l)» (a; 4-1) («* + «-!). 

The second member of this equation is divisible by 

(a:-l)(a:+l)(a^-«-hl), 
therefore the first member must be divisible by the same quantity. 
Dividing, we have 

ISx* - 36aj 4- 9 = 24^2 4- 24^8(a; - 1) + 24^(a: - 1)«. 
Letic=l, -12 = 24^, 

and we get 

15x* - 36aj 4- 21 = 244,(a; -1)4- 24-44(a; -1)*. 

Divide by a; — 1 ; 

15a;-21 = 24^4-24^(aj-l). 

Leta;=l, —6 = 24^48, 

4 

15a;-15 = 24^4(a:-l). 
Divide by a; - 1 ; 15 = 24 A^, 

' 6 
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Hence 

g' + l _ 1 1 1 1 1 5 1 

(aj-l)*(»» + l) (aJ-1)* :i\x-lf 4'(d;-l)« 8"a;-l 

.l._l 1 1 ^ 1 _ (2) 

24 a; + l 3 aj-i-^V^ 3 a-^-f iV-3 



62. Having shown that any rational fraction can be reduced 

to a sum of fractions which always come under one of the two 

A A 
forms and , it remains to show that these forms 

(x — ay x—a 
can be integrated. 

To find r ^^ , 
J (» — a)* 

let 2 = X — a, 

then dz = dx^ 

and 

c,_Adx_^^rdz^ l_.A= L_._^L_ rn 

J {x-ay J 7^ (n-1) 2-^ (n-1) (aj-a)*-*' ^ "" 

To find f-^i^, 
•/ oj — a 

let 2 = a? — a, 

then (22 = dx^ 

and r-^^=^r— = ^log2 = ^log(aj-a). [2] 

•/ a? — o %/ z 

Turning back to Art. 58 (2) , we find 



/ (3a;-l)da; ^ C dx r dx _ r dx ^ 1_ 

(aj-l)*(x + l) J {x-iy J x-1 Jaj + l" x-1 

H-log(aj-l)-log(a;4-l) = L-H-log^. 

x — l x-\-l 

Turning to Art. 60 (1), we have 

/ (^X-l)dX ^1 f^-LA C ^ t C ^ 

a:(x-2)(aj-l) Va; Va;-2 Vx-i-l 

= iloga;-f ^Iog(«-2)-41og(a:+l). 
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63. If imaginary valaes come in when we break up our given 
fraction, thej will disappear if we combine our results properly 
after int^rating. 

We know (Art. 28, Ex. 2) that if the denominator of our 
given fraction contains an imaginary factor, (« — a — 6 V— 1)*, 
it will also contain the conjugate of that factor, namely, 
(a — a + 6 V— 1)*. Moreover, since by Art. 59 the numerator 
of the partial fraction corresponding to (« — a — 6V— 1)" will be 
the same rational algebraic function of a -f- 6V— 1 that the nu- 
merator of the partial fraction corresponding to (« — a -f- 1 V — 1)* 
is of a — 6V— 1, these two numerators must be conjugate imagi- 
naries by Art. 28, Ex. 3. Hence, for every fraction of the 

form — "^ -J^ — we shall have a second of the form 



(aj-a-ftV-l)' 



(aj-a-f &V^)* 
A + B^f^l 



s 



(aj-a-ftV^)' 



dX=: — 



U-f J^V^) 



in-1 



S': 



a--bV^ 



dx= — 



(n-1) (a;-a-6V-l)' 

by Art. 62 [1]. 

1 U-bV^) 



(aj-a + ftV^)* (^-1) (x-a + ftV-l) 

Let (a._a4-&V^)"-' = X4-rV^, 

X and Y being real functions of x ; 
then (a;-a-6V^)"-' = X-FV^. 

A-^-Byf^ . . r A'-B^f^ 



n-l 



J (a;_a-6 V-l)" -J {x-a + b-^-l) 
1 U + BV^) 1 



dx 



(n-l) X-Y-f^ (tt-1) 

___J (2AX-2BT) 

~ (n-l)'(a!"-2aa;+a« + 6=)"-'' 

a result which is free from imaginaries. 



(A-Byf-i) 



[1] 
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If n=l, 

we have the pair of fractions, ■ — = and — » 

X— a—by —I 05— a-f-ftV—l 

r ^-f ^V^^da; = (A + J3V^)log(g-a-&V^), 

byArt. 62[2], 

•^ a? — a + 6 V— 1 
log(a;-a-6V^) = ilog[(a-a)«4-6^- V^.tan"* 



log(aj - a + 6 V^) = ilog [(a? - a)* -f ft"] + V- 1 . tan-* 



05— a 

6 
a;— a' 



^ + J5\ni , , f ^_bV^ 



dEo5 



Hence C^^^±l±lLcix+ f ^-^^-^ 
•/x — a — fev — l ^ x — a-i-by — l 

=:^log[(x-a)« + 6T + 2Btan-*-^, [2] 

X — a 

which is real. 

The form of [2] can be modified by adding a constant. 

- + tan * = :: + ctn^ — -- = - — ctn^ — -— = tan ^ - 



—a? 



2 a?-a 2 6 2 6 6 

Hence ^log[(a;-a)«-f 6*] -f 22?tan-*2LZ:5 [3] 



differs from [2] by the constant Bir, and therefore is a true 

value of r^^±B:EL dx + f^-:zl2EL dx. 
•^ x — a — b V— 1 '^ x — a + b^f—i 

Turning back to Art. 61 (2) we find 
f ai'+l . r dx 1 r <^ 1 r '^ 

J {x-iy{3?+i) J {x-iy V («-!)» *J(a!-i)' 

+ a^ log (« + 1) - ilog (a!» - » + 1) . 
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Examples. 



(1) f g'-Sg + S , ^ J £- 

(2) /^5^*B = « + ilog 



X--2 

X'i-2 



w/:?^ 






1 tan->?i±l. 

Vs V3 



(5) r_^=J_tan-'5+JLlog^ 



X 

— a 

a; 



^ = ilog^+^±l+ J- tan-»?5±l. 






-1 . V2 



+ 



x-\-\ ' 3 



tan 



-1 g 
V2' 



(»)/(^ 



(as' + l)' 



4(x-l) 



-ilog(a;-l) 



(10) Cg^ 1-log^ 

*■ ^ Jai' + l 4V2 !B» 



4(a!»+l) 

x' -xV2 + l 
+ a; V2 + 1 



+ ilog(x' + l). 



+ _!_ rtan-» (« >^ + 1 ) + tan-» (a; V2 - 1 ) ] . 
2V2 



V2 



^ ^JaJ'+l 4V2 *«»-a;V2 + l 2V2 V-W 
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CHAPTER V. 

REDUCTION FORMULAS. 

64. The method given in the last chapter for the integration 
of rational fractions is open to the practical objection that it is 
often exceedingly laborious. In many coses much of the labor 
can be saved by making the required integration defend upon 
the integration of a simpler form. This is usually done by the 
aid of what is called a reduction formula. 

Let the function to be integrated be of the form aj""*(a+6ar)', 
where m, n, and p may be positive or negative. If they are in- 
tegers, the function in question is either an algebraic polynomial 
or a rational fraction; if they are fractions, the expression is 
irrational. The formulas we shall obtain will apply to either 
case. 

Denote a + bif' by z; then we want J oT^^z'dx. 
Let a'=u 

and «*"^ dx = dv, and integrate by parts. 

du = p73^'^ dz = bnpaf'^ af"^ dte, 

v = — , 
m 

far-'z^dx ='£f.-^ ra!-+->z-'(to. [1] 

*^ m m •/ 

This formula makes our integral depend upon the integral of 
an expression like the given one, except that the exponent of a 
has been increased while that of z has been decreased. 

We get from [1], by transposition, 

J bnp bnpJ 
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Change m + n into m and p—1 into p, whence m is changed 
into m — n andp intop + l, and we get 

ju. ^u^ 6n(i> + l) &n(p + l)J *" ■* 

a formula that lowers the exponent of x while it raises that of z. 



Since 



hence 



z = a + baf^, 
:if =z zr\a + bar) , 



+ bCixr+'^^sf'^dx; 
therefore, by [1], 

711 ?ll •/ •/ •/ 

J am am «/ 

Change p into |> + 1. 

f^-V<to = ^^^ - »("t + "? + ") C^^n-^z^dx. [3] 
•/ am am J 



Change m into m — n^ and transpose. 



far-Vdx = ^"'"'*"'^' - aim^zlL Cx ^z^dx. [4] 

J b{m-^7ip) b{m + np)J 



We have seen that 



fsir'^z/^dx = a CxT'^z'-^dx + b Caf^'"^z/^'^dx, 
and, from [1], 

J np npJ 
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hence 

CTT-^T^dx = a Car-^z'-'dx + ^^ - — far- Vda;, 
J J np npJ 

nr-'z'(to = ^^+-52£- far-V-'efc. [5] 

J m+np m + npJ 

Change p into j? + 1, and transpose. 

J an(|) + l) aw(i)+l)J 

Formula [3] enables us to raise, and formula [4] to lower, the 
exponent of x by n without affecting the exponent of z ; while 
formula [5] enables us to lower, and formula [6] to raise, the 
exponent of z by unity without affecting the exponent of x. 

Formulas [1] and [3] cannot be used when m = ; 

formulas [2] and [6] cannot be used when p = — 1 ; 

formulas [4] and [5] cannot be used when m^^—np; 

for in all these cases infinite values will be brought into the sec- 
ond member of the formula. 

65. Ifn=l, z = a + bx, 

and our last four reduction formulas become 

C^^-^z^dx = rJl^ - Hm+p + 1) r^^^ ^33 

J am am J *- ■* 

nr->z'da> = '^"'''^' - ?K^LllI) far-Vtte. [4] 

J*^ "^ h{m+p) b(m + p)J ■■ -■ 

far- Veto = -5^!^ + -;S2_ fa-'-'zi'-'da;. [5] 

J wi + p m-^pJ 

C^-^^dx^-^-^^^^-^- '^'^P'^} faf^'^z^^'dx. [6] 
J aip-^iy a{p-\-l)J ^ -^ 

If m and p are integers, and m>0 and p>0^ a repeated use 
of [5] will reduce p to zero, and we shall have to find merely 

the I Qif'^dx. 
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If m<0 and p>0, [3] will enable as to raise m to 0, and 
then [5] will enable us to lower j> to 0, and we shall need 

If m>0 and /)<0, [6] will raise p to —1, and [4] will then 
lower m to 1, and we shall need I — 

If m<0 and j)<0, [6] will raise p to —1, and [3] will raise 

m to 0, and we shall need I — 

•/ xz 






xr'^dx = —, 
m 



— = logx, 

X 



(Ix 



/f=JjrfVx=s'°^<«-^^>' 



-i-bx 
dx 



J xz J x(a -i-bx) a 



a -}- bx 



-i-bx) a X 

Hence, when ?i = 1 , and m and j) are integers, our reduction for- 
mulas always lead to the desired result. 



Examples. 

b\ a+bx . 1/ W 



(1) C ^^ =-^1og^I±^4- 



a^x 



t-» « o ' 



"la" a? 3a-ar^ 4aa^ 



ic*(a-f6a:) 

(2) Consider the case where n = 2, rewriting the reduction 
formulas to suit the case, and giving an exhaustive investi^ 
gation. 

(*\\ C ^^ — a? . X 

^^ ^ J (a + 6x*)»"" ib{a-{-b3^) 



•f 



8(a6)l 



Habia-i-bsi?) 

tan'^x-^-. 
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CHAPTER VI. 

IRRATIONAL FORMS. 

66. We have seen that algebraic ])olynomial8 and rational 
fractions can alwa3'8 be integrated. When we come to irrational 
expressions, however, ver}- few forms are integi^able, and most 
of these have to be rationalized b}' ingenious substitutions. 

If an algebraic function is irrational because of the presence 
of an expression of the first degree under the radical sign, it can 
be easily made rational. 

Let /(a?, Va + ^x) be the function in question. 
Let z = ^/a -h bx ; 

then 2" = a -f- &«. 



2"- 
05 = 



2" — rt 



h 

Hence J7(aj, ^7rfhx)dx = ^j7/'?l=:£, 2^2"-»cf2, 

which is rational and can be treated by the methods of Chapter IV. 



Examples. 



(1) r:^^^cfaj = a:4-4Va^H-41og(VaJ-l). 

(2) rv(ax + 6)-dx = "-V^<f^ + ^)''^". 

(3) f\_x^{x + a) + y/{x + a)^dx 
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67. A ««e not unlike th e last is //(x . ^, + ^« + .^^Ox. 
Let 2^^/c-^^/a^bx; 



2" = c4-va-|-te, 



Hence 



ox- ^ 

rf(a;, Vc-f- v^a-f 6x)tZx 



EIXAMPLES. 



(1) Find r 



Qcdx 



(2) Find f- 



Vc 4- Va -h bx 
dx 



68. If the expression under the radical is of a higher degree 
than the first the function cannot in general l)e rationalized. 
The only important exceptional case is where the function to be 
integrated is irrational by reason of containing the square root 
of a quantity of the second degree. 

Required if{x, Va -}-bX'^ca:^)dx, 

First Method, Let c be positive ; take out Vc as a factor, and 
the radical may be written V^l +Bx -^a^. 

Let -y/A -f- JBx -f x^ = a; -f- 2, 

A-}-Bx-^x^ = a^-^2xZ'^z^, 

z^-A 



X = 



B-^z 
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{B-2zy ' 

and the substitution of these vaUies will render the given fhne- 
tion rational. 

Second Method. Let c be positive ; take out Vc as a factor, 
and, as before, the radical may be written V-^1 -}• Bx-^x^, 

Let V-4-f-^-f-a^ = V-^ + ^ 5 

-4 -f ^ -f- aJ* = ^ -f 2 V-4 • a» + «* 2*1 

(1-2')' 

1 — 2r 
and the substitution of these values will render the given func- 
tion rational. 

If c is negative the radical can be reduced to the form 
y/A -^Bx — a^, and the method just given will present no 
difficulty. 

Third Method. Let c be positive ; the radical will reduce to 
y/A + Bx-^a^. Resolve the quantity under the radical into the 
product of two binomial factors (« — a) (a; — /3) , a and ft being 
the roots of the equation A -\- Bx -i- x^ = 0. 

Let V(« — a) {x — /3) = (« — a)z ; 

(a;-a)(a;-)S) = («-a)V, 

1-2*' 

^^ 2z{p-a)dz 

{i-z^y ' 

V(^T^^O(^^) = (a: - a)2; = 1^11^, 

1 — 2r 
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and the substitatioii of these values will make the given function 
rational. 

If c is negative the radical will reduce to \IA -\- Bx — v?^ and 
may be written V(a — a?)(a; — )S) where a and P are the roots 
of 05* — J5« — -4 = 0, and the method just explained will apply. 

In general, that one of the three methods is preferable which 
will avoid introducing imaginary constants ; the first, if c > ; 

the second, if c < and — t>0; the third, if c<0 and — < 0. 

a 
If the roots a and fi are imaginary, and A = is negative, it 

will be impossible to avoid imaginaries, for in that case 
A + Bx — 7? will be negative for all real values of x. 



69. Let us compare the working of the three methods just 

/dx 
- 



V24-3a;-fa:* 

V24-3aj + «* = a?4-2;; 

r dx ^ r 2(7?-Sz-^2)dz 3~2g ^ r 2di 

J V2 + 3a;4-fl!2 J (3-22)* V~32 + 2 J 3-i 



Ist. Let 
dx 



= -log(3-22). 



22 



C ^ - = - log(3 -f 2a; - 2 VF+loT?) 

•^ V2 + 3x + iB* 

1 
= log 



3^2a;-2V2-f 3a:-f ic* 



= log 



3-f 2a;-f 2V2-f 3a; + a^ 
9-hl2«-f-4a:*-8 -12aj-4»* 

= log [3 +2x4- 2V2-h3x-f «"]. 



0) 



2d. Let V2T3xT^ = V2 -f a» ; 
r ^^ ^o r(V2.2*-32-f V2)d2 1_- 



— 2' 



-/r^.='-}^ 



1 4-£ 

2 



32-f V^ 

(Art. 53) 
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V2-h3a; + x* x + V2 — V7+3xir? 

x*-f 2a;V2-f 3a:4-«*-f 2-f 3a;-h«*— 2 



= log 



= log 



3-f-2a;-f 2V2-f 3a? + g' 
2V2-3 



= log(3 -f 2a;-h2 V2T3x4-^) - log(2 V2--3), 
or, dropping the constant log(2 V^ — 3), 

C ^^' - = log(3 4- 2a; + 2 V2 4-3a? + a;*) . (2) 

•^ V2-h3a;-f ar' 

8d. Let V2-h3a;4-«'= V(x-hl)(a;-f-2) = (x+l)2; 
V24-3a; + ar'~ J (1 -2^)2 ^^ " J l - «»" ^^fl^* 



1+ '^"^'^ 



r ^ = log ^ ^±1 - leg V^T"1 H- V^T2 

•^ V24-3a; + ar' °l_^|£±i V^qpi - ^^4:^ 

\a; + l 



= log 



a;4-l+2V2-|-3a;-fa;* + a;-|-2 



a;-f- 1 —a; — 2 
= log (3 + 2a; -h 2 V2+"3xT^) + log (- 1), 
or, dropping the imaginar}' constant log (— 1), 

f , ^^ — =log(34-2a;-f 2V2 + 3a;-f-a;'). (3) 

Examples. 



dx 1 , V4 4-2ia;— V2 — a; 



,-l^g 



^ ^ J (2-f 3a;)V4-ar' 4 V2 ' " VI+lx + V2^^ 

(2) r-^= = ioga + a;-hV5q:^). 

•/ Var-f-a; 
(3) C-r- ^ ^ == = — log ( — !- 4- a; Vc + VoT^xTc? Y 
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70. If the function is irrational through the presence, under 
the radical sign, of a fraction whose numerator and denominator 
are of the first degree, it can always be rationalized. 



^^P{'^^MU)'^■ 



Let 



yix -f rn 
Ix -h ni 



05 = 



6 — maf 



, __ n(am — bl)z'*~^dz 

and the substitution of these values will make the given function 

rational. 

Example. 



/; 



dx 



8/1— a; 



(l+xy\l^x 



=-H'(S)" 



71. If the function to be integrated is of the fonnaf""^(a-f 6af )', 
m, n, and p being any numbers positive or negative, and one at 
least of them being fVactional, the reduction formulas of Art. 64 
will often lead to the desired integral. 

Examples. 



(1) f '^^^ =|8in-'x- 



(2) C ^ =<^log 



X- 


8 


^(3-f 2ar^). 


1- 


Wi- 


^ Vl-a^ 



Vl-X* 

7?dx 



X 



^x" 
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72. We have said that when an irrational function contains a 
quantity of a higher degree than the second, under the square-root 
sign, it cannot ordinarily be integrated. It would be more cor- 
rect to sa}' that its integral cannot ordinarilj' be finitely expressed 
in terms of the functions with which we are familiar. 

The integrals of a large class of such irrational expressions 
have been specially studied under the name of Elliptic Integrals. 
They have peculiar properties, and can be expressed in terms of 
ordinary functions only by the aid of infinite series. 
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CHAPTER VII. 



TRANSCENDENTAL FUNCTIONS. 

73. In dealing with the integration of transcendental Amotions 
the method of integration by parts is generally the most effective. 

For example. Reqoired I xQogxydx. 

Let M = (logos)*, 

dv = x.dx ; 

2\ogx.dx 
du = » 

X 

a? 

fx(\ogxy = ^(tol* -Jx\ogx.dx = I [(loga5)«- logo; ^ i]. 

Again. Required je/'smx.dx, 

u = sina;, 
dv^e'dx; 
du = cosx.dx^ 

i e'sin x,dx = c'sin a: — j efcosx.dx^ 

I e* cos aj.da; = 6*008 0; -I- I e^Qinx.dx; 

, r^ ' J e* (sin a; — cos x) 
whence I e* sin x.dx = — ^ ^ i 

• Z*^ , 6*(sina;-f cosa;) 
and I e^cos x.dx = — ^ ^ ^« 
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Examples. 
(l)J«-(log.)'d.=£^ [(log.)'-?^ 

. 6 log a; 6 1 

^ V {l-xf l-x ^^ ^ 

(8) re«V(l-«"')-^ = ^ re«V(l -«*") + sin-* «"1 



74. The method of integration b}' parts gives us important 
reduction formulas for transcendental functions. Let us con- 



sider I 8in"a;.de. 



w= sin""* a:, 



dv=zsmx.dx; 

du = (n — 1 ) sin*"'a; cos a.cte, 
i; = — cosa:; 

I 8in''aj.da; = — sin""* a: cos a; -f (w —1) I 8in"~'a;cos'a;.da5 

= — sin""*a;cosa;4-(n— 1) I (sin*"^ar — sin''a:)(ir; 
I sin*a?.da; = sin"'"*^ cosx -f ^^^^ J sin*--*a;.da?. [1] 

Transposing, and changing n into n -|- 2, we get 

/sin*a;.cte = —^ 8in"+*a; cosa; -h ^?-t£ fsin^+'aj.cte. [21 

In like manner we get 
j cos"a?.c?a: = - sin a? cos""* a; -f ^ "" j cos"~'a;.(Za;, [3] 

/co8"aj.cfa; = sina;cos''^*a;-f ^ I cos*"*"* a;. etc. [41 

If n is a positive inteojer, formulas [1] and [3] will euable us 
to reduce the exponent of the sine or cosine to one or to zero, 
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and then we can integrate by inspection. If n is a negative 
int^er, formulas [2] and [4] will enable us to raise the ex- 
ponent to zero or to minus one. In the latter case we shall need 

/* dx r dx 
, or I , which have been found in Art. 54 (c) . 
COBX J sinx 



Examples. 



x. 



/i\ r - A J sinajcosa:/ • $_ , 3\ , 3 

(1) Jsm*a?.(ic = f sin* a; -h - j -f - 

(2) Cco^x.dx = singcos^g / g^ "^ ") "^ 4 (sin a; cos «+ a?). 

(4) Obtain the formulas 

/8inh"a:.cte= - 8inh*"*a5COshx — **"" j sinh"~'x.cfa:. 
n n J 

/sinh''a5.cfa;= sinh*+*a;cosha5— ^^-^ | sinh"+'a;.da;. 
n-hl n+lJ 

/co8h*a;.cfa;=-8inha;co8h*"*a;-f ^^— — - ( cosh"~*a;.dar. 
n n J 

I cosh^a^.dajis -sinhxcosh""^ 



n-hl 



n+lJ 



cosh"*^^ x.dx. 



^'^h 



dx 



siuh'a; 



, cosh a; ,, cosh a;— 1 



sinh^a; 



cosh a; -I- 1 



75. The (8in"^a:)"c?a; can be integrated by the aid of a reduc- 
tion formula. 

Let 2 = 8in"^a;; 

then 



and 



a;= sins;, 
dx = Q09>zAz^ 

j (sin"* a;)* da; = iz'^co^z.dz. 
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Let u = 2*, 

dv = coBz,dz; 

du = 712*"* dZy 

v = &inz; 
I z^coBz,dz = z''8inz^n iz'^^&mz.dz, 

iz^'^sinz.dz can be reduced in the same wa}', and is equal 
to — 2*"*cos2;-f (n— 1) i z"""^ cos z.dz; 
hence 

j 2*cos2.cfo = 2*sin2-|-w2*~^co82 — n(n — 1) J2*"'cos«.d2, [1] 

or J (8in"^a;)*da5 = a; (sin"* a;)"-!- nVl — a:*(8in"*a:)''~* 

- w(n - l)f{&in-^xy'*dx. [2] 

If n is a positive integer, this will enable us to make our re- 
quired integral depend upon j dx or j 8in""*a;.da;, the latter of 
which forms has been found in (I. Art. 81). 

Examples. 

(1) Obtain a formula for I (vers"*a;)*'cte. 

(2) C(sm-^xydx = a;[(sin-'^)*- 4 . 3 .(sin-*x)-+4 .3.2.1] 

+ 4 VI -af'sin-*a:[(sin-'a:)2- 3.2]. 

76. Integration b}' substitution is sometimes a valuable method 
in dealing with transcendental forms, and in tlie case of the trigo- 
nometric functions often enables us to reduce the given form to 

an algebraic one. Let it be required to tiud I i^fsinx) cos x. da?. 

Let z = sin a:, 

dz = cos a;. (fa: ; 

I (fsmx) QOHx.dx= Ifz.dz, 
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In the same way we see that 
I (/co6a;)8ina;.da; ss^ifa.dz if z^^cosXy 

and 
j [/(sinoj, ooBx)']coBx.dx ss i [/(«, Vl— 2*)]d2 if 2;=8ina;, 

I [/(co8«, sinx)] sinx.dx = — j [/(«, Vl— 2;')]cte if 2;=eosa;, 
or, more generally, 

//(sino;, cosflp)(2z=s i/(^i Vl— g*) if 2= sin x, 

•^ Vl— 2" 

//(cosa:, sina;)(ic = — j /(«, Vl— 2*) — -^ — if 2;=co8a;. 

Since any trigonometric function of a; may be expressed in 
terms of sinx and cosx, the formulas just given enable us to 
make the integration of any trigonometric function depend on 
the integration of an algebraic function, which, however, is 
frequently complicated by the presence of the radical vT— ?. 



77. A better substitution than that of the last article, when 
the form to be treated does not contain sinx or cosx as a factor, 

is 2 = tan — 
2 

This gives us 



dx=: 



sma; = 



cosx = 



2dz 
l+2»' 

14-2*' 

1-2* . 
l-h2«' 



whence J/(sina;, cosa:)cto=2j/^:j^, l_^j_^. [1] 
As an example, let us find I - 



dx 



-^b cos a; 
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Here we have 

r dx ^ 2 r dz ^2 r dz 

Ja + hooQX J ^^ ^ ^^r ^ ^ l-^n J a'hb + (a-b)z' 



2_ r dz ^ 2 ^Jf^ 



-6 ^ 



a — b by I. Art. 77, Ex. 1 . 

Hence f ^-— = — ^ tan- ^ f-yf^^ - tan^Y ^ a>b. 

J a + b co^x -sla^ — l^ \\a-|-6 2y 

78. I 8in*a; cos" «. da; can be readily found by the method of 

Art. 76 if m and n are positive integers, and if either of them 
is odd. Let n be odd, then 

cos** a? = cos**'* X cos a; = ( 1 — sin* a?) 2 cos a;, 

j sin"* a; cos* a;. da; = I 8in'"a;(l — sin*a;)"«"cosa;.da5. 

Let z = sin a;, 

dz = cos a;. da;, 

I sin* a; cos" x.da; = j «* (1 — z^)~~^dzy 

which can be expanded into an algebraic polynomial and inte- 
grated directly. 

If m and n are positive integers, and are both even,* 

I 8in"a; cos" a:.da; = j sin'"a;(l — sin*a;)»da;. 

8in'"a;(l — 8in'a;)2 can be expanded and thus integrated by 
Art. 74 [1]. 

If m or n is negative, and odd, we can write 

cos" X = cos"" * X cos a;, or sin" x = sin*"~* x sin a;, 

and reduce the function to be integrated to a rational fraction 
by the substitution of 

z = cosa;, or 2; = sina;. 

j sin"* a; cos" a;. da; can also be treated by the aid of reduction 
formulas easily obtained. 
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79. I tAJoTxdx and | can be handled by the methods 

of Art. 78, but they can be Bimplified greatly by a reduction 
formula. 
We have 

I tan*x.cfa; = I tan*"' a? tsm^x.dx = j tan*~'a; (secure — 1) cto 



= I tan"~'ajd(tana:) — i tan*"' aj.do;, 
tan^x.dx = I tan* 'x.dx ; 



[1] 



and r-^= f. 

J tan"a; •/ 



se c'g — tan'g; 
tan*aj 



dx = riit^E£) _ r_^5_. 

J tan*a; •/ tan*~'a; 



whence | = —- :^ ;^ ; I • 

J tan* a? (n— 1) tan*-*a; Ji 



dx 



tan""'a: 



[2] 



Examples. 



(1 



(2 



(3 



(* 



(5 



(6 



(7 



dx 
Vcosa 



I sin* a; cos^ x.da; = 

I cos'a: '^ainx.dx = 

/ sin* a;. 
Vcog 

I cos' a; sin* a;, da; = 

/; 



cos^^a? co8*ag 
10 8 

2 sin' a; 2 sin* a; 



2 cos* a; o ^ 4^ 
2 cos' a;. 

5 



sin x cos X I sin* a: sin' x 



12 



8; 16' 



da; 



a; 



sin a; cos' a; 

da; 
sin' a; cos' a; 



secaj-f log tan- 

It 



dx 



tan'x 



cosa; , 3, . a? 
seca; — -f -log tan— 

2 sin' a; 2 ^ 2 
4tan*x 2tau^a; 
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<«>/« 



dx 



-1-600805 



log 



y/b + a -f ^b — a . tan? 

It 



^ V5-l-48i 



-|-4sina; 



V6«-a« V6-fa- V6-a. tan- 

2 

4 -f 5 tan - 

-tan ' 

3 \ 3 



(^^) j3sin.?sin2. = 1'^ «'"f " '«« ^°«l + |'«g(3+2cos.). 



^ V (5-|-4oo8a;)« ""9 



smx 



5 + 4 coso; 



-Atan-Y-tan?Y 

27 V3 2y 



(^^>/« 



da; 



tan 



-1 



H-ftsinx-l-coosa; Va'— 6"— c* L Va*— 6"— c* 



a; 



(a— c) tan- + 6 
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CHAPTER VIII. 



DEFINITE INTEGRALS. 



80. In I. Art. 183, a definite integral has been defined as the 
limit of a sum of infinitesimal terms, and has been proved equal 
to the difference between two values of an ordinary integral. 

We are now ready to put our definition into more precise, 
and at the same time more general, form. 

If fx is finite, continuous, and single-valued between the 
values X = a and x = &, and we form the sum 

(«i - o)f(x -f («2 - a;i)/ah -hCo^- x^fx^-^ — -h {Xn-\- «»-2)/««-i 
-f(6-a;^-i)/a:n-i, 

where «i, as,, x^^'X^^^ are n— 1 successive values of x lying 
between a and &, the limit approached by this sum as n is in- 
definitely increased, while at the same time each of the increments 
(aPj — a), (asj — i»i), etc., is made to approach zero, is the definite 

integral of fx from a to 6, and will be denoted by j fx.dx. 

If we construct the curve y =fx in rectangular co-ordinates, 
this definition clearly requires us to break up the projection on 
the axis of X of the portion of 
the curve between the points A 
and B into n intervals, to multi- 
ply each interval by the ordinate 
at its beginning, and to take the 
limit of the sum of these products 
as each interval is indefinitelv decreased ; that is, the limit of 
the sum of the small rectangles in the figure, and this is easily 
proved to be the area ABAiBi, 

Now the area ABA^Bi, found by the method of I. Chap. V., 



o 




^1 



a 



JC, X, 



^-i b 



Bi 
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Therefore r/a;.da;= j/a:.dx — j/icdx . [1] 

That is, j fx.dx is the increment produced in | fx.dx b}' 

changing x from a to 6. 

It is to be noted that the successive increments (x^^ii)^ 
(a?, — ajj), (iP^ — Xjj), etc., that is, the successive values of cLc, 
are not necessai'ily equal ; and also, that if we multiply each 
interval, not by the ordinate at its beginning, but by an ordinate 
erected at any point of its length, the limit of our sum will be 
unaltered, (v. I. Arts. 161, 149.) 

81. It is instructive to find a few definite integrals by actu- 
ally performing the summation suggested in the definition 
(Art. 80) , and then finding the limit of the sum. 

(a) I x,dx. 

Let us divide the interval from a to & into n equal parts, and 
call each of them dx. 

Then ndjx z=b — a. 

Our sum is 

S== adx-j-{a+dx)dx-{-(a'^2dx)(lx-^ ... + (a + (n-^l) dx) dx 

= nadx + (1 + 2 -h 3 H 1- (w — 1)) dar^ 

= a(6-a)-f^^^^^rfa^, 

since w da; = 6 — o, and the sum of the arithmetical progression 

14.2-f 3-f-+(n-l) = ^^^^f"^^ . 

2 ^^ ''22 

Hence S = ^^^-^^^:^dx. 

2 2 
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As we increase n indefinitely, dx approaches zero, and 

Cx.dx = J^'^^J^^^^ - itz^ldxl ^ 6f _ a^ 
J. •"* cto = 0[ 2 2 J 2 2 



Let 



j e'dx. 



dx = 



b — a 



n 



but lH-e*" + e""H |-e(»-i)* is a geometrical progression, 

and its sum is 



.lulc 



-1 



,&-« 



-1 



.<<x 



-1 e^ -1 



Hence 
and 



S = 



,&-« 



-1 



dx 



e^ -1 






jr'.^=K-.)^S'„[p^]. 



but as dx approaches zero, 



dx 



approaches the indeterminate 







form - ; but since the true value of 




(c) 



s: 



€•(^ = 6* — e*. 



COB^X.dX. 



mm 

Let dx = -, and let n be an odd number, 
n 

Then 
5 = da? + cos** dx.dxH- co8'2dx.da;-f ••• + cos' (n — 2) dx • dx 
+ cos' (n — 1) dx • dx 

s= dx 4- cos' dx»dx + cos' 2 dx-dxH 1- cos' (^ — 2 dx) -dx 

+ cos' {w — dx) • dx 

= dx -I- cos' dx • dx -f cos' 2 dx»dx+ ••• — cos'2dX'dx 
- cos' dx.dx, 
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since cos (^ — ^) = — cos^. 

Hence the terms cancel in pairs, and we have left 

S = dx 

and I coB^x,dx = , ^ _^ ^ (te = 0. 

(d) j »\n^x,dx. 

Let da; = — « and let n be an odd number. 
2 m 

*S = sin'O • dx-{-Bin^dX'dx-{-s\n^2dX'(lx -f ••• -f 8in*(n— 2)da;» (Lc 

-f-sin* (?i — 1 ) do? • cte 

=8in'da?-dx-f sin'2cto-cteH hsinV^— 2efa; jcfjc-f sin*( ~da? jda: 

=8inya5»da5-|-8in^ 2cte'CteH |-cos*2da:«da5-f-cos'da;'da;, 

since sin f ^ — ^ j = cos <^. 

Then /S = da; + c/a -f f^j; ••• = ^ - da;, 

since sin* <^ + cos' ^ = 1 . 

Therefore ^ = ^ - ^, 

4 2 

and I sin'a;.da;= -. 

Jo 4 

/ X rdx 

«/a X 

Here it is best to divide the interval between a and b into 
unequal parts. 

Let the vahies a;,, a;-, ar^, ••• x^.j be such as to form with a and 
b a geometrical progression. 

For this purpose take (/ = \l , so that ary" = b. 
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Then the yalues in question are aq^ (uf^ o^**- ag"'^, and the 
intervals are 0(9 — 1), oq^q — 1), a^(7 — 1) •••ag"~*(7 — 1), 
and the sam 



a aq a(f 

= n(9-l). 



a9-->(g-l) 



og 



fi-i 



To prove our division legitimate we have only to show that 
each of our intervals, a(^ — 1), «^(7— 1) ••• oq'''^{q^\)^ 
approaches the limit zero as n increases indefiuitely. Since 

h 



9" = 



a 



the limiting value of 9 as n increases must be 1 , as otherwise 
^*™^* g* would not be finite. 

Therefore ^^^ [a<f{q - 1 )] = J^'J {a^{q - 1 )] = 0. 
We have then 






limit ro-i limit p / i\-i limit r / i\-i 



limit 
(7 = 1 



log 



a 



log 7 



(9-1) 



since 



n log7 = log-. 



But 



limit 
9 = 1 



log^ 



—^ (g - 1) = log^- l^'lf^Zll] = log*. 



For 






1 
T 



L9j7=i 



= 1 



Therefore j — = log h — 



log a. 
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Examples. 

(1) Prove by the methods of this aiticle that 

Jr*« a* _ a* 
I a'dx = • 
6 log a 

(2) By the aid of the trigonometric formulas 

cos^ -f- cos 2^ + cos3^ H h cos (n — 1) ^ 

= ^ sinn^ctn — 1 — cosnd L 

sin^ +8iu2^ +8in3d H h sin (;i- 1)^ 

= i (1 — cosn^) ctn ^ — sin nO L 

prove that | GO^x,dx = sin 5 — sina, 

and I 8ina;.c2a; = cos a — co8&. 

8in*aj.da; = 0, 

and that I co8'aj.da? = -- 

Jo 2 

1 ardx = , using the method of 

• 7/1 H- 1 

Art. 81 (e). 

82. When the indefinite integral can be found, the definite 
integral I fx.dx can usually be most easily obtained by em- 
ploying the formula [1] Art. 80, and this can always be done 
with safety when fx is finite, continuous, and single-valued 
between x=ia and x = b. 

Of course, if the indefinite integral is a multiple-valued func- 
tion, we must choose the values of the indefinite integral cor- 
responding to a: = a and a; = 6, so that they may be ordinates 

of the same branch of the curve y=\ fx.dx. 
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Consider, for example, | — 
» J J-i 1 



dx 



+ «* 



The indefinite integral 



- = tan"*a; and tan~*a; is a multiple-valued flinction. 

Indeed, y = tan~^a; is a curve consisting of an infinite number 

of separate branches so related that ordinates corresponding to 

the same value of x differ by multiples of ir. On the branch 

which passes through the origin, when a;= — 1, y=tau~^a;= —^ ; 

4 

on the same branch, when a; = 1 , y = tan ^a; = -• On the next 

branch above, when a? = — 1, y= tan~^ic = — ; and when «= 1, 

5 ^ 

y = — • On any branch, when a; = — 1 , y = tau~*a? = — - -f- iitt ; 

and on the same branch, when a; = 1, y = ^ + nir. 

4 



or 



or 



+ 
dx 



X^ dx __6ir 37r_7r 
il+««"" 4 4 "2' 

il+a^ 4 \ 4 J 2 



By I fx.dx we meau the limit approached by I fx,dx as b 
is indefinitely increased. 

Examples. 
(1) Work the examples of Art. 81 by the method of Art. S'2 



'*6inx,dx 

X 



= V2-1. 



^^ Vx + a + ^Jx ^ 

(4) r _^^ = ^. 
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^*^ =- if a>0, and -^if a<0, andOif a = 0. 



+ 0^ 2 ' 2 



J ^00 
1 -. 
a 

(6)jr%-'da; =- if a>0. 



r 

e-" smmx.dx = ^ if a > 0. 



e~"co3nix.dx =-— ^- — - if a>0. 



(9) r ^ - -* 






(10) f ^ .=_*_ 

Jo l + 2a;co8^ + ar sin^ 




83. When fx is finite and single- valued between x=a and 
a; = 6, but has a ^niYe discontinuity at some intermediate value 

I fx.dx= I /aj.da;4- I fx.dx, 

/«.(ic can be found by 

^ Art. 82 when the indefinite integral 

lfx,dx can be obtained; but when fx becomes infinite for 

x=a^ or for a; = 6, or for some intennediate value x = c, 

special care must be exercised, and some special investigation 

is usually required. 

If fx is infinite when x = a and | fx.dx approaches a finite 
limit as c approaches zero, this limit is what we shall mean bv 

fx.dx; if I fx.dx increases indefinitely as c approaches 
zero, we shall say that I fx.dx is infinite ; and if | fx.dx 
neither approaches a finite limit nor increases indefinitely as e 
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approaches zero, we shall say that I fx.dx is indetenninate. 

fx,dx can be safely employed 
in mathematical work. 

11 fx IS infinite when x = b and I fx.dx approaches a finite 
limit as c approaches zero, that limit is the ralue of I fx.dx. 

If /e is infinite when x = c, and each of the expressions 

J I fx.dx and I fx.dx approaches a finite limit as c approaches 
zero, the sum of these limits is I fx.dx. Should either or 
both of the expressions, 

I fx.dx, I fx.dx, 

fail to approach a finite limit as c approaches zero, I fx.dx is 
either infinite or indeterminate, and cannot be safely used. 
When the indefinite litegral of fx.dx can be obtained there 

fx.dx in any 
of the cases just considered, or in getting its value when that 
value is finite and determinate. 

For example, 

J^dx 
— is infinite, since 

/dx t*^dx 1 

— = logo; and J^ —= log (1) - lege = log-, 

and increases indefinitely as e approaches zero. 

J* dx 
— is not finite and determinate, for 
1 — ar 



x 



and increases indefinitely as c approaches zero. 
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—1^=^ is finite and determinate, for 



/ 



dx . _ 1 X 



^ " ^ =8m * 8in^0s=8m * , 

^/a^ — a? a a 

and its limiting value as c approaches zero is sin~^(l) or 

Js xdx 
-T is finite and determinate, for 
(1 —xy 



2 



fn^»=^*-^'-*+i' 



»i-« 

(l-a')' 
and its limiting value as c approaches zero is f — -!• 



£(S)i=-*-*-^*''+^ 



c', 



and its limiting value as c approaches zero is ~f — |f and 
consequently 



J* xdx _ 



84. When, as is sometimes the case, the indefinite integral 
cannot be obtained, and the function to be integrated becomes 
infinite at or between the limits of integration, it is only neces- 
sar}' to investigate the limiting value of c/(a4-«) as c ap- 
proaches zero if fx becomes infinite when x = a; of €f(h — c) 
if fx becomes infinite when x = b; and of both c/(c — c) and 
€/(c4-c) if fi^ becomes infinite when x = c. If each of the 

values in question has zero for its limit, | fx,dx is finite and 

determinate, otherwise it is infinite or indeterminate. 
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For, in order that the area EE'B'B should not increase 
indefinitely as c approaches 
zero, the rectangle AA'E'E, 
whose area is (/(a + c)) must 
approach zero as its limit ; and 
the same reasoning holds good 
for the other cases considered 
above. 

Let us apply this test to the "~o 
examples considered in Art. 83. 

. y. C^dx , limit fc"! . 

^"^ J. ¥ = * ^<^a"«e^ = o[iJ=l- 

Jr* dx 
I is indeterminate, for 
1 — 7? 

limit r g 1 _ limit [ t_ 1 _ limit f 1 "I _ i 

limit r < "1 — _ 1 

c = 0|_l_(l+.)»J- *• 

J** dx 
—^1=:^ is finite and determinate, for 
Va* — a* 



and 



limit r c ~] _ limit f c "I __ limit ^ 

^ = QLv a'-(a-.)d ~'='^Lv2^:rr?J~«=o.J!^ 

Jr* xdx 
r is finite and determinate, for 
(1 — ar)* 



= 0. 



and 



limit r g(l-0 1 limit pj.. ^nt^q 
limit r_l(l±0. 1 ^ _ limit [,3(1 4- e)] = 0. 
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Even when, as in the examples jast given, the indefinite 
integral can be obtained, there is a decided advantage in using 
the very simple method of this article. For if the application 
of the test shows that the definite integral in question is infinite 
or indeterminate, the labor of finding the indefinite integral is 
saved ; and if the application of the test proves the definite 
integral finite and determinate, it follows that the indefinite 
integral does not become infinite for the value of x which 
makes the given function infinite, and consequently when the 
indefinite integral has been obtained, the method of Art. 82 
can be used without hesitation. 

As an example, where the indefinite integral cannot be ob- 
tained, let us consider at some length 



X'SO 



n 

dx. 



If n is positive, [log j is continuous and single-valued be- 
tween a?= and «= 1, but becomes infinite when aj= 0. We 
must then investigate tlie limiting value of c[log- ] as c ap- 
proaches zero. 

cnog-j is indeterminate when c = 0, but its true value is 

easily found to be zero if 7i is positive, whether n is whole or 
^'actional. For positive values of 7i, ( (log - ) dx is, then, 
finite and determinate. 

If n is negative, call n = ''m. 

Then 



Jo v^«; Jo Aog^y 



C-9' 



is continuous and single- valued from x = to « = !, but be« 
comes infinite when x=l. 
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I 



i 



-imr ... ^ , limit 

>V e must, then, fiml . ,, 

€ = 



log 



which proves to he ^^ 



1 -€ 



l-€ 



_^{'^rrj'[ 



if m<l, this is zero; if m=l, it is 1; aud if m>l, it 
infinite. 



f'_dx_ 



is, then, finite and determinate if m < 1, but infinite if m = 
or m > 1 ; and we reach the result that 



XSiJ 



dx 



is finite and determinate if n>— 1, but infinite if n=:— 1 
n<— 1. 

Examples. 

(1) Prove that 

x'^.-^' s:^-^' s'xm- 

are finite and determinate. 

(2) Prove that 

-, I -, where m and n are integers, a 

1 — aci* Jo 1 —or 



£ 



«• 



-1 



1 —a? 



. dx^ are not finite and determinate. 



(3) Find for what values of n j (log a;) "do? is finite a 



determinate. 
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(4) Find for what values of m and n I aTHog- ] da; is 
finite and determinate. 

(6) Show that | ar"\l — a?)»~*(to is finite and determinate 
if m and n are positive. 

w 

(6) Prove that I log sin x.dx is finite and determinate. 

(7) Show that the following integrals are finite and deter- 
minate, and obtain their valaes : 



X ' dx _v 

i 



- dx 



f 



'\Jax — a? 



dx 



IT 



1 aVa^-l 3 

85. It was stated in Art. 82 that by j fx.dx we mean the 

fx.dx as & is indefinitely increased, and, 
as we have seen, if the indefinite integral i fx.dx can be found, 
there is no difllculty in investigating the nature of I fx,dx and 
in obtaining its value if it is finite and determinate. There are, 
however, many exceedingly important definite integrals of the 
form I fx.dx whose values are obtained by ingenious devices 
without employing the indefinite inti'gral, and these devices 
are valid only provided that the integral in question is finite and 
determinate, since an infinite value not recognized and treated 
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as sQch, or a ralae absolately indeterminate, renders inconclu- 
sive any piece of mathematical reasoning into which it enters. 
If we construct the curve 



y ^fii^ yh- 



dx is the limit- 




ing value approached by the 
area ABBiAi, as OBi is in- 
definitely increased; and in 
order that this area should 

be finite and determinate, it is clearly necessary that the area 
BCCiBi should approach zero as its limit as OBi and OCi are 
indefinitely increased, however great the amount by which OCi 
exceeds OBi. 

That is, limit r- ^^ -. 

must be equal to zero no matter how much more rapidly c in- 
creases than h. 

86. The investigation of the limiting value of | fx.dx, as b 

and c are indefinitely increased, is usually made with the aid of 
the following important theorem kuown as the Maximum- 
Minimum Theorem. 

If a given function of x is the product of two fnnctiona^ one 
of which V does not change its sign between x = a and x = b, 
and if M is algebraically the greatest and N the least value of the 

other factor u beticeen x = a and x = b, I uv.dx lies between 

v.dx and N I v.dx. 

To prove this tlieorem, let us first suppose that v is positive 
between x = a and x=b. Now, M—^c is positive for the 
values of x considered, (M— u)v is positive, and therefore 

(Jf— u)v.c/a;> and Ml r.r/.r> 1 nv,dx. (1) 
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u — 2f also is positive for all values of x between x = a and 
x= //, (u — N)v is positive, and therefore 

fk /»& •»& 

(?i — N)v.dx > and | uvaIx > ^V | v.dx, (2) 

uv.dx lies between M | r.diC and -^ j vAx, 

It is easy to modify this proof to meet the case where v is 
negative. 

(a) As an example of the use of this theorem, we will prove 

I er^dx finite and determinate. 

er^ is single-valued, finite, and continuous for all positive 
values of x; if, then, we can show that | e-^cZxhas the limit 

zero as b and c are indefinitely increased, c remaining greater 
than &, our proof is complete. 

e-** can be written o^er^ . _, and — never changes its sign. 

ar or 

As X increases n^er^ eventually decreases, and continues 

to decrease towai*d zero as x increases indefinitely, as may be 

proved by determining its value for a? = oc. 

We have [^J^ = L^^J-r i^^Z ^* 

Hence, eventually the greatest value of o^er^ between a; = 6 
and a;= c is h^e-^^ and the least value is c*e-^'. 
Therefore, by the Maximum-Minimum Theorem, 

Jt yf Jb x- Jh TT 

\h cj */& \h cj 

As h and c are indefinitely increased, the first and third mem- 
bers of our last inequality approach the same limit, zero. Con- 

eequently the limiting value of I e-^dx is zero, and 
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r 



er^dx is finite and det*»rminate. 



(h) Let us consider i dx. 

Jo X 



sin ox . 



X 



is equal to a when a; = 0, and is single-valued, finite, 



and continuous for all positive values of x. 
By integration by parts. 



f' 



smax __ cosax i rcoaax , 



X 



ax 



aJ 



x" 



Therefore 



psi 



sin arc __ cosoZ) cos oc 1 /** cosax , 



X 



ah 



ac 



aJb 



x" 



. , , • 1 « •* 1 • ^ cosaft , cosac 

As and c are indefinitely increased, — = — and 



ab 



ac 



approach the limiting value zero. 

— does not change sign between x = b and aj = c, and the 
greatest value of cos ox is 1 , and its least value is — 1 . 



Hence 1 



or 



Jb XT Jb 

T-->r 

C Ji' 



COS ax 



cos ox 



dx> 



-'X 



"> dx 



x" 



and the limiting value 



"S. 



dxy> 



cos ax 



(i-9' 



dx &s b and c increase is 



J** sin ax 
dx ; and therefore 
b x 



X 



* sin ax 



dx is finite and determinate. 



'0 X 

(c) I cos{x^)dx is finite and determinate. 

For cos (or) is single-valued, finite, and continuous for all 
positive values of x; and it is not diflficult to prove that 

I cos (x*)c?x approaches the limit zero as b and c are indefinitely 

increased. 
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We have 

The limiting valae of ^^"^ ^ — — °^ — ^ as b and c are in- 

/^* Sin (ar) , 
creased indefinitely is zero ; and the limiting value of I — ~^r^ 

can be proved zero by the method followed in (6) . 

Examples. 

(1) Construct the curves y = e"** ; y = ; y = cos(a^) . 

(2) Prove that the following integrals are finite and deter- 
minate : 

•/o ar %/o -v/^ c/o oj 

e~****cos6aj.(ia;, I er^7^,dx^ I « **.daj, 

c/O •70 



Jo ^\^e-_-i 



.dx. 



(3) Show that j af*e~*,dx is finite and determinate for all 
values of n greater than — 1. 

87. When we have occasion to use a reduction formula in 
finding the value of a definite integral, it is often worth while 
to substitute the limits of integration in the general formula 
before attempting to apply it to the particular problem. 

Jf*" 7^ dx 
I . 

We can reduce the exponent of x by [4], Art. 64, 
J b{m'\-np) b{m + np)J 
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For our example this becomes 

J — W+1 — Wl + 1 •/ 

When a? = 0, and also when x=:a^ ^ ^ = 0. 

— m + 1 

Hence 

«/o 6 ft/o 

5 3 1 8 r- da; 

6 4 2 Jo ^Ja^~r^ 



Therefore 



J^* a?dx _ 1 . 3 5 
Va^-o*""'^ '4*6 



1 3 5 ira« 

— • — ■ — • « 

2 4 6 2 



Examples. 



1 






a^ 



ar^'fto = 



2 4 

3 * 5 



war 



a*" 



j «* Va* — a^'dx = - • ^^« 



4 4 



I sin"a;.c2x = 



1 3 8 

- • — • Tra". 

6 16 



1.3.5...(n — 1) IT V 

^ • - when n is even. 

2. 4. 6. ..71 2 

2.4.6...(n— 1) , • J 3 
^ ^ when 71 18 odd. 

3.5.7 ... n 
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(6) Show that I cos*a5.rfir= | sin^aj.da;. 

^^ yJT^^ 2.4.6. ..2n * 2* 

Suggestion : let a; = sin^. 

^ Jo Vn^ 3.5.7. ..(271 + 1) 
(9) From Exs. 7 and 8 obtain Wallis's formula 

IT _. 2.2.4.4.6.6.8.8... 

£ 1 .U.O.d.U. /.f.a .. . 

Suggestion : I > I ^ > I . 

88. When in finding I /a;.cLe the method of integration by 

substitution is used, and y=Fx is introduced in place of a;, we 
can regard the new integral as a definite integral, the limits of 
integration being Fa and Fb^ and thus avoid the labor of re- 
placing y by its value in terms of x in the result of the indefinite 
integration. 

Let us find f 6"Vl-e*" . dx. 

Substitute y=e". 

dy = ae^dx. 

Hence C e« Vl - e^ . da? = 1 fVl"^ . dy. 

When a; = — 00 , y = 0, and when a? = 0, y = 1 . 

Therefore pe" Vl - e*« . da; = ^ fVI^p . dy = JL. 
»/ oo «Jo 4 a 

There is one rather rare class of cases where special care is 
needed in using the method just described. It is when y has a 
maximum or a minimum value between x = a and x = bj say 
for x=^c, aud a; is a multiple-valued function of y. 
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For snppose y a maximum when a; = c, theti as x increases 
from a to 6, y iDcreases to the value Fc^ and then decreases to 
the value Fh, instead of simply increasing or decreasing from 
Fa to Fh, If a; is a single-valued function of y, and <Ky)dy is 
the result of substituting y for x in fx.dx, <f>y is a single-valued 

<l}y.dy = I <f>y.dy -f- I 4>y.dy^ and there is 
<f>y.dy for I fx.dx. But if a? is a muitiple- 

Fa •^ a 

valued function of y, it will always happen tliat when y passes 
through a maximum, we pass from one sot of values of a; to 
another, and therefore from one set of values of <f>y to another, 
and in that ease it is necessary to express our required integral 

4*y^dy -f I <l>y*dy, taking pains to select the correct set of 

F* ^ Fc 

values for ^y in each integral. 

If y is a minimum between x=^a and a; = 6, essentially the 
same reasoning holds good. 

A couple of examples will make this clearer. 



(a) Take 



J "-'* x,dx 



-J-lax-^ 



Let y^^lQX^Q^, Then -^ = 2 (a — a;) = when a: = a. 



dx 



— ? = — 2, and v is a maximum when x=- a. 
da? ^ 



X 



= a ± Va^ — .V, 



da; = ^ 



dy 



2 Va* — y 



Since -^- is positive from a; = to x = a^ and negative from 
dx 



x=a to a;=2a, dx= " 



2 Va* — y 



and x = a — 'sla^ — y from 



a; = to x^a^ and da; = — 
from x = a to a; = 2 a. 



dy 



2Va*-y 



, and ic = a 4- Vci- — y 
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HeDoe • 

r^ xdx _ r* xdx . ri 



xdx 



'^'iax-'T? 



2 Jo ya«y _ yi 2Jo ^Ja^y—y' 

_ r " <"^y -^. (Ex. 7, Art. 84) 

JVa'y - y» 

(6) f^ ^ 

•/o(8inaj + co8aj)* 

Let y = 8ina? + co8a5. -^ = cosa; — 8ina: = when « = -• 
^ da? 4 

— 2=:^8ina5 — co8a? = — V2 when a?=-- Therefore y has 
(ic* _ 4 

a maximum value V2 when a; = -. 

4 

y = sina; + co8a;= V2 . C08[ - — a;), 

05=- — co8~^-^, dx=± — ^ 

4 V2 V2-2/* 

Since ^ = and ^ < when a; = - , it follows that ^ is 
da; oar 4 dx 

positive from a; = to a; = -, and negative from a; = - to a; = '^^ 
Hence we have 

dx 



n dx ^ r^ da; r» 

•X (8ina;-|-co8xy •/o (8ina;4-co8a;)^ c/,(8ina;-|-co8a;)* 

4 

— /•^__^.V__ _ r^ dy __ 2 /•v^__dy__^ 
J, f^l-r^ Xif's/2:^ Ji fyj2^' 
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Let 



and 



V2 



r dy ^1 r'' 



fy/'Z-f 



csc*ftW = i, 



f- 

•/©(si 



da; 



sinoj + cosa;)* 



= 1. 



Example. 
da; 



(sma-l-cosaj/ 



= 00. 



89. Differentiation of a definite integral. 

We have seen in Art. 51 that a definite integral is a function 

of the limits of integraJtion^ and not of the variable with respect 

fx,dx is a function of a 

and 6, and not a function of x. Strictly speaking, I fx.dx is 

a function of a and 6, and of any constants that fx may con* 
tain, where by constant my^e mean any quantity that is indepen- 
dent of X. 

If the limits a and h are variables, they are always indepen- 
dent of the X with respect to which the integration is performed, 
which must from the nature of the case disappear when the 
definite integral is formed, as it always may be in theory, from 
the indefinite integral ; and this assertion holds good even when 
the same letter which is used for the variable with respect to 
which the integration is performed appears explicitly in the 
limits of integration. 

Thus if we write I sinx.da;, the x in sinx.dx and the x which 

is the upper limit of integration do not represent the same 
variable, and are entirely unconnected. Indeed, the former x 
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may be replaced by any other letter without affecting the value 
of the integral. For 

Jsinx.dx = I 8\n z.dz = 1 — cos a;. 

Let us now consider the possibility of differentiating a definite 
integral. 

Required Da I /(«, a) dx^ where a is independent of », and 

a and b do not depend upon a. 

We have 

lunit Jy^^' a + Aa) da? - £/(«» a) dx 
/:ia^Ol~ Aa 



DaJ f{x,a)dx = 



limit 
Aa 



imit r r V(g,a + Aa)-/(a;,an ^^ 

a = 0[J a Aa J 



Aa jy 

Hence Da C f(x, a)dx= C [Daf(x, a)] dx, [1] 

and we find that we have merely to differentiate under the sign 
of integration. 

The truth of the converse of the last proposition can be easily 
established, and we have 



or even 



JT J^/(aJ, a) d^l da =£[fy(^> «) **1 ^1 [3] 

if a, 6, c, and d are entirely independent. 

Sup|)ose now that we are dealing with variable limits of 
integration. 
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Let UB find first 



— I fx,dx. 



Let I fx.dx = Fx, then j fx.dx = Fz —Fa; and since by 



definition ^=fx, it foUows that ^=fz. 



dx 



dz 



Hence # f fx.dx = liZ^p^ =/.. [4] 

dzJa dz 

In the same way it may be shown that 

^ C fx.dx = -fz. [5] 

Let ns now take the most complicated case, namely, to find 

d /•* 
— I /(a, a) dxy where a and b are functions of a. 

Let j /(«, a) da; = F{x, a) ; 

then M = Cfix, a)dx=z F(b, a) — F{a, a) , 



and 



• du _ dF(b, a ) __ dF(a, a) . 

da da da 



but as b and a are functions of a, 

da da 

and ^^^^ = D.F{a,a)^ + D^F{a,a), 

da da 

by I. Art. 200, 

D,F{b,a)=f{b,a), 
D, F{a, a) =/(o, a). 

Hence ^"^ = D. [F(6, a) - F{a, a)] +/(6, a) f -/(a, a) ^, 
or 

££/(x, a) d:c = J(i> J-(a;, a)) dx -h/(6, a) g -/(a, a) ^. [6] 
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Examples. 

/f /*'v 
(1) —I Bm{x + y)dx^{x+l)8m{xy + y) — smy. 
ay%/9 

(8) ^J, VI - co8<^ .d«^ = e*Vl -cose^ 

90. When the indefiDite integral cannot be fonnd, the prob- 
lem of obtaining the value of the definite integral usually be- 
comes a more dr less difiScult mathematical puzzle, which can 
be solved, if solved at all, only by the exercise of great inge- 
nuity. Some of the results arrived at, however, are so impor- 
tant, and some of the devices employed so interesting, that we 
shall present them briefly here. But we must repeat the warning 
that most of the methods are valid only in case the definite 
integral is finite and determinate ; and erroneous results have 
more than once been obtained and published when a little atten- 
tion to the precautions described in Articles 83-66 would have 
prevented the mistake. 

91. Integration by development in series, 

(a) ri^.da?. (v. Art. 84, Ex. 1.) 

— 1_ =(1— a;)-*=l+aj + «*-f-ar^+..., \tx<l. 

1 —X 

X-2S—,dx= I (logaj + a? logo; + «* logic H )dx. 
1 — X •/o 

Xof logaj.da? = — - — — — . (v. Art. 55 (a).) 

(n -|- 1)* 

Therefore 

Jo 1-x Vl»^2» 3' 4' J 6 

(v. Todbunter's Trigonometry, Chap. XXIII., Ex. 1.) 
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r-^m 



dx. 



■^(s)='^(i^)=">^(- 



(v. Art. 86, Ex. 2.) 



+ e-)-log(l-e-) 



= g »- — 4- — 
2 3 



Hence 



4 '" V ^ 2 3 4 "" / 

(I. Art. 130.) 



r'°*(5^)-^r(«-+-^-^-+ 



3x fi-Sx p-7af 
- + — + — 

3 5 7 



••■) 



dx 



But 



Therefore 



= 2A +l+l4.1-^....V 

\^ ^3* 5* 7* J 

1+1+1 + 1 + ... = !:!. 

l«^3« 5* 72^ 8 

(v. Todhuntei's Trig., Chap. XXIII., Ex. 1.) 



(Examples. 
12' 

8* 






+ 



(S)"--] 



if ^•2<l, 
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(5)jVl-^sin«^.d^ = |[l-(|Jf.(|^J^ 






<1. 



92. Integration by ingenious devices, 

w 

(a) I logsinx.dx. (v. Art. 84, Ex. 6.) 

Let u= I logsinx.dx, 

Sabstitate y = ^ — a?. 

uss— I log cosy, dyzs ( log cos a;.da;. 



9 



2us I (log sin a; + log cos a;)dc= i log (sin x cos a;) dx 

w 

-- — ![log(2)+ r logsin2a.daj 

= — ^log(2) + ^ I log sin aj.daj. 

log sinx.dx = I ^log smx.dx + I log sina^.do; 

2 

=su+) log sinx.cfo;. 



Substitute y = TT — a, 
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and 






Hence 
and 



2ti = -|log(2)4-M, 



u= I \ogBinx.dz= j l(^ooBx.dx = — ^1(^(2). 
«/0 «/o 2 



[1] 



e--dx. 



(v. Art. 86 (a).) 



3t u= I e'^dx^ andletx=ay; 



Bat 



jrle-a+-)««da = i ^ 



2 1+x* 



Hence 



2J0 l+ic* 4' 



and i e"**da:=- Vir. 

«/• 2 



(«) 



X"^ 



sin 7710? 



.do?. 



x 



[2] 



(v. Art. 86(6).) 



We have i = f e-"(fa if x > 0. (Art. 82, Ex. 6.) 



100 



INTBGBAL CALCULUS. 



[Art. 92. 



Hence 



f^ 



am mo; 



,dx 



X 



sin mo; I c^dajdx 



Jo \Jo 
Jo \Jo 

-s: 



6""* sin ma;, da J (to 



€~""8mma; 



.da;^(ia,by[3],Art.89. 






mda 
a» + m** 



(Art. 82, Ex. 7.) 



Therefore 

Bin ma; 



r^ 



.dx= - if m>0 
X 2 

= -![ if m<0 



if m = 



[3] 



by Art. 82, Ex. 5. 



Examples. 

7r« 



o; log sin OS. (to = log (2). 

2 

Suggestion : let x = tan 0. 



jTe •*-" da 
r' d^ 

X 



2a 



* sin a; cosmos 



.da; =0 ifm<— 1 or m>l 



- if m = — 1 or m = 1 



= ![ if -Km <1 
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w J. '^"-i 



Suggestion : integrate by parts. 



98. Differentiation or integration with respect to a quantity 
which is independent of x. (v. Art. 89.) 



(a) We have 1 



e~'^dx = — 
a 



(Art. 82, Ex. 6.) 



Differentiate both members with respect to a, 

J( — xe-^dx) = or \ xe-^dx^ —• 
a* •/o a' 

Differentiate again, 

21 



p 



a? 



Differentiating n times, 



X' 



af^c'^dx^ 



n\ 



a 



»+i 



[1] (v. Art. 86, Ex. 3.) 



(b) We have f 



"'da? 



1 V£ 

2 a*' 



(Art. 92, Ex. 8.) 



Differentiating n times with respect to a, 

(v. Art. 86, Ex. 2.) 
(Art. 82, Ex. 6.) 



c 



Multiply by c/c, and integrate from a to &» 
•/o \y» J J* c 



Hence 



X 



a; 



da? =log-. 
a 



[8] 
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1 



('*> £ 



afdx=^ 



a + 1 

Multiply by c2a, and integrate from & to a, 

da 



f(JVda)<^ = j;' 



a + l 



"'^''^ i'l^T'^ -H^^' ^'^ 



EXAlfPLBS. 



(1) From C-^ = ^ — obtain 
^ ^ Jo a^ + a 2 Va 

J dx ^ir 1.3.5... (2n-l) 1 
(aj« + a)"+^ 2 2.4.6... 2n ' Vrf 

J '•I 1 
Tf'dx^ obtain 
n + 1 

rV(loga;)-da: = (-l)- — — -. 

(8) From I c"" cos ma. da? = ---^^ — - obtain 
^ ^ Jo a« + m* 

jf£:^ooB^.cto=iiog(^4±^:). 

e~"8inma?.(ia? = — ^ obtain 

a* + m* 



I sin mos. (ir = tan~^ tan~^ — 

ox mm 



94. The method illustrated in Art. 93 can be applied to 
much more complicated forms. 



(a) J e~^~^.dx. (v. Art. 86, P:x. 2.) 
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Let 






then 



du 
da 



-€'-$ 



adx -*«--= 
e »■. 



Substitute 



2 = 



and 



du 
da 



a 
x' 






so - •* 

2 I e^ ^^ dx 



= — 2u. 



Hence 
Integrating, 



and 



- = — 2da. 
u 



logw = — 2a + (7, 



When a = 0, u=:Ce''dx==iyJ^. (Art. 92 (5) [2].) 



Therefore 



C7, = iVir, 



and 



"=X 






[1] 



e"^^co8bx,dx. (v. Art. 86, Ex. 2.) 
Let t«= J e~"*''eo8 6a?.rfa?, 

then — = — I aje""*'* sin bx.dx, 

do Jo 

Integrating by parts, 

xe~°*^8inbx.dx:= — ■ I 
2 o Vo 

Therefore ^ = — 77"^ ^» 

db 2 a* 



r"***cos6a;.da;=s 



2a^ 



u. 



or 



tt 2a« 
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Integrating, we have 



logt£ = -^,+0, 



4 a' 



or tt=(7ie~*«". 



When & = 0, m= f e-*''da;=^. (Art. 92, Ex. 3.) 

Jo 2a 

Hence «= f e ••'*eo86a;.cte= ^e'^. [2J 

•70 2 a 



Examples. 
X a 



Suggestion: ^ = 2 | a6— *^^+^>da. 



95. Introduction of imdginary constants. 

r*co8 (a?) dx. (v. Art. 86 (c).) 

We have f e ""^ dc = — V*^. (Art. 92, Ex. 3.) 

Jo 2 a 



Let a« = (T V-1 = c=^( co8| -f V^sin^V 

Then a = c^eo8^ + V^ sinj'j =^- (1+ V^), 

^ ^ (Art. 25.) 

and ,- = — T= ^ , =— J— (1-V^). 

"^a cV2(14-V-l) 2cV2 
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Hence f*€-«*'*^^ cto = — x|^ . (1 ->A=T). 

Jo 2c\2 ^ 



Bat 



Therefore 



g *«../r-i =co8(c*aj«)- V-1 sin (c*iB»). 

([5] Art. 31.) 



r*co8 (€««») dx - V^ r*8in (c*a:«) dx = ^i- J^ (1 - V^^), 



and 



Let 
and 



J^cos(c«a!»)(te=j[%m(c««»)<te = J--y|i. [1] 

(Art. 17.) 



c=l, 



I co8(a')da!= | 8in(a*)da; = i-»l-« 



[2] 



If we substitute y = «* in [2] , we get 

•/o -v/v •/o vv ^2 



Gamma Functions. 



[3] 



96. It was shown in Art. 84 that I ( log - ] do; is finite and 

determinate for all values of n greater than —1, and infinite 
when n is equal to or less than —1. The substitution of 
y = log- reduces this integral to | ycdy, or, what is the 
same thing, to j afe'dx; and in Art. 86, Ex. 3, the student 
has been required to show that this integral is finite and deter- 
minate for all values of n greater than — 1 . 

j afe~'dx = — x*e~* + n j af~^e~'dx, 
by integration by parts. 
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If n is greater than zero, 

a;"e'* = when a;=0, 

and af€"* is indeterminate when a;=x. Its true value when 
x= 00, obtained by the method of I. Art. 141, is, however, zero. 

afe~'dx = n\ af^e~'dx [1] 

Jo 

for all positive values of n. 

If n is an integer, a repeated use of [1] gives 

afe'dx = nll e~'dx; 
•/o 

but I e^'dx = 1, 

and we have I a^€r'dx=sn\ [2] 

provided that n t^ a positive whole number. 

If n is not a positive integer, but is greater than —1, 
I af^e^dx \& 9^ finite and determinate function of n, and its 
value can be computed to any required degree of accuracy by 
methods which we have not space to consider here. 

( a5*~*e~'da? is generally represented by r(n), and has been 
very carefully studied under the name of the Gamma Function, 
If n is a positive integer, we have from [2] 

r(n + l) = n!. [3] 

From [3], r(2) =1. [4] 

aPe-'dx=i e-*dx, 

r(l) =1. [5] 

We have always from [1] 

r(n-M) = nr(n), [6] 

if 71 is greater than zero. 
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Since i af^e~'dx is infinite when n is equal to or less than 

— 1, it follows from the definition of r(n) that r(n)=Qo if 
n is equal to or less than zero. It has, however, been found 
(KHiYenient to adopt formula [6] as the definition of T{n) when 
n is equal to or less than zero, and to restrict the original defi- 
nition to positive values of n. The result easily deduced is 
that r (n) is infinite when n is equal to zero or to a negative 
Integer, but is finite and determinate for all other values of n. 



97. We may regard the formula 

r(n-f l) = nr(n) 

as a sort of reduction formula; and since each time we apply 
it we can raise or lower the value of n by unity, we can obtain 
any required Oamma Function by the aid of a table containing 
the values of F (n) corresponding to the values of n between 
any two arbitrarily chosen consecutive whole numbers. 

Such tables have been computed, and we give one here con- 
taining the common logarithms of the values of F (n) from 
n = 1 to n = 2. The table is carried out to four decimal 
places, and each logarithm is printed with the characteristic 9, 
which, of course, is ten units too large, the true characteristic 
being —1. 

10 + logr(n). 



n 





1 


2 


3 


4 


5 


6 


7 


8 


9 


1.0 


• • 


9975 


9951 


9928 


9905 


9883 


9862 


9841 


9821 


9802 


l.l 


9.97a5 


9765 


9748 


9731 


9715 


%99 


9684 


9669 


9655 


9642 


1.2 


9.%29 


9617 


9605 


9594 


9583 


9573 


9564 


9554 


9546 


9538 


1.3 


9.9530 


9523 


9516 


9510 


9505 


9500 


9495 


9491 


9487 1 9483 


1.4 


9.9481 


9478 


9476 


9475 


9473 


^73 


9472 


9473 


9473 1 9474 


1.6 


9.9475 


9477 


9479 


9482 


9485 


9488 


9492 


94% 


9501 


9506 


1.6 


9.9511 


9517 


9523 


9529 


9536 


9543 


9550 


9558 


9566 


9575 


1.7 


9.9584 


9593 


9603 


9613 


9623 


%33 


9644 


9656 


9667 


9679 


1.8 


9.%91 


9704 


9717 


9730 


9743 


9757 9771 


9786 I 9800 


9815 


1.9 


9.9831 


9846 9862 1 9878 


9895 


9912 1 9929 ' 9946 I 9964 

' 1 


9982 
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Such a table enables us to compute with Gamma Functions 
as readily as with Trigonometric Functions, and consequently 
the problem of obtaining the value of a definite integral is 
practically solved if the integral in question can be expressed 
in terms of Gamma Functions. 

For example, let us consider 

(a) r Tfe-^dx. 

Let y:^ax\ 

then I afe~''dx = — - I y*e~«'dy = — - | ixfe"dx. 

Hence rVe-«(to = ^^^^+ ^) , [1] 

provided that a is positive and n>— 1. 



(6) 


j[V(logl)-d«. 


(V. 


> Art. 84 9 


Ex.4.) 


Let 


y = 


= -logaj. 






then 


jrV(logl)"<ir = 


= r y»e-<-+»)»dy. 






Hence 


. by [1], 










XV(logi)"d« = 


r(rH-l) 
(m + 1)*+*' 




C2] 


if m>- 


- 1 and n > — 1 . 









(c) C e-'^dx. 

Let y^^\ 

then f e •'daj=ir i-^-dys^f ar^e-'da?. 

Jo Jo 'sjy Jo 

Hence C e~^ dx ^ ^T {i) . [3] 
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98. 



rV-*(l-a;)*-^da: = J5(m, n) [1] 

is an exceedingly important integral that can be expressed in 
terms of Gamma Functions ; it is known as the Beta Function^ 
or the First Eiderian Integral^ T (n) being sometimes called the 
Second Eulerian Integral. 

In the Beta Function, m and n are positive, and B(m, n) is 
always finite and determinate. (v. Art. 84, £x. 5.) 

In C ^^^-^(l—xy-^dx let y=l— a?, 

and we get 

C ar-^i -xy^dx= ry"-ni-y)""*^yi 

B (m, n) = B (n, m) . 



or 



[2] 



In f ar-Ul — xY-^dx let x = --^ 

Jo ^ ^ I + 

and we get 



y 



fV-i (1 - xy-'dx = r ^ '-^— = r ^"' da?. 



r(n + l) 



da; = J5(?ii, n) . 

(l+a;)-^* ^ ^ 

We have seen in [1] Art. 97 (a) that 

JfCO 
afe'^dx 
a*^* 

Hence r(m)= | a"'af~^e "da;, 

^m+n-lajm-lg-a(l+.)^^ 

r(m) r a"-^e-da= f af*"^/" f a-^—^e— <^-»-'>da^da?, 

r(m)r(n)= fV il(^^ + ^) (fa.. 
^ ^ ^ ^ Jo (l+a;)'"+" 



[3] 
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Therefore ^rf^lIM ^ f ^^l . ^^ , [4] 

orby [S], 

J5(m,n)= fV ^(l-ar)'*-»da; = £i^lli^. [5] 
•/o r(m + n) 

If n = 1 — m, then since r(l ) = 1, 

Formula [6] leads to an interesting confirmation of Art. 
92 (6) . 
Let m = ^, and we have from [6] 

Substitute y = V^» 

and we have I ; — - = 2 1 — ^ = ir. 

•/o (l+a;)'>/a; •/o 1+y* 

Hence r (i) = V^ ; [7] 

and since by Art. 97 (c) 

99. By the aid of formulas [4], [5], and [7] of Art. 98 
a number of important integrals can be obtained. 
For example, let us consider 

w 

I s\n**x.dx, where n is greater than — 1. 

Let y = sin a;, 

w 

and we have j sin" a;.c?a;= j ^"(1 — y'')~My. 
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rV(i-»')-*dy=ir^ *(i-2)-*d« 



Bnt 



/ n + 1 IN 
\ 2 '2j- 









by [5] Art. 98. 



r(i + i 



Hence 



r*8in'*a:.da; = ^ 
Jo 2 



) 



by [7] Art. 98. 



[1] 



If n is a whole number, this will reduce to the result given 
in Art. 87, Ex. 5. 



^0 vn^ 



Examples. 
2 f(u + l) 



r(=±l)r(ll±I) 

(2) .1 sin" a; cos" a;. da; = — -^ — - — - — ^; — r— ^. 
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(3) f *» _V^ ^W 

T(p+i)r(!!Ltl) 

(4) I a-(l-af)»da;=£ V " / 

•/r n 



r 



(-^■^=^) 
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CHAPTER IX. 



LENGTHS OP CURVES. 







dy 

tanT = ~» 
ax 


and (I. Arts. 52 and 


181) 


that 


From these we get 




dy 

smT = 3-» 
ds 


■- 




dx 
eosT = ^, 

ds 



100. If we use rectangular coordinates, we have seen (I. Art. 



[1] 



[2] 
[3] 

[4] 

by the aid of a little elementary Trigonometr}'. 

These formulas are of great importance in dealing with all 
properties of curves that concern in any way the lengths of arcs. 

We have alread}* considered the use of [2] in the first volume 
of the Calculus, and we have worked several examples bj' its 
aid in rectification of curves. Before going on to more of the 
same sort we shall find it worth while to obtain the equations of 
two ver}' interesting transcendental curves, the catenary and the 
tra4:trix. 

The Catenary. 

101. The common catenary is the curve in which a uniform 
heavy flexible string hangs when its ends are supported. 

As the string is flexible, the only force exerted by one portion 
of the string on an adjacent portion is a pull along the string, 
which we shall call the tension of the string, and shall represent 
by T. T of course has different values at different points of the 
string, and is some function of the coordinates of the point in 
question. 
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The tension at any point has to 8up|x>rt the weight of the por- 
tion of the string below the point, and a certain amount of side 
pull, due to the fact that the string would hang verticallj were 
it not that its ends are forcibly held apart. 

Let the origin be taken at the lowest point of the curve, and 

suppose the string fastened 
at that point. 

Let s be the arc OP, 
P being any point of the 
string. As the string is uni- 
form, the weight of OP is 
proportional to its length ; 
we shall call this weight ms. 
This weight acts verti- 
call}' downward, and must be balanced by the vertical effect of T, 
which, by L Art. 112, is jPsinr. 

Henoe TsinT = m«. • (1) 

As there is no external horizontal force acting, the horizontal 
effect of the tension at one end of any portion of the string must 
be the same as the horizontal effect at the other end. In other 
words, TcosT = c (2) 

where c is a constant. Dividing (1) by (2) we get 

« = — tan T, 
m 

or « = atanT, (3) 

where a is some constant. From this we want to get an equa- 
tion in terms of x and y. 



henoe 



or 



and 



tanr = Vsec*T — 1 = xIt-j — 1 ; 
ada 



«* 



(a^ + ^)h 



=idx. 



Integrate both members. 
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when X 
hence 

and 



olog(«4-Va* + «*) = a?+(7; 
0, « = 0, 

(7= a log a. 



X 



log(« 4- Va*4- «*) = 5 4- log a, 

/ * 



a 
= -(€• — e •) = atanT by (8). 



Hence 



and 



(Ix 



ft 



y= 



-(e--e -), 
5 (ei 4- 6-1)4-0. 



K we change obr axes, taking the origin at a point a units 
below the lowest point of the curve, y = a when a; = 0, and 
^erefore (7=0, and we get, as the equation of the catenary. 



a 



y = ^(e-4-e"«). 



Example. 



(4) 



l«1nd the curve in which the cables of a suspension-bridge 
njust' hang. Ans, A parabola. 

Tlie Tractrix. 

102. If two particles are attached to a string, and rest on a 
rough horizontal plane, and one, starting with the string stretched, 
moves in a straight line at right angles with the initial position 
of the string, dragging the other particle after it, the path of the 
second particle is called the tractrix. 

Take as the axis of X the path of the first particle, and as 
the axis of T the initial position of the string, and let a be 
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tlie length of the string. From the natore of the curve the 
ftrif^ is always a tangent, and we shall have for any point P 



y 

-=s — sinr, 
a 



[1] 



for r lying in the foorth quadrant has a n^ative sine. 




df df 



henoe 



and 



y'daf=^(a'^y')df. 



dx=:± 



y 



is the differential equation of the tractrix. 
On the right-hand half of the curve r is in the fourth quadrant, 

-^ or tanr is negative, and we shall write the equation 
dx 



da? = — 



{a'-y')hdy 



[2] 



If wo allow the radical to be ambiguous in sign we shall get 
also the curve that would be described if the first particle went 
to the left instead of to the right. The tractrix curve, generally 
considered, includes these two portions. 

Integrating lx)th members of [2] , and determining the arbi- 
trary constant, we get 

==-V^nr7+aiog<'+V«'-y' [3] 



X 



as the equation of the tractrix. 
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Examples. 

(1) Show by Art. 102 (1) that in the tractrix « = alog? 
if 8 18 measured from the startiDg-point. ^ 

(2) Find the evolute of the tractrix. (I. Art. 93.) 



Rectification of Curves. 

103. In finding the length of an arc of a given curve we 
can regard it as the limit of the sum of the differentials of the 
arc, and express it by a definite integral. 



We shall have 






Of course in using this formula we must express Vote* 4- ^y* 
in terms of x only, or of y only, or of some single variable on 
which X and y depend, before we can integrate. 

For example ; let us find the length of an arc of the circle 

2x,da;-f 2y.dy = 0, 

, x.dx 
dy = , 

y 



f 



f 



a^-7? 



, = a p-:^== afsin-^i - sin-aV 

The length of a quadrant = a I . = — ; 

.*. the length of a circuinftTence = ^-rra. 
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Length of Arc of Cycloid. 
104. For the cycloid we have 



y = a — acos^J 
dic = a(l — co30)d$ = yd$, 



(I. Art. 99.) 



a 



cW = -. 



1 dy dy 



°>^ 



f V2ay — y* 



V2ay-y* 

d8=V2a. — ^S; ^ 

V2a— y 

« = V2^ P , ^^ = 2V2^(V2a-yo - -^2(1 -y,). 
•^"o V2a— y 

If the arc is measured from the cusp, yo = 0, 

« = 4a-2V2aV2a — t/i. [1] 

If the arc is measured to the highest point, y, = 2 a, 

s = 4a. 
The whole arch = 8 a. 

Example. 

Taking the origin at the vertex, and taking the direction down- 
ward as the positive direction for y, the equations become 

aj = rt^-|-asin^) .j a * inn\ 

^ [- . (I. Art. 100.) 

y= a — acos^J 

Show that 8 = 2^2ay when the arc is measured from the 
fmmmit of the curve. 



Chap. DC.] 



LENGTHS OF CURVES. 



119 



105. We can rectify the cycloid without eliminating $. 

x = aO — a sin 
y— a — aco8$ 
dx — a(l — co8^)cZ^, 
dy = a8\n$.d$, 
daj« + cf^ = 2 a*d^(l - cos^) , 

and « = aV2 1(1 — cos^)4(W, 

= a V2 r*|28in«|1*(W = 4a rsin|d| = 4a /'cos |- cos ^'\ 
If ^0 = and ^| = 2 tt, we get s = 8a as the whole curve. 



8 



106. Let us find the length of an arch of the epiq/cloid. 



a; = (a 4- ^) cos^ - b cos^^jL^^ 

b 

y = (a + ft) sin^ - 6 sin 5-±^^ 

b 



,(I.Ai-t.l09[l].) 



dx = T- (a -f 6) sin e + {a-\-b) sin?-t^^"|d^, 

dy=r (a4-&)co8^-(a4-&)cos5L±i^1 

+ b 



d$. 



d^ = (a-\-byd0^ 



["2- 2 /'cos - 
= 2(a + 6)«d^/'l-cos2^\ 



^cos^4-sin 



in«±l'tfsintf)1 



8 



8 



= (a + 6)V2 rYl- cos^^VcW, 
= -i^|^cos^^(9o-cos-^,J. 



[1] 



26 



To get a complete arch we must let ^o=0 and $^^ — w, 

a 
Hence, for a whole arch, 



s = 



Sb{a'\-b) 



a 
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Examples. 

(1) Find the length of an arch of a hjpoeycloid. 

. 86 (a — 6) 

Ans. 8 = • 

a 

(2) Find the length of an arch of the curve x* -h .V* = a*» 
and show that it agrees with the result of Ex. 1. 

(v. I. Art. 109, Ex. 2.) 

107. Let us attempt to find the length of an arc of the ellipse 



r.+ 



6» 



We have ^ + ^^ = o, 

a' Ir 

a^y 
^i g' — y ^ 

a*y a* — ar a* — ar 

where e is the eccentricity of the ellipse. 

The length of the elliptic quadrant is 

These integrals cannot be obtained directly, but 

can be expanded by the Binomial Theorem, and the terms of 
the result can be integrated separately, and we shall have the 
required length expressed by a series. 

A more convenient way of dealing with the problem is to use 

an auxiliary angle. Instead of _ -u f_ = 1 we can use the pair 
of equations . , ^ 

y=zb cos <^ ) 
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dx =i a COS <f>.dit> J 
dy^ — h BID <^.d^9 

= a* A - 5^:il^%iu=^c^') dc^* = a2(l - e^siii2<^)dc^S 
where e is the eccentricity of the ellipse. 

s=^aC (l-e*8in*«^)*cf«^ [3] 

= a I [1 — ie'sin**^ — i-:Je*8inV — i'i' J^8in*<^«"]d<^. 
*^« 

For the arc of a quadrant we have 
«, = ojT* [1 - e* sin*4^]*(f«^. [4] 

Examples. 

(1) Obtain «, as a series from [2], and also from [4], and 
compare the results with Art. 91, Ex. i>. 

(2) Show that the length of an arc of the hyberbola is 



s 



= &J*fl + -^'sinh^<^lW. 



Polar Formulce. 
108. If we use polar coordinates we have 

ds = Vc/?T^^^, (I. Art. 207, Ex. 2.) 



tane = 



dr ' 



(I. Art. 207.) 



From these we get, by Trigonometry, 

sm€ = — ^, 
ds 



dr 
cos c = — • 

ds 



109. Let us find the equation of the curve which crosses all 
its radii vectorcs at the same angle. Here 



tan c = a, a constant, 



r(J4> 
--■- = o, 

dr 



adr 



= d<t>. 
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t + £ 9. * 

r = he\ (1) 

where h is some constant depending upon the position of the origin. 
This curve is known as the Logarithmic or Equiangular SpiraL 

110. To rectify the Logarithmic Spiral, We have, from 

109 (1), . 

^=^log^; 
a 

^^ ^^ 

ad> = a — 1 
r 

rdil>=adr^ 
d«« =dr2 4- r2d<^« = (1 -f a*)cfr* ; 

«= r(l4-a«)*(fr=(l4-a*)Kri-ro). 

•/To 

Examples. 

(1) Find the length of an arc of the parabola from its polar 

equation 

m 
r = 



1 + cos ft> 

(2) Find the length of an arc of the Spiral of Archimedes 

r = a^, 

111. To rectify the Cardioide. We have 

r=2a(l-co8<^), (I. Art. 109, Ex. 1), 

dr = 2asin<^.d<^, 

(fa* = 4a*8inV.^</»^ + 4a'(l - cos <l>y d<t>^ 
= 8a«d^»(l-cos</»), 

8=z2y/2.aCll'-'C08if>)^dif>=Sa[co9p-co3^'] 
= 1 6 a for the whole perimeter. 
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Involutes. 

112. If we can express the length of the arc of a given curve, 
measured ih>m a fixed ix>int, in terms of the coordinates of its 
variable extremitj', we can find the equation of the involute of 
the curve. 

We have found the equations of the evolute of y=fx in the 
form 

x' =zx — pCOSv^ 

y' = y — painv)' 



(I. Art. 91). 



We have proved that tan v = tan t', 
and that 



dp 



sinT' = 



^1 
ds' 



, dx' 

COSt' = -— i 

ds' J 



(I. Art. 95), 
(I. Art. 96) ; 

(Art. 100). 



Since 



tanv = tanT', v = t' or v=180**4-t'. 

As normal and radius of curvature have opposite directions, 
we shall consider v = 180** -f t'. 

sinv = — sinr' and co8v = — cost'. 



Then 
Hence 



ds' 



dy' 



y =y-\-p 



(1) 



(2) 



ds' 

Since dp = ds', 

P = .^' + ; (3) 

where / is an arbitrary constant. JSince x and y are the coordinates 
of any point of the involute, it is only necessary to eliminate a?', 
y', and p b}^ combining equations (1) , (2), and (3) with the equa- 
tion of the evolute. 

As we are supposed to start with the equation of the evolute 
and work towards the equation of the involute, it will be moro 
natural to accent the letters belonging to the latter curve instead 
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of those going with the former ; and our equations may be 
written 

a; = ir'4-p'^; y = y+p'^; p'=8-{-L (4) 

(is as 

Since p'=l when «=0, it follows that I is the free portion 
of the string with which we start. (I. Art. 97.) By varying / 
we may get different involutes of the same curve. 

To tost our method, let us find the involute of the curve 

27m ^ ^ ^^) 

for which l=im. We must first find «. 

Q 

2ydy = — (x — mYdx, 

dy = -— ^ -dx, 

9 m y 

3 7/1 

g=— J— f{2x-^m)\dx = — - — (2a;4-m)i—m. 
V3m^m 3V3m 

p' = «-f ??i = — (2x-i-m)Sy 

3V3m 

r . 2xH-m 

3 

27m y 

t x — m 

05'= , 

3 

I ^ / \9 ^X 

^y y 

a; = 3a:'-f-m, 
4 a;" 

y = r- 

Substituting in (5) the values of x and y just obtained, we have 

?/'2 = 2 7Ma;' 

the equations of the required involute. 
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Example. 
Find an involate of a^=s a^. 

113. An involate of the cycloid is easily found. Take equa* 
tionsl. Art. 100((7). 

x=z a$ + asin$ 
y=z—a-\-acosO 
p' = «i 



Let 



dx = a(l + co&e)de =2acos*-d^, 

2 



dyss — asinO.dO 



6 
= — 2 a sin- cos -cZ^, 

2 2 



d«*= 2o*d^(14- eos^) = 4a»d^cos*p 

«s2al cos-cw =4ttsm-i 
•/o ^ 2 

6 
x = x' + 4a sin-cos - = «' -f 2 n sin ^, 

2 2 
y^y* — Aa sin*- = y' — 2a(l — cos^) , 



x' =zaO — a sin ^ | 
y'= a — acos^j 



a cycloid witli its cusp at the summit of the given cycloid. 



Example. 
From the equations of a circle 

X=:a COS <t> 

y = a sin <f> 
obtain the equations of the involate of the circle. Let Z = 0. 



Ans, a;'= a(cos<^-|- <^8in <^) ) 
y=a(sin <^ — <^cos</>) J 
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Intrinsic Equation of a Curve. 

114. Ad equation connecting the length of the arc, measured 
from a fixed point of any curve to a variable point, with the 
angle between the tangent at the fixed point and the tangent at 
the variable point, is the intrinsic equation of the curve. If the 
fixed point is the origin and the fixed tangent the axis of X, the 
variables in the intrinsic equation are s and r. 

We have already such an equation for the catenary 

« = atanT, Art. 101 (3), [1] 

the origin being the lowest point of the curve. 
The intrinsic equation of a circle is obviously 

s = ar, [2] 

whatever origin we may take. 

The intrinsic equation of the tractrix is easily obtained. We 

have 

y = — asinr, Art. 102 (1), 

and s = a log- ; Art 102, Ex. 1. 

y 

hence « = alog(— csct) 

where r is measured fW>m the axis of X, and s is measured from 
the point where the cun'c crosses Uie axis of Y, As the cur\'e is 
tangent to the axis of F, we must replace t by t — 90®, and we 

get 

jt=:aloGrsecr [3] 

as the intrinsic equation of the tractrix. 

Example. 

Show that the intrinsic equation of an inverted cycloid, when 

the vertex is origin, is 

«=:4asinr; (1) 

when the cusp is origin, is 

« = 4a(l— cost). (2) 
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115. To find the intriDsic equation of the epicycloid we can 
use the results obtained in Art. 106. 

d»=(a+6)^sin5L±^^ - sin^y^=2(a4-«»)co85±^ 

dy==(a+6)('cos^-cos^«')cW=2(a+6)sin^^±p 

by the formulas of Trigonometr}' 

sin a — sin j3 = 2 cos i (a + j3) sin ^ (a — ^) , 

cosjS— cosa = 2 sin i(a 4- P) 8ini(a — ft) ; 

tanr = ^ = tan '1+1^(9, 
dx 26 



hence 



a + 26.. 
' 26~*' 



therefore 



«=i^i^Yl-cosiL(9)byArt.l06[l]; 
. = l^i^^±^fl-cos-^^r^ [1] 



IS the intrinsic equation of the epic3'cloid, with the ctisj) as origin. 
If we take the origin at a vertex instead of at a cusp 



a 

7H[a + 26) ,. 
2a 

«' = — i — ■ — ^ sin — 

a a-\'2b 



hence 



or 



a 



.1 . 



a 



. 4b(a-{-b) . 
8 = — ^^ — ■ — ' sm ■ 

a a + 2b 



[2] 



is the intrinsic equation of an epicycloid referred to a vertex. 
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Obtain tbe intrinsic equation of the hjpocycloid in the forms 

#=: — ^ ^8in ^T. (2) 



116. The intrinsic equation of the Logarithmic Spiral is found 
without dlfflculty. 

We have r = be'y (Art. 1 09) , 

and 8 = Vl+a» (n - Vo) . (Art. 110). 

If we measure the arc from the point where the spiral crosses 
the initial lino, Vq = 6, and we have 



o 



«s=6Vl 4- «*(<?• -1). 

In |)olar ca6rdinatos t = <^ -|- c, and in this ease c = tan~^a ; if 
we nioaHun^ our angle ft*om the tangent at the beginning of the 
arc we must subtract c ft*om the value just given, and we have 

« = i*(Vr-Ka*)(e*-l) ; 
or, more briefly, a = A*(c'' — 1), k and c being constants. 

117. If we wish to get the intrinsic equation of a curve directly 
(Vom the equation in rectangular coortiiuatc^s, the following method 
will 8or%'o : 

Ix^t tlio axis of X be tangent to the cur\'^e at the point we take 
as origin. 

tanr = ^: (1) 

and as tlie equation of the cur\'e enables us to express y in terms 
of 9, (I) will give us x in terms of r, say x = Fr ; 
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-^ = 2^T^, but ^ = eo8T; 

da ds ds 

ds = secrF'T.dT. 



129 
divide by ds ; 



(2) 



Integrating both members we shall have the required intrinsic 
equation. 

For example, let us take a?= 2my^ which is tangent to the 
axis of X at the origin. 

2 xdx = 2 mdy , 

dy . X 

-^ = tanT = — , 

dx m 

c?a; = msec'T.dT, 

dx 2 dr 

— == cos T = m sec* T — , 

ds ds 



ds = 



m sec^T.^T, 
J cos't 2 |_cos*T \4 2/ J 



0) 



« = when t = 0; .-. C=0; 



s 






(2) 



Examples. 

(1) Devise a method when the curve is tangent to the axis 
of 1', and apply it to y* = 2 inx, 

(2) Obtain the intrinsic equation of y* = (x — my. 

(3) Obtain the intrinsic equation of the invohite of a circle. 
(Art. 113, Ex.) 
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118. The evclute or the involute of a curve is easily found 
from its intrinsic equation. 





If the cur\''ature of tlie given cur\'^e decreases as we pass along 
tlie cun^e, p increases, and 

8' = p — p^ (I. Art.9C). 

If the curvature increases, p decreases, and 

«' = po — P- 



Hence alwa^'s 



«' = ± (p - Po) ; 



[1] 

(I. Arts. 86 and 90). 



We see ftom the figure that t' = r. 

or, as we shall write it for brevity, 

« = ± — 

119. The evolutc of the tradrix 9 = a log sec r is 

8 s a — ^ H = a tan t, tlie catenan*. 

The evolute of the circle 8 = ar is 

s 



[2] 



=s a -H = 0, a ix)int. 
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The evolnte of the cycloid « = 4 a(l — oosr) is 



8 



^^^d(l-C06T) 



dr 



= 4asinr, 



an equal cycloid, with its vertex at the origin. 

Examples. 

(1) Prove that the evolnte of the logarithmic spiral is an 
equal logarithmic spiral. 

(2) Find the evolnte of a parabola. 

(3) Find the evolnte of the catenar}'. 



120. The evolnte of an epicycloid is a similar epic3'cloid, with 
each vertex at a cusp of the given cur\'e. 
Take the equation 

,^ ^b{a+b) f^_^^_a\ Art.ll5[l]. 
For the evolnte, 

dA-COS-ii-rT 

^^ 46(a + 6) V a-\-n A ^ 

a dr |q' 



4 6 (a -I- 6) . a 
a-^2b ii-\-2b 



[1] 



The form of [1] is that of an epicycloid referred to a vertex 
as origin ; let us find a' and 6', the radii of tlie fixed and rolling 
circles. 



_ 4b'(a'-\-b') 



sm 



a' 



-^r, by Art. 115 [2]; 



hence, 



Ab'(a' + V) _ 4b{a-\-b) 
a' a + 2b 



a' 



a 



a'+2b' a + 2b 
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Solring 


these 


equations. 


we get 






a' 


a* 
a-^-ib 






V 


ab 
a-\-'2b 






a' 


~b' 



mad tbti ndit of the fixed and rolling circles have the same ratio 
in the crrohite as in the original epic\'cIoid : therefore the two 
eorr«9K are similar. 

Example. 

Sbov that the erolate of a h^-pocydoid is a similar hypo- 
CTcloid. 



121. We have seen that in inroftite and erolute r has the same 
ralw; : that b». r = t\ 

If^ and / rfef».T to the evoiute, and s and r to the inr'>'u:e, we 
bare fooDd that 

or *' = —-—/,/ being a constant* 

dr 

the length of the radios of curvature at the origin. 

{*'-hOdr' = d«, 

im the eqoalion of the mrciuU. 
The inroinle of the catenazy «=atanr is, when 7= 0, 

* = a Ttan r.dr = d log see r, f.'.« fnuf rir. 
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The inyolute of the cycloid « = 4 a sinr when Z = is 

« = 4a ( 8inT.dr = 4a(l — cost), 

an eqaal cycloid referred to its cusp as origin. 

The involute of a cycloid referred to its cusp s =4a(l 
when Z = is 

8 = 4tai (1 — cosT)dT = 4a(T -j-sinr), 

a curve we have not studied. 
The involute of a circle 8 = aT when Z = is 



cost) 



8 



= a I T.UT = • 

Jo 2 



122. While any given curve has but one e volute, it has an 
infinite number of involutes, since the equation of the involute 



«'= ("(s-hO^i 



contains an arbitrary constant I ; and the nature of the involute 
will in general be different for different values of /. 

If we form tlie involute of a given curve, taking a particular 
value for Z, and form the involute of this involute, taking tlie same 
value of Z, and so on indefinitely, the curves obtained will con- 
tinually approach the logarithmic spiral. 

Let s=/t (1) 

be the given curve. 

8 =fj{l -\-fr)dT = It -hjyr.dr 

is the first involute ; 
is the second involute ; 

••+'-^+r"/r.dr» (2) 

z o I nl Jo 

is the nth involute. 



8=It-\ h 

2 3! 
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By Madaurin's Theorem, 

/r =/o + r/'o + ^f'o + ^f"'0 + 
But #ss when t = ; hence /o = 0, and 






+ 



^.T 



Jo-' (n+1)! ■ (n + 2)! ■ (n + 3)! 



, + J ^,T-+» 



(3) 



n increases indefinite!}' all the terms of (3) approach zero 
(I. Art. 133), and the limiting form of (2) is 



2! 31 



V 1 2! 3! 



+ 



«=rZ(e^-l) 
wbidi is a logarithmic spiral. 



by I. Art. 133 [2], 



128. The equation of a curve in rectangular codrdinates is 
readify obtained Arom the intrinsic equation. 



Given 
we know that 

and 



smr 



OS 



dx 
cosrsa^:; 

ds 

d« » COSTfl» as C06r/*r.dr, 

4y » sin rda » sin xT'^^^'^^ 
m "i jroo8^T.dT 



Vf 
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The eliminatdon of r between these equations will give us the 
equation of the curve in terms of x and y. Let us apply this 
method to the catenar>\ 

8=ratanr, 

dtf = a sec'T.dr, 



f^ I 1 /I +sinT 

x = a\ secT.ar = alog-v/ — ■ — : — » 
Jo Ml — smr 

yssat secT tan r.dr = a(secT — 1), 





1 -f-sinr 
1 — sinr 


> 




8inT = 


tx 

e-+l 


ci — e' 

s 


■ 
m 

m 




X 


« 




8ecT = 


'i(ei + e' 


■•). 






a. 5 . 


X 

— v 





the equation of the catenary referred to its lowest point as origin. 



Curves in Space. 

124. The length of the arc of a curve of double cur>'ature is 
the lunit of the sum of the chords of smaller arcs into which the 
given arc ma}* be broken up, as the number of these smaller arcs 
is indefinitely increased. Let (x, y, 2) , (a; + dx, y + Ay, z + A2:) 
be the coordinates of the extremities of anv one of the smiill arc^s 
in question; dx^^y^^z are infinitesimal; Vc/ar^+^2/*+^^ is the 
length of the chord of the arc. In dealing with the limit of the 
sum of these chords, an}- one ma^' be replaced b}' a quantity dif- 
fering from it b}' infinitesimals of higher order than the first. 
yJda?-\-dy^+ds? is such a value ; 



hence 






dx" -j-df + dz^. 
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Let us rectify the helix. 



dx 

dy 

dz 

d^ 



s = 



x = acosO 
y = a sin 

^ asinO.dO^ 

acosO.dO^ 

kdO, 



(I. Art. 214.) 



-^o). 



ElXAMPLES. 



(1) Find the length of the cun-e [ y = — -, z = -— ^ j. 

Ans. « = a; + z + ^- 



(2) y=2Vai — ap, z = ap — Ix!— ^'»«- s = x + y — z-i-I. 



CHAPTER X. 



125. We have found and used a rormula for the area bounded 
by a given curve, the axis of X, aod a pair of oidiuatee. 



i=iffdx. 



We can readily get this formula as a definite 
area io the figure is the eutn of the 
slices into wliich it is divided bv the 
ordinates; if Ax, the base of each 
slice, is indefinitely decieascd, the 
slice is inSnitesiinal. The area of 
ftny slice differa from ylx by less 
than At/Hx, whicli is of the second 
order if Ax is the principal inSnl- 
tesimal. We have then 



Hence 



-i" 



ydx. 



by I. Art. 161. 

[1] 



If the curve in question lies nbove the axis of X, and x^ is 
less than Xi, each ordinate is positive, each Ax is positive, each 
term of the sum whose limit is required is positive, the sum is 
positive, and the hmit of the sum or tlie area songht is positive. 
If, however, the curve lies below the axis of X, and Xg is less 
than a;,, each ordinate is negative, each Ax is positive, each 
term of the sum is negative, the sum is negative, and the limit 
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of the Bum or the area sought is negative If, then, the curve 
happens to cross the axis between Xq and iCx, formula [1] gives 
us the difference between the portion of the area above the axis 
of X and the portion below the axis of X, but throws no light 
upon the magnitudes of the separate portions. Consequently, 
in any actual geometrical problem it is usually necessaiy to find 
the portion of the required area above the axis of X and the 
portion below the axis of X separately ; and for this purpose 
it is essential to know at what points the curve crosses the axis. 
Indeed, if the problem is in the least complicated, it is neces- 
sary to begin by carefully tracing the given curve from its 
equation, and then to keep its form and position in mind during 
the whole process of solution. 



Examples. 

(1) Show that I ^asdy is the area bounded by a curve, the 

axis of F, and perpendiculars let fall from the ends of the 
bounding arc upon the axis of Y, 

(2) If the axes are inclined at the angle o), show that these 
formulas become 



A = smut i ydx = sin o) I xdy. 



(8) Find the area bounded by the axis of X, the curve 
ac^ + 4y = 0, and the ordinate of the point corresponding to the 
abscissa 4. Aiis. 5 J. 

(4) Find the area bounded by the axis of X, the curve 
yssa^, and the ordinates corresponding to the abscissae ~2 
and 2. Ans. 8. 

(6) Find the area bounded by the axis of X, the axis of F, 
the curve y = cos 0?, and the ordinate corresponding to the 
abscissa 8t. Ans. 6. 
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126. In polar codrdinates we can regard the area between two 
radii vectores and the carve as the limit of the sum of sectors. 

The area in question is the sum 
of the smaller sectorial areas, any 
one of which differs from ^ r*A<^ by 
less than the difference between the 
two circular sectors ^(r-l- Ar)*A<^ 
and ^r'Ac^; that is, by less than 

rArA<^ + i — ^— ^, which is of the 




Hence 



lecond order if A^ is Uie principal infinitesimal. 

. limit r/^%A^1 



127. Let us find the area between the catenar}', the axis of 
X, the axis of y, and any ordinate. 



but 
Hence 



A=£ydx=^J^l^ + e-:)dx, 



2 * 



-4=1 (ei-e"i), 
-(e--e«) = «, 



by Art. 101. 



and the area in question is the length of the arc multiplied by the 
distance of the lowest point of the cur\'e from the origin. 



128. Let us find the area between the tractrix and the axis 
ofX. 

y 



We have 



(Art. 102.) 



-4=1 ydx = — I dyy/a^ — ?/. 
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The area in question is 

wMeh is the area of the quadrant of a drde with a as radius. 

Example. 

Give, bj the aid of infinitesimals, a geometric proof of the 
result just obtained for the tractrix. 

129. In the last section we found the area between a curve 
and its asymptote, and obtained a finite result. Of course this 
means that, as our second lK>unding ordinate recedes from the 
origin, the area in question, instead of increasing iudefiniteW, 
approaches a finite limit, which is the area obtained. Whether 
the area between a cur>'e and its asymptote is finite or infinite 
will depend u|)on tlie nature of the curve. 

Let us find the area between an h^'perbola and its asymptote. 

The equation of the hyi)er1x>la referred to its as}'mptotes as 



axes IS 



0^ = -^ 



Let CD be the angle between the asymptotes ; then 

^ = sm o) I ydx = — — — sm (i> I — = x . 
Jo 4 Jo X 

Take the curve y*a; = 4a'(2a — a?), 
or 2r = 4a* ; 

X 

any value of x will give two values of y equal with opposite 
signs ; therefore the axis of x is au axis of symmetry of tlie 

carve. 

When aj=2a, y = 0; as x decreases, y increases ; and when 
j^s 0, y =: <3o • If a? is negative, or greater than 2 a, y is imagi- 
nuy. The shape of the curve is something like that in the 
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fignre, the axis of F being an asymptote. The area between the 
curve and the asymptote is then either 




/»2« 

= 2 I ydx 



or A 



= 2 1 0^3/ ; 



by the first formula, 



'^€¥ 



— X 



X 



*dx = 4a'7r ; 



by the second, 



Examples. 



(1) Find the area between tlie curve y^{^ + a*) = a^a^ and its 
asymptote y^a. Ana. A = 2 a*. 

(2) Find the area between y*(2a— a:) = ar* and its asymptote 
x = 2a. Aus, A = 3 ira^. 

(3) Find the area bounded by the curve ?/- = — ^ — -L—L and 

its asymptote x = a. . . 

Alts, A = 2a'[l-j-~y 

130. If the coordinates of tho points of a curve arc ex- 
pressed in tenns of an auxiliary variable', no new ditticulty is 
presented. 

Take the case of the circle ar^ -f ?/^ = a^, which may be written 

x = a cos <p 
y = a sin <t> 

(Z?/ = a cos <f>d<l>. 



The whole area .4 = a* I cos*</>d<^ = Tra*. 
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Examples. 

(1) The whole area of an ellipse "~ . . ^ > is irab. 

y = 6 sm <^ ) 

(2) The area of an arch of the cycloid is 37ra*. 

(3) The area of an arch of the companion to the cycloid 
x = a$^ y = a(l — cos^) is 2ira*. 

181. If we wish to find the area between two curves, or the 
area bounded by a closed cur>'e, the altitude of our elementary- 
rectangle is the difference between the two values of y, which 
correspond to a single value of x. If the area between two 
curves is required, we must find the abscissas of their points of 
intersection, and tlicy will be our limits of integration ; if the 
whole area l)ounded by a closed curve is required, we must find 
the values of x belonging to the points of contact of tangents 
parallel to the axis of Y, 

Let us find the whole area of the curve 

or aV = ^^(«'-aJ*). 

The curve is symmetrical with reference to the axis of X, and 
passes through the origin. It consists of two loops whose areas 
must be foimd separately. Let us find where the tangents are 
parallel to the axis of T. 

y=--a; Va'-o:*, 
or 

r « z when tanr = oo, that is, when a; = ± a. 
S 
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Again ; find the whole area of (y — a;)' b o^ — 7?^ 

A = fcy'- y") ^ = r^ V5»^^ . da?. 

To find the limits of integration, we mast see where r = -• 
3~ — = 00 when x=±a. 

A = 2r'Va*-«*.da; = 7ra«. 

Examples. 
(1) Find the area of the loop of the curve y" = — K^-rX) ^ 



a — x 
(2) Find the area between the curves y* — 4 005 = and 



A718. 2 



a?* — 4ay=0. 



^na. 



16a* 



(3) Find the whole area of the curve x' -h y' = a'. Ans. f Tra*. 

4 a* 

(4) Find the area of a loop of a* y* = a?* (a* — «*). J[?w. . 

5 

(5) Find the whole area of the curve 

2y* (a« -h ar^) - 4 ay (a* - a^) + (a* -«*)« = 0. 



Am. a'^U^^-^\ 
132. We have seen that in polar coordinates 

A = ii r^d4>. 

Let us try one or two examples. 

(a) To find the whole area of a circle. 
The polar equation is r = a. 

»2v 
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(b) To find the area of tlie carclioidc r = 2 a(l — cos <^) . 

A = i 1^^'(^ — co8<^)'fZ<^ = 2a* 1 (1— 2co8<^-hco8*d</»)d<^, 

(c) To find the area between an arch of the epic^'cloid and the 
circumference of the fixed circle. 

a: = (a -h ^)cos^ - b cos^^-t^d 



y = (a -h 6)8in ^ - 6 sin 5-=^? ^ 

We can get the area bounded b3' two radii vectores and the 
arch in question, and subtract the area of the corresponding 
sector of the fixed circle. 

Changing to i)olar coordinates, 

x = r cos <^, 
y = r sin ^. 
We want i Ci^d<li. 

tan A = -» 
^ X 

but, since a; = r cos </», sec <^ = - ; 

X 

hence "^ = ^^V-V^ 

and r^d4> = otxly— ydx ; 

rfa: = (a -h h) (- sin ^ -f-sin ^1±-^ ^"j d^, 

f7?/ = (a 4- 6) /"cos ^ - cos^L±^^V?^. 
xdy - yf7.T = (a -h ?*) (a -h 2 2*)/'l - cos - e\de = r»ci</». 

Our limits of integration are obviously and -— . 

a 
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Hence 



Az:r^(a + b){a + 2b), 
a 



is the area of the sector of the epic3'cloid. Subtract the area of 
the circular sector vab^ and we get 

. &'(3a-f-26) 

-4 ^ IT 



a 



as the area in question. 



(d) To find the area of a loop of the curve r* = a* cos 2 <f>. 
For an}' value of ^ the values of 9* are equal with op|)osite 
signs. Hence the origin is a centre. 

When <^ = 0, r^±a; as0 increases, r decreases in length 

till ^ = - , when r = ; as soon as </»>-, r is imagioar}'. If ^ 

decreases from 0, r decreases in length until <^= — ^, when r = ; 

_ 4 

and when ^<', r is imaginar}\ To get the area of a loop, 

^4 

then, we must integrate from </»=— yto</» = 7. 

4 4 






a' 



eos2</».d<^ = -- 



Examples. 



m 



-h eos</» 



(1) Find the area of a sector of the parabola ?• = - 

(2) Find the area of a loop of the curve r^cos <f> = a* sin 3 </». 

Ans. log 2. 

4 2 ° 

(8) Find the whole area of the curve r=za (cos 2 <^ + sin 2 </») . 

Ans, Tra*. 

(4) Find the area of a loop of the curve r cos^ = a cos 2 </». 

Ans, (2-^\(». 

(5) Find the area between r =a(sec</»+tan</») and its asymp- 
tote rcos<^=2a. ^^^^^ 



{1+A-- 
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133. When the eqaation of a curve is given in rectangular 
eo5rdinates, we can often simplify the problem of finding its area 
by transforming to polar coordinates. 

For example, let us find the area of 

Transform to polar coordinates. 

^ = 4 r*(a* cos^ <^ -h &* sin^ <t>) , 
r* = 4 (a*cos«</» -h b^ sin*</») , 
^= 2 j (tt*cos*<^ + 6*8inV)^</» = 27r(a* + 6^)^ 



Examples. 
(1) Find the area of a loop of the curve (a^ -h ItY = 4 a^a^y*. 



Ans. 



-n-ar 
8 



a* t/* 1 /a^ v^* 

(2) Find the whole area of the cur\'e _- -u ^^ = _ f _ . -f ^ ) . 

Ans. ^(a^-^b^). 
2ab 

(3) Find the area of a loop of the curve JT^ — 3 axy -f- ar^ = 0. 

3 a* 
Ans, . 



134. The area between a curve and its evolute can easily be 
found from the intrinsic equation of the curve. 

It is easily seen that the area 
bounded by the radii of curvature 
at two points infinitely near, by 
the curve and by the evolute, dif- 
fers fix>m ^p^dr by an infinitesimal 
of higher order. The area bounded 
by two given radii vectores, the 
curve and the evolute, is then 
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ds 

Hence ^ = ij^'(|jdr. 

For example, the area between a cycloid anil its erolate is 



= 8a*rc-o3- 



Let 



"Tffr. 



To = and Ti = - ; 

2 



='"S' 



cos't€/t = 27ra*. 



Examples. 

(1) Find the area between a circle and its e volute. 

(2) Find the area between the circle and its involute. 

HdditcKs Tlieorem. 

135. If a line of fixed length move with its- ends on any closed 
curve which is always concave toward it, the area between the 

curve and the locus of a given 
point of the moving line is 
equal to the area of an el- 
lipse, of which the segments 
into which the line is divided 
by the given point are the 
semi-axes. 

Let the figure represent 
the given curve, the locus 
of P, and the enveloix) of tlie 
moving line. 

I^t^l7^ = a and PB = b, 
and let CB = p, C being the 
point of contact of the monng line with its envelope. Let 
AB = a + b = c. 




un 
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Hi#; Mrt:M b^wecm the first cmre and the second is the arem 
f j«t«r#^fi the finit eonre and the envelope, minus the arem between 
tlie M^^Xfiyl curve and the envelope. 

I>;t \Ht the angle which 
iXm nK/ving line makes at 
any instant wiUi s^^me fixed 
iWfM^Xfm. lj(ii the figure 
ri;pr^M;nt two ntf;ar fHMitions 
of Uw, moving line ; £kO, the 
anglft lM!tw(*en these posi- 
tions, iNfing the principal in- 
finlUisinial. 

TUi^ nroft PIiIi'I''P differs 
fnnn ^ffdO by an inflnitesi- 
nml of higher ordctr than the first. 

^ifilO In tlio urea of PBMP, and differs fh)m PFNB by less 
titan (lio rocttingli) on /Wnnd /^Q, which is of higher order than 
the lliHt, h.v I. Art. ir>a. Hut PP'NB differs fVoin PFB'B by 
loMw tliun tin* retlanglo on /iiVand iVjB', wliich is of higher order 
timn llio llrHt, Minco Nli\ wliioh is less than PP*-^Ap, is infini- 
t4*Mliual and SO is inUnitoHitnal. 

Tho iinMi hotwoon Uu» first curve and the envelope is then 

^i*fW ; or, hIuiv wo can Uikc iV^M'-'l just as well for our 
olomontar^v nivu, i ( («* — ^>)*(W. 




IIOIUH^ 



wWlHH^ 



\vr 



*^j[p'<W-4f!o-f>)«d^; 



:ic^^HW 



it-* 



TV low* Mwwu the ^wihI cur\v and the envelope is 
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The area between the first cur\'c and the second is then 



»«7r 



»ST 



by(i), 



A = if/do - i£(p - byae 

= bCpd$-I^w 

A = Trab, (2) 

which is the area of an ellipse of which a and b are semi-axes. 

Q. £. D. 

Examples. 

(1) If a line of fixed length move with its extremities on two 
lines at right angles with each other, the area of the locus of a 
given point of the line is that of an ellipse on the segments of 
the line as semi-axes. 

(2) The result of (1) holds even when the fixed lines are not 
perpendicular. 

Areas by Double Integration. 

136. If we take x and y as the coordinates of any point P 
within our area, x and y will be independent variables, and 

we can find the area bounded by two 
given curves, y = fx and y = Fx^ 
b}' a double integration. Suppose 
the area in question divided into 
slices b}' lines drawn parallel to the 
axis of y, and tliese slices subdi- 
vided into parallelograms by lines 
drawn parallel to the axis of X. 
The area of any one of the small 
parallelograms is AyAx. If we 
keep X constant, and take the sum 
of these rectangles from y=zfx to y = Fx, we shall get a result 
differing from the area of the corresponding slice by less than 
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2Aa;Ay, which is infinitesimal of the second order if Ao; and Ay 
are of the first order. 

Hence 






is the area of the slice in question. If now wc take the limit of 
the sum of all these slices, choosing our initial and final values 
of X, so that we shall include the whole area, we shall get the 
area required. 

Hence ^~ I ( f^^')^- 

In writing a double integral, the parentheses are usually omit- 
ted for the sake of conciseness, and this formula is given as 



-4=1* \dydx, 



the order in which the integrations are to be performed being the 
same as if the parentheses were actually written. 

If we hegin by keeping y constant, and integrating with respect 
to aj, we shall get the ai-ea of a slice formed by lines parallel to 
the axis of X, and we shall have to take the limit of the sum of 
these slices varying y in such a way as to include the whole area 
desired. In that case we should use the formula 

137. For example, let us find the aroa bounded by the para- 
bolas y^ = Aax and ar* = 4 ay. 
The parabolas intersect at the origin and at the point (4 a, 4 a). 




^)j!,dx, or A=j^ j dxdy; 



Aa 



4a 



«*"-^ > ar 
fhf = V4 (/J- — — ; 
> T» ^ 4 a 



4a 



4a 

The seconil formula gives the same result. 



Examples. 

(1) Find the area of a rectangle by double integration ; of a 
pandlelogram ; of a triangle. 

(2) Find the area between the parabola ^ = ax and the circle 



Ans. 2 1 



(3) Find the whole area of the c 



e(y- 



Ans. ira'. 



1S8. If wo use polar coSrdinatea we can Btill find our areas 
by double int^i^ation. 

Let T=f^ and r = F^ 
be two curves. Divide the 
area between them into 
slices by drawing radii 
vectores ; then subdivide 
tliese slices by drawing 
arcs of circles, with the 
origin as centre. 

Let P, with co6r<Iinatc9 
r and ^, be any point 
within the space whose 
area is sought. The curvilinear rectangle at P has the base rA^ 
and the altitude ir ; ite area differs from rA</)ir by an infinitesi- 
mal of higher order than rAi^Ar. 

The area of any slice aa aba b' is I r^ijidr, and A^ being 

constant, that is A^ | rdr. The whole area, the limit of the 

(1) 




1 of such slices is ^ = I | rdrdtfi. 

■ngles, 

\T \ d<t>, and A= i 1 nlifxir. 



Or we may first sum our rectangles, keeping r nnchaoged, 
and we get as the area of efe'f 

Ti:k.T \ d<t>, and A= \ ) nlifxir. (2) 
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It must be kept in mind that r in (1) and (2) is the radius 
vector of any point within the area sought, and not of a point 
on the boundary. 

For example, the area between two concentric circles, r = a 
and r = 6, is 

Again, let us find the area between two 
tangent circles and a diameter through the 
point of contact. 

Let a and b be the two radii, 

r=2acos^ (1) 

and r = 2&cos^ (2) 

are the equations of the two circles. 

[ I rdrd<l> = 2(a*-ft«) I cos*i^<^ = |(a«- 6«)- 

«/2&C0B^ Jo 2 

If we wish to reverse the order of our integrations we must 
break our area mto two parts by an arc described from the origin 
as a centre, and with 2 6 as a radius ; then wc have 




,26 co8-^2^ 



2rt _co8-iin; 



A= f Crd4»dr-^ C Crd<fxi 

Jo J r Jib Jo 



r 



COB-' 2^ 



ricos'^r co8"^rT 1 cir -h I ^ cos"* T-dr 

b V 2a 2hJ J^t 2a 



|(a«-y). 



Example. 

Find the area between the axis of X and two coils of the 
spiral r = a</>. 
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CHAPTER XL 



AREAS OF SURFACES. 



Surfaces of Revolution. 

139. If a plane curve y =/» revolves about the axis of X, the 
area of the surface generated is the limit of the sum of the areas 
generated by the chords of the infinitesimal 
arcs into which the whole ai'c may be broken 
up. Each of these chords will generate the 
surface of the frustum of a cone of revolution 
if it revolves completely around the axis; 
and the area of the surface of a frustum 
of a cone of revolution is, by elementary 
Geometry, one-half tlie sum of the circum- 
ferences of the bases multiplied by the slant height. The frustum 
generated by the chord in the figure will have an area differing 
by infinitesimals of higher order from tt (y -h y -h Ay) A« or from 
2iryd8, The area generated by any given arc is then 




S 



= 2 IT j yds. 



[1] 



If the arc revolves through an angle instead of making a 
complete revolution, the surface generated is 



S 



= I yds. 



[2] 



It must be noted that [1] and [2] will give a positive value 
for S if the generating curve lies wholly above the axis of X at 
the start, and a negative value for S if it lies wholly below the 
axis of X at the start. If the curve happens to cross the axis 
of X between the points whose ordinates are //o and y,, [1] and 
[2] give not the area of the surface generated by the curve in 
question, but the diffei^ence between the areas generated by the 
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portion originally above the axis, and the portion originally 

below the axis. 

Example. 

Show that if the arc revolves about the axis of F, iS^ = 27r I xds. 

140. To find the area of a cylinder of revolution. 

Take the axis of the cylinder as the axis of X. Let a be the 

altitude and b the radius of the base of the 
cylinder. The equation of the revolving 
line is 

dy = 0, 

d8 = Vdic* -j-dy^ = dx; 

S = 2irl ydx = 2irab^ 

or the product of the altitude by the circumference of the base. 
Again, let us find the surface of a zone. 
The equation of the generating circle is 

ic* H- y- = a^ ; 





ds = 



adx 

~y~ 



>S = 2 TT I adx =2 aw (xj — x^ . 



a?o 



If av, = — a and Xi = a^ S=^A:a?ir. 

Hence the surface of a zone is the altitude of the zone multi- 
plied by the circumference of a great circle, and the surface of 
a sphere is equal to the areas of four great circles. 

Again, take the surface generated by the revolution of a 
cycloid about its base. 

x—aO — asixiOy 

y=:a — a cos ) ' 
ds = adO V2(l-cos^) , by Art. 1 05 ; 

^ = 2 TT f a^ V2 • (1 - cos 0)^ dd = ^^Tra*. 
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Eb^AHPLES. 

(1) The area of the surface generated by the revolution of 



the ellipse 



a 






(/ sin €\ 
Vl — e*H ) ; 

about the axis of F is 2ira* fl + ^—^ log ^-^\ 



where e* = 



a' 



(2) Find the area of the surface generated by the revolution 
of the catenary about the axis of X ; about the axis of T. 

(3) The whole surface generated by the revolution of the 
tractrix about its asymptote is 4 ira^. 

(4) The area generated by the revolution of a cycloid about 
its vertical axis is 8 wa^^ir — f ) . 

(5) The area generated by the revolution of a c3'cloid about 
the tangent at its vertex is ^^ira^, 

(6) The area generated by the revolution of the curve 
a;' -f y* = a* about its axis is ^wa^, 

141. If we know the area generated by the revolution of a 
curve about any axis, we can get the area generated by the 
revolution about any parallel axis by an eas}* transformation of 
coordinates. 

Given the surface generated by the arc from ^ to ^i about 

«o . OX, to find the area generated b}' 

the same arc when it revolves 
-X' about O'X'. 

Let S be the surface about OX, 
and S' about O'X'. 
o ~ We have 



o' 



»0 



5 = 2 TT Cyds, S'= 2 TT CyW, 

•/to «/«o 
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By Anal. Geom., x = x\ 

Hence dx = dx\ dy = dy\ ds = d8\ 

and >S = 2 TT C{yo '{-y')d8=2 iryo(«i — «o) + ^tt (y^cfo, 

Therefore S' = S-2 7ryo(«i - «o) . [1] 

«i — fli, is the length of the revolving curve ; 2 ttVo is the cir- 
cumference of a circle of which yo is the radius. Hence the new 
area is equal to the old area minus the area of a cylinder whose 
length is the length of the given arc and whose base is a circle 
of which the distance between the two lines is radius. 

In using this principle careful attention must be paid to the 
sign of yo, and it must be noted that the original formula 

iS = 2ir I yc?«'will always give a negative value for the area of 

the surface generated, if the revolving arc starts from below the 
axis ; and hence, that the surface generated 
by the revolution of any curve about an 
axis of s3Tnmetr3' will come out zero. 

As an example of the use of the princi- 
ple, let us find the surface of a ring. 

Let a be the distance of the centre of q 

the circle from the axis, and b the radius of 

the circle. Since the area generated by the 

revolution of the circle about a diameter is zero, the required 

area is 

2irb,2ira = -iTi^ah, 

Example. 

Find the area of the ring generated by the revolution of a 
cycloid about any axis parallel to its base. 

A ^ A J. f i 16a. 4-126' 




IM 
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142. If we use polar coordinates, 

S=2irfyd8 

becomes 8 = 2^ I r sin <^.(2d. 

where (U = Vdr* + r*d<^'. 

For example ; let us find the area of the surface generated by 
the revolution of the upper half of a cardioide about the hori- 
zontal axis. 

r= 2a(l— cos<^) ; 

dr = 2asin<^.d^, 

ds* = 8a*(l-cos<^)d<^», 

S = 2irC4 V2a*(l- co8</>)^sin<^.d<^. 

5 = -4A7ra*. 



P!^XAMPLES. 

( 1 ) Find the surface of a sphere fh>m the polar equation. 

(2) Find the surface of a paraboloid of revolution fh>m the 
polar equation of the parabola 



?• = 



m 



1 — cos<^ 



Cylindrical Surfaces. 

143. If a cylindrical surface is generated by a line which is 
always parallel to the axis of Z, the area of the portion bounded 
by two positions of the generating line, the plane of XY^ and 
any curve whose projection on the plane of XZ is given, is 
easily found. 

Let ABCD be the cylindrical area required. 
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Let y=A (1) 

be the equation of AB, tlie line of tntersectioD of the surface 
with the plane XY; and let 

z = Fx (2) 

be the equation of CiD], ttio projection of CD on the plane 
of XZ. 

It x,!i,z are the coordinateB of 
any point P of CD, the required 
area ia evidently the limit of 
the sum of rectangles, of which 

of PPT"P-" differs by an in- 
■- X flnitesimal of higher order than 
da from zds, and therefore the 
required area iS = | zda. 

x,z are the coordinates of Pi, and 
flatiafy (2), and ds = •Jdx' + df 
where x,y arc the coordinates of 
P and satisfy (I), 




We have, then, 



z Vrf^" + df. 



[S] 



For example, let AB be the quadrant of a circle, and let the 
projection of the required area on the plane of XZ be the quad- 
rant of an equal circle, so that the surface required is one-eighth 
of the surface of a groin. 



Here 
and 



w 

(6) 



da = Vrf^ + d!f = -ax = - 



WMftMia 



-rr-j-iztrt 
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Therefore S = C^a" -a? . ^^ = a Cdx = aK 

Again, let ns find the area of the curved sarface of the 
portion of a cylinder of revolation included within a spherical 
surface, whose centre lies on the surface of the cylinder, and 
whose radius is equal to the diameter of the cylinder. 

If the centre of the sphere is taken as the origin, and a 
diametral plane of the cylinder as the plane of XZ, the surface 
required is four times that indicated in the figure. 

The equation of the cylinder is 

7?-ax-\-if = 0, (6) 

and of the sphere 

iB« + y2 + 2S_-a'=0. (7) 

Subtract (6) from (7), and we get 

z» + aa:-a»=0 (8) 

as the equation of a cylindrical surface 

perpendicular to the plane XZ, and ' 

passing through all the points of intersection of (6) and (7). 

(8) is, then, the equation of the projection on the plane of XZ 

of the line of intersection of the given spherical surface and 

the given cylindrical surface. 

From (6), ds ^ -sJ cLt? -^ df = -^dx ^ —^ 




From (8), z = Vc?^ 
Hence S^C^sfcf^^ 
aVa 



ax. 



ax 



2^/^ 



adx _ ayg r'^ y/a-'X.doL 
'ax — a^ 2 Jo VicVa — « 



_ ay a C'^ dx _ j . 

2 Jo -Jx 



and the whole area required, 



4^ = 4a^. 
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Examples. 

(1) Find the area cut from the cylindrical surface whose 
base in the plane XF is a quadrant of the curve x^ + y^ = at by 
the plane x = z. Ana. |a^ 

(2) Find the area of that portion of a cylindrical surface 
whose base in the plane of XY is a quadrant of the ellipse 

— 4-^ = 1, and whose projection on the plane of XZ is bounded 
by the curve aH^ = Vx^ia' - x") . Ans. S = q^(«'+«^+^ . 

(8) Let the base of the cylindrical surface be a tractrix, 
whose vertex lies at a distance a to the left of the origin, and 
whose asymptote is the axis of F, while its projection on the 
plane of XZ is bounded by the parabola s^ = — 2 mx, 

Ans. ;S = 2aV2ma. 

(4) Let the base of the cylindrical surface be the upper half 
of a cycloid, having its vertex at the origin and its base parallel 
to the axis of F, and at a distance 2 a from the origin, while 
its projection on the plane of XZ is bounded by the parabola 
z^=2inx. Ans. S = ^a^/am. 

Any Surface. 

144. Let X, y, z be the coordinates of any point P of the sur- 
face, and X + Aa, y + Ay, z -h Az the coordinates of a second 
point Q infinitely near the first. Draw planes through P and Q 
parallel to the planes of XFand TZ. These planes will inter- 
cept a curved quadrilateral PQ on the surface ; its projection pq, 
a rectangle, on the plane of XZ ; and a parallelogram p'q^ not 
shown in the figure, on the tangent plane at P^ of which j[>^ is 
the projection. PQ will differ from 2)^q' by an infinitesimal of 
higher order, and therefore our required surface will be the limit 
of the sum of the parallelograms of which p'q^ is any one. 
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If p is the angle the tangent plane at P makes with XZ, 
p'q'coa^=pq or p'g'=pqsecfi =AzAz aecjS, and <r, our sur- 
face required, is equal to 
the double integral 

taken between limits bo 
chosen as to embrace the 
whole surface. 

The limit of the earn 
of the parallelograms, of 
which p'q' is a type, will 
be the required surface 
if the limit of the sum of 
the rectangles, of which 
pg IB & t3pe, 18 the pro- 
Jection of the surface in 

question on the plane of XZ; so that the values of x and z 
between which we integrate in 0-= | | accpdxdz are precisely 
those we should use if we were finding the area of the projection 
of ff by the double integration I j ilxdz. (v. Art. 136.) 

The equation of the tangent plane at P is 
{X - x^)DrJ+ (y - %)DyJ+ (2 - z„)D^J= 0, by I. Art. 217, 
(a^i^giZg) standing for the coordinates of the point of contact, 
and f{x,y,z) = being the equation of the surface. 

The direction cosines of ihc perpendicular from the origin upon 
the plane are tj - 




^{D,jf+{Dyjf+{v,jy 






by Anal. Gcom. of Three Dimensions. 
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Hence, dropping the accents, 



. = Cj^ (^'fy + wr + (DJrdxdz. [1] 

J'.' 

By considering the projections upon the other coordinate planes 
we shall find 

^=ff:mniIM)!±Mi^y. [3] 

In each of the formulas the derivatives are partial derivatives. 
Let us find the area of the portion of the surface of the sphere 

si? + y' + ^=a^ 
intercepted b}' the three coordinate planes. 

A/= 2 a;, 

DJ= 2y, 

D.'f=2z, 

^iDjy + {D,fr+{Djy = 2 a. 

-dydz; (1) 

X 



ya*-x* 



or 



or 



= r pda;d?/. (3) 



For, in the second one, which agrees best with the figure, we 
must take our limits so that the limit of the sum of the projec- 
tions ma}' be the quadi*ant in w^hich the sphere is cut by the 
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plane XZ ; and the equation of this section is obtained by letting 
^ = in the equation of the sphere, and is 

whence z = Va* — x*. 

If we take as our limits in the integral ( - cfe zero and Va*— x^ 

•^ y 

we shall get the area whose projection is a strip running from 
the axis of X to the curve ; then, taking j ( f - ^^^ ) ^^^ fr^™ ^ ^ 

a, we shall get the area whose projection is the sum of all these 
strips, and that is our required surface. 



^a*-x* 



/■ 



J) Jo Va^-ar^-z* ' 



dz 



if we regard x as constant ; 



= sm 



-1 



Vc?^=^ 



^^««-x» 



i 



(72 



TT 



r*7r , Tra* 

(r = a I -aa; = — , 
Jo 2 2 

the required area. Formulas (1) and (3) give the same result. 

145. Suppose two cylinders of revolution drawn tangent to 
each other, and perpendicular to the plane of a great circle of a 

sphere, each having the radius of the 
great circle as a diameter ; required the 
surface of the sphere not included by 
the cylinders. 

The surface required is eight times 
the surface of which the shaded portion 
of the figure is the projection. 

If we take the plane of tlie great 
circle as the plane of X y. 
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aj* — oa? -h 3^ = 

is the equation of the cylinder, and 

a5' + y* + «* = a« 
of the sphere. 

We have ,-JJV(^,/)'+ U>,/)'+ (g./)^^^. 

From (2) DJ= 2x, 

D,f= 2y, 

A/=2z; 



(1) 



(2) 



Hence 






f 



Our limits of integration for y are 's/ax — x^ and Va* — a:*; for 
a; are and a. 






'^az-x* 



= sin"^ 



.V 






TT 

2 



= -— 8in"*\/ 



a-J-a? 



'^'ax-a:* 



To find I sin~^\l ^ ,dx we must integrate by parts. 

cA» >| a -|- a? 



Let 

and 



ti = sin"* 



dy = cZx ; 



X 



\a 



4- a; 



v = a;, 
du = 



1 la 



2 (a + a;) \ 



-.da;; 

a; 



Va r V« 



r8in"\l — ^.clc = a;sin"*-vf — ^ I — ^.<to. 
>a + a; \«-|-a; 2%/a4-a; 
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Let 

and 



w = 'sjx ; 2 wdw = dx 

r^jx.dx^rw'dw^rf a \ 



Jo Ma-i-x 



-^^— — = 2 m; — V« tan * -7= , 



do; 



2 4 4 



Ott 



/aTT aTT 
= o( 



80- = 8a' is the whole surface in question. 



146. Let us find the area of the curved surface of a right 
cone whose base is the curve 2:) -f ^i = a), and whose altitude 
is c. 

If we take the vertex of the cone as the origin of coordinates, 
and its axis as the axis of Z, the equation of its curved surface 
is 

(1) 



-+»•=(=)'. 



and the projection of the surface on the plane of XFis bounded 

by the curve 

a;l -H t/l = al. (2) 

From (1) we get 

DJ \ ^a* xiyl ' 

where x^y are the coordinates of any point within the projec- 
tion of the base of the cone. 

Since the four faces of the cone are equal, the required 
surface 

<r = - P \x-\y-\\la^xiyl + c^(xl -\-yiY .dydx. (3) 

^•/o Jo 
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Let as substitute 7^ = x and ti7* = y, whence dx = 3f^dv 
and dy^ZvfdWy and we have 

or, since in a definite integral it makes no difference what letters 
we use for the variables, 

<T^^j^jxy^a?7?f-\-c'{7?-\-ff.dydx. (4) 

The X and y in (4), however, must not be confounded with the 
X and y in (3). 

The integral in (4) is precisely that which we should have to 
find if we sought the area of a surface of such a nature that its 
projection on the plane of XF was a quadrant of the circle 
0^ 4- 2^ = a), and the secant of the angle made by the tangent 
plane at any point {x^y^z) of the surface with the plane of XY 

was Qcy\lo?7?y^ '\-i^(7? + fff. 

In the latter problem there is nothing to prevent our re- 
placing X and y xn xy ^a^a^y^ + c^ (a^ + 2/*)* by their values in 

terms of r and <^, the polar coordinates of any point of the 
projection a^ -|- y* = a?, and dividing this projection into polar 
elements instead of rectangular elements, and then integrating 
between the limits which we should use if we were finding the 

area of the projection by the formula ^ = I I rd<fidr. 
We have, then, 



36 r C^ I 

= — I I r^ sin <^ cos <^ ^cj^t^ sin* <^ cos*<^ -h c*r^ . rdrd<f>j 

^ Jo J 9 



or 

IT 



3(5 /*2 /»o* 

= — I I r* sin <^ cos <^ Va* sin* <^ cos* <^ + c* . dr d<^, 

^Ja Jo 



0- = 6a J sin </) cos <^ Va* sin* <^ cos*<^-|-c*. d<fi. 



■M 
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Substitute u = 8in'<^, and 

(r=:3aj Va*w(l — w)-hc*.cftt, 

Examples. 



(1) Find the area included by the cylinders described in 
Art. 145 by direct integration. 

(2) A square hole is cut through a sphere, the axis of the 
hole coinciding with a diameter of the sphere ; find the area of 
the surface removed. 

(3) A cylinder is constructed on a single loop of the curve 
r = acosn<^, having its generating lines perpendicular to the 
plane of this curve ; determine the area of the portion of the 
surface of the sphere aj* + 3^ + «* = a' which the cylinder inter- 

««P<*' Ans. 



tTi-')' 



(4) Find the area of the portion of the surface of the cone 
described in Art. 146 included by the cylinder ic*-f y*= 6*. 

Ans. ^h Vi?+3? ton-' (^^J^ - « ^''y^' 

(5) Find the area of the portion of the surface of the sphere 
01? + y* + ^=^2ay cut out by one nappe of the cone 

V(l+^)(l-h5) 

(6) Find the area of the portion of the surface of the sphere 
i*^ + y^ + 2^=2ay lying within the paraboloid y =A3? +B:?, 

2wa 



Ans. 



^/AB 

(7) The centre of a regular hexagon moves along a diameter 
of a given circle (radius = a) , the plane of the hexagon being 
perpendicular to this diameter, and its magnitude varying in 
such a manner that one of its diagonals always coincides with 
a chord of the circle ; find the surface generated. 

Ans. a^(2ir + 3V3). 
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CHAPTER XII. 

VOLUMES. 

Single Integration, 

147. If sections of a solid are made by parallel planes, and a 
set of C3*linders drawn, each having for its base one of the sec- 
tions, and for its altitude the distance between two adjacent 
cutting planes, the limit of the sum of the volumes of Uiese 
c^iinders, as the distance between the sections is indefinitelj' 
decreased, is the volume of the solid. 

We shall take as established by Geometrj' the fact that the 
volume of a cylinder or prism is the product of the area of its 
base by its altitude. 

It follows from what has just been said, that if, in a given 

solid, all of a set of parallel sections are equal, the volume of 

the solid is its base b}' its altitude, no matter how irregular its 

form. 

Let us find the volume of a p3Tamid having h 

for the area of Its base, and a for its altitude. 

Divide the pyramid b}' planes parallel to the 
base, and let z be the area of a section at the dis- 
tance X from the vertex. _ 

We know from Geometry that - = - . 

(T 

Hence 2 = -a^. 

or 

Let the distance between two adjacent sections be dx ; then 

the volume of the C3'linder on z is 

and F, the required volume of the pjTamld, is 

h r%-. ab 




v=^r^dx=^. 



BBftl 
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Precisely the same reasoning applies to anj' cone, which will 
therefore have for its volume one-third the product of its base 
by its altitude. 

Example. 

Find the volume of the frustum of a pjTamid or of a cone. 



148, If a line move keeping alwa3's parallel to a given plane, 
and touching a plane curve and a straight line parallel to the 
plane of the curve, the surface generated is called a conoid. 
Let us find the volume of a conoid when the durector line and 
curve are peq^endicular to the given plane. 

Divide the conoid into laminae by 
planes parallel to the fixed plane. 

Let Ay be the distance between 
two adjacent sections, and let x be 
the length of the line in which any 
section cuts the base of the conoid ; 
let a be the altitude and b the area 
An}' one of our elementary cylinders 
will have for its volume i axAy^ since the area of its triangular 

base is ^ax, and we have F=i« \xdy, the limits of integra- 
tion being so taken as to embrace the whole solid, j xdy be- 
tween the limits in question is the area of the base of the co- 
noid ; hence its volume. 




of the base of the figure. 



Examples. 

(1) Find the volume of a conoid when the director line and 
curve are not perpendicular to the given plane. 

(2) A woodman fells a tree 2 feet in diameter, cutting half- 
way through from each side. The lower face of each cut is 
horizontal, and the upper face makes an angle of 45° with the 
horizontal. How much wood does he cut out? 
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149. To find the yolume of an ellipsoid. 

Take the cutting planes parallel to the plane of XY. A sec- 
tion at the distance z from the origin will have 

for its equation, and — Vc* — 2* and - ^c^ — s^ for its semi-axes ; 
hence its area will be ^^(c* — 2*). 

Any of the elementary C3'linder8 will have for its volume 
—j-(<f — s^)Az, and we shall have for the whole solid 

V= ^Trabc. 
If a, 6, and c are equal, the ellipsoid is a sphere, and 

Examples. 

(1) Find the volume included between an hyperboloid of one 
sheet 

and its as}Tnptotic cone 

Ans, It is equal to a cylinder of the same altitude as tlic 
solid in question, and having for a base the section made by the 
plane of XF. 

(2) Find the whole volume of the solid bounded by the surface 

S+^ + ^ = l- Ans. '-^. 
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(3) Find the volume cut from the surface 



c b 

by a plane parallel to the plane of ( TZ) at a distance a from it 

Ans. irof-sjihc). 

(4) The centre of a regular hexagon moves along a diameter 
of a given circle (radius = a), the plane of the hexagon being 
perpendicular to this diameter, and its magnitude varying in 
such a manner that one of its diagonals alwa3's coincides with 
a chord of the circle ; find the volume generated. 

Ana, 2 ^J^,a^. 

(5) A circle (radius = a) moves with its centre on the cir- 
cumference of an equal circle, and keeps parallel to a given 
plane which is perpendicular to the plane of the given circle ; 

find the volume of the solid it will generate. 9^3 

Ans. f^(37r-h8). 



Solids of Revolution, Single Integration. 

150. If a solid is generated b}* the revolution of a plane curve 
y = fx about the axis of x^ sections made by planes perpendicu- 
lar to the axis are circles. The area of an}' such circle is Try*, 
the volume of the elementary cylinder is iry^Ax^ and 



= 7r j y^dx 
•/'ft 



is the volume of the solid generated. 

For example ; let us find the volume of the solid generated by 
the revolution of one branch of the tractrix about the axis of X. 
Here we must integrate from a; = to a; = 00 . 



"VVe have 
in the case of the tractrix ; 



V=,^J^fdx. 
dx = ^^ ^-^dy 



(Art. 102 [2].) 
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hence F= — ir f y(a* — y')^dy. 

•/xaO 

When X = 0, y = a, and when a; = oo, y = 0. 
Therefore F= - ttJ y (a« - y*) * dy = 



3 



Examples. 

(1) Kthe plane curve revolves about the axis of F, 

F=7rrVdy. 

(2) The volume of a sphere is J Tra*. 

(3) The volume of the solid formed b}- the revolution of a 
cjxloid about its base is 57r*a'. 

(4) The curve y*(2a — x) = x^ revolves about its asj^mptote ; 
show that the volume generated is 27r*a'. 

(5) The curve a;J-h2/' = a' revolves about the axis of X; 
show that the volume generated is ^xV^^^* 

Solids of Revolution, Double Integration, 

151. If we suppose the area of the revolving curve broken up 
into infinitesimal rectangles as in Art. 137, the element Aa;Ay 
at anj' point P, whose coordinates are x and y, will generate 
a ring the volume of which will differ from ^iry^x^y b}' an 
amount which will be an infinitesimal of higher order than the 
second if we regard Aa; and Ay as of the first order. For 
the ring in question is obviously greater than a prism having 
the same cross-section Aa;Ay, and having an altitude equal to the 
inner circumference 2 Try of the ring, and is less than a prism 
having Aa;Ay for its base and 27r(y-|- Ay), the outer circumfer- 
ence of the ring, for its altitude ; but these two prisms differ by 
27rAx(Ay)*, which is of the third order. 



Chap. XH.] VOLUMES. 173 

Ax C27rydy, where the upper limit of integration is the ordi- 
nate of the point of the curve immediately above P, and must be 
expressed in terms of x by the aid of the equation of the revolv- 
ing cur\'e, will give us the elementary cylinder used in Art. 150. 

The whole volume required will be the limit of the sum of 
these cylinders ; that is, 

V=2ir rTydydx. [1] 

If the figure revolved is bounded by two cuiTes, the required 
volume can be found by the formula just obtained, if the limits 
of integration are suitably chosen. 

Let us consider the following example : 

A paraboloid of revolution has its axis coincident with the 
diameter of a sphere, and its vertex in the surface of the sphere ; 
required the volume between the two surfaces. 

Let 2/*=2wia? (1) 

be the parabola, and aj* + y* — 2aa; = (2) 

])e the circle, which form the paraboloid and the sphere b}* their 
revolution. The abscissas of their points of intersection are 
and 2 (a — m). 

We have V=2ir I I ydydx, 

and, in performing our first integration, our limits must be the 
values of y obtained from equations (1) and (2). 

We get F = TT r [2 {a — m)x — ix^yix, 

and here our limits of integration are and 2((e — m). 

Hence F= J7r(a — ??i)' = ---, 

6 

if h is the altitude of the solid in question. 

Examples. 

(1) A cone of revolution and a paraboloid of revolution have 
the same veilex and the same base ; required the volume be- 
tween them. ^^^ irmh^^ ^^^^^ j^ j^ ^^ altitude of the cone. 
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(2) Find the volume included between a right cone, whose 
vertical angle is 30°, and a sphere of given radius touching it 
along a circle. ^^^^ ^^ 

6 

Solids of Revolution. Polar Formula. 

152. If we use polar coordinates, and suppose the revolving 
area broken up, as in Art. 138, into elements of which rdtfidr 
is the one at any point P whose coordinates are r and </>, the 
element rd^idr will generate a ring whose volume will differ 
fh)m 27rr*sin</>d</>c?r by an infinitesimal of higher order than the 
second, if we regard d<t> and dr as of the first order ; for it will 
be less than a prism having for its base rd</>c2r, and for its alti- 
tude 2 TT (r+dr) sin (<^-|-d0), and greater than a prism having 
the same base and the altitude 2 irr sin ; and these prisms 
differ by an amount which is infinitesimal of higher order than 
the second. 

We shall have then 

F= 2 -^(^(^1^ sin 4>drd^, [1 ] 

the limits being so taken as to bring in the whole of the gener- 
ating area. 

For example ; let us find the volume generated by the revolu- 
tion of a cardioide about its axis. 

r = 2«(l — cos</>) 
is the equation of the cardioide ; 



F= 2 TT r j^r^ sin <^rrf0 . 



Our first integral must be taken between the limits r = and 
r = 2a(l — cos 0) , and is 

-^(1 — cos</>)'sin</>rf0. 

If) C^ 
F=— aVj (1 — cos</>)'sin<^d^. 



A right cone haa its vertex od the surface of a sphere, and its 
axis coincideat with the diameter of the sphere passing through 
that point ; find the volume common U> the cone and the sphere. 



Volume of any Solid. Triple Jntegration. 

153. If we suppose our solid divided into parallelopipeds by 
planes parallel to tlie three coordinate planes, the elementary 




= 111 dxdydz, 



parallelopiped at any point (a;,y,r) within the solid will have for 
its volume ^xSy^z, or, if we regard x, y, and z as independent, 
dxdydz ; and the whole volume 

the limits being so chosen as to embrace the whole solid. 

Tlie integrations are independent, and may be performed in 
any order if the limits ore suitably' chosen. 

As it is important to have a perfectly clear conception of the 
geometrical intcrprctaiioii of each step iu the process of finding 
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a volume by a triple integration, we will consider one case in 

detail. 

Let the integrations be performed in the order indicated by 

the formula r r r 

V= j I I dzdydx. 

If the limits are correctly chosen, our first integration gives 
us the volume of a prism one of whose lateral edges passes 
through any chosen point P,(a?,y,^) within the solid, is parallel 
to the axis of Z, and reaches directly across the solid from 
surface to surface, while the base of the prism is the rectangle 
dydx ; our second integration gives the volume of a right cylin- 
der whose base is a plane section of the solid, passes through 
the point P, and is parallel to the plane FZ, and whose altitude 
is dx ; and our third integration gives the volume of the whole 
solid. 

The limits in our first integration are, then, the values of z 
belonging to the point in the lower bounding surface and the 
point in the upper bounding surface which have the coordinates 
X and y ; the limits in the second integration are the values of y 
belonging to the two points in the perimeter of the projection 
of the solid in the plane of XF which have the coordinate aj; 
and the limits in the third integration are the least value and 
the greatest value of x belonging to points on the perimeter of 
the projection of the solid on the plane of XY, 

It is easily seen from what has just been said that the limits 

in the second and third integrations are precisely those we 

should use if we were finding the area of the projection of the 

solid by the formula ^ ^ 

A=^ \ \ dydx. 

Of course, it is necessary to have a clear idea of the form of 
the solid whose volume is required. 

For example , let us find the volume of the portion of the 
ellipsoid ^ ^ ^ 

cat off by the coordinate planes. 
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V=C f fdzdydx. 



1 ^ — T7 ; ft>r 3^5 and 

b^l r; and for «, and a. For, starting at any point 

\ or 

(x^t/iZ) and integrating on the hypothesis that z alone varies, we 
get a column of our elementar}' parallelopipeds having dxdy as a 
base and passing through the i)oint (x,y^z). To make this col- 
umn reach from the plane Xl'^ to the surface, z must increase 
from the value zero to the value belonging to the point on the 
surface of the ellipsoid which has the coordinates x and y ; that 

1 '2'~l^' Then, integrating on the h}- 

pothesis that y alone varies, we shall sum these columns and 
shall get a slice of the solid passing through {x.y^z) and having 
the thickness dx. To make this slice reach completely across 
the solid, we must let y increase from the value zero to the 
greatest value it can have in the slice in question ; that is, to the 
value which is the ordinate of that ix)int of the section of the 
ellipsoid by the plane XF which has the abscissa x. The section 
in question has the equation 

therefore the required value of y is h-\\\ -. 

\ or 

Last, in integrating on the h3'pothe8is that x alone varies, we 
must choose our limits so as to include all the sHces just de- 
scribed, and must increase x from zero to a. 



f^'='='X-t-t 



between the limits and c\\ — — — 'J- 

^ Lr b^ 
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H'-i-py 






y 



a1-S 



between the limits and b 



the volume required. 



• • 



FIXAMPLES. 

(1) Find the vohime obtained in the present article, perform- 
ing the integi'ations in the order indicated b}' the formula, 

V= CCCdxdydz, 

(2) Find the volume cut off from the surface 

9 O 

c^ b 

b}' a plane parallel to that of FZ, at a distance a from it. 

Ans, 7ra*V(6r) 



(3) Find the volume enclosed b}* the surfaces, 



3 wiC 



32 c 
(4) Obtain the volume bounded by the surface 

2 a' 
and the planes x = z and .c = 0. Ans, 



•K«»«»«^W«MMl 



Chat. XII.] 



YOLUMBB. 



179 



(5) Find the volume of the coDoid bounded by the surface 
2* H — ? = c^ and the planes x = and a? =s a. Ans. — -—• 



154. If we use polar coordinates we can take as our element 

of volume 

r'sin^rd^d^, 

an expression easily obtained from the element 2 ^r* sin ^nl^ 
used in Art. 152. 

Then F= f f f^ 8»n 4>drd4>de, 

where the order of the integrations is usually immaterial if the 
limits are properly chosen. 



Examples. 

(1) Find the volume of a sphere by polar coordinates. 

(2) Find the whole volume of the solid bounded by 

(«* + y^ + 2*)' = 27 o^JT/z. 
tStiggestion : Transform to polar coordinates. Ans. -af» 
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CHAPTER XIII. 



CENTRES OP GRAVITY. 



155. The moment of a force about an axis perpendicular to its 
line of direction is the product of the magnitude of the force by 
the perpendicular distance of its line of direction from the axis, 
and measures the tendency of the force to produce rotation 
about the axis. 

The force exerted by gravity on any material bod}' is propor- 
tional to the mass of the body, and may be measured by the 
mass of the bod}'. 

The Centre of Gravity of a body is a point so situated that the 
force of gravity produces no tendency in the body to rotate about 
an}' axis passing thiough this pohit. 

The subject of centres of gravity belongs to Mechanics, and 
we shall accept the definitions and principles just stated as data 
for mathematical work, without investigating the mechanical 
grounds on which they rest. 

156. Suppose the points of a body referred to a set of three 
rectangular axes fixed in the body, and let x^y^z be the coordi- 
nates of the centre of gravity. Place 

the body with the axes of X and Z 
horizontal, and consider the tendency 
of the particles of the body to produce 
rotation about an axis through (x^y^z) 
parallel to OZ, under the influence of 
gi'avity. Represent the mass of an 
elementary i)arallelopiped at any point 
(x^y^z) by dm. The force exeiix?d by 
gravity on dm is measured by rfm, and 

its line of direction is vertical. If the mass o^ dm were concen- 
trated at i^, the moment of the force exerted on dm about the 
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axis through C would be (x — x)dm, and this moment would 
represent the tendency of dm to rotate about the axis in ques- 
tion ; the tendenc}' of the whole IkkI}' to rotate about this axis 
would be 2(a; — x)dm. If now we decrease dm indefinitely, the 
error committed in assuming that the mass of dm is concentrated 
at P decreases indefinitely, and we shall liave as the true expres- 
sion for the tendency of the whole body to rotate about the axis 

through (7, j (» — x)dm ; but this must be zero. 



Hence 



I (x — x)dm = 0, 
I xdm — xi dm = 0, 



Qt^m 



s 



dm 



[1] 



If we place the body so that the axes of Y and X are hori- 
zontal, the same reasoning will give us 



y = 



iydm 

fdm 
and in like manner we can get 

Izdm 



p] 



/ 



dm 



[3] 



Since j dm is the mass of the whole body, if we represent it 

by Jkfwe shall have ^ 

I xd7ii 



« = 



M 



( ydm 



M 

zdm 
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Example. 

Show that the effect of gravity in making a body tend to rotate 
about any given axis is precisely the same as if the mass of the 
body were concentrated at its centre of gravity. 

157. The mass of any homogeneous body is the product of 
its volume bj* its density. If the body is not liomogeueous, the 
density- at an}^ i)oint will be a function of the position of that 
point. Let us represent it by k. Then we ma}' regard dm as 
equal to kcLv if dv is the element of volume, and we shall have 

« = -A= [1] 



/■ 



dv 



and corresponding formulas for y and z. 

If the bod}' considered is homogeneous, k is constant, and we 
shall have 

I xdv I xdv 

j ydv I ydv 

I zdv I zdv 

^='-^75 — =- — r4i 

In any particular problem w^e have only to express dv in 
terras of the coordinates. 

Plane Area. 

158. If we use rectangular coordinates, and are dealing with 
a plane area, where the weight is uniformly distril)uted, we have 

dv = dA = dxdy. (Art. 186) . 
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Hence, by 157, [2] and [8], 



C Cxdxdy 
x=*^-^ 

CCydxdy 
Jfdxdy _ 



[1] 



If we use polar coordinates, 



do = dA = rd<f)dry 



and 






r*cos</>d<^r 



y = 



r ird<t>dr 

I j r^ sin </> d<t>di 
C Crd<t>dr 



[2] 



For example ; let us find the centre of gravity of the area be- 
tween the cissoid and its asymptote. From the equation of the 
cissoid 

we see that the curve is symmetrical with respect to the axis 
of X, passes through the origin, and has the line x = a as an 
as3'mptote. From the S3'mmetry of the area in question, y = 0, 
and we need only find x. 



I I xdydx I xydx 
I I dydx I ydx 
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J I — — .dx |a I — -dx 
o(a-x)k ^ J.(a-x)i byArt.64[4]. 

cLj^—dx r ^ dx 

Jo{a — x)^ Jo{a—x)i 

x = ^a. 



As an example of the use of the polar formulas [2], let us find 
the centre of gravity of the cardioide 

r= 2a(l— cos</>). 

Here, from the fact that the axis of X is an axis of symmetrj^ 
we know that y = 0. 

»2 7r x»r 



I 7^ COS <l>drd(l> 
I rdrd<p 



i j 7'^coii4>dff> -^ I (1 — cos</>)'eos<^<^ 



/^ 2'T >,2 TT 



i2rr 



*X^^* ^ ^iT^ ^ "" ^^® '''^' ^''^ 

j (eos</> — 3 eos^</> 4- 3 cos'<^— cos^</>)d0 = — J^tt ; 

X27r 
(1 — 2 cos <^ + cos^<f>)d4> = 3 TT. 

Hence « = — |a. 



Examples. 

1. Show that formulas [1] hold even when we use oblique 
coordinates, 

2. Find the centre of gravity* of a segment of a parabola cut 
off by any chord. 

Ans, 5=^ a, T/ = 0. If the axes are the tangent parallel 
to the chord and the diameter bisecting the chord. 
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3. Find the centre of gravity of the area bounded by the semi- 
cubical parabola ay^ = a^ and a double ordinate. Ans, x = ^x, 

4. Find the centre of gravity of a semi-ellipse, the bisecting 
line being an}' diameter. 

Ans. If the bisecting diameter is taken as the axis of Y^ and 

— 4a 
the conjugate diameter as the axis of X, a; = — , y = 0. 



5. Find the centre of gravity of the curve y* = 6* 



a — x 

X 



Ans. « = Ja. 

6. Find the centre of gravity of the C3'cloid. 

Ans. ^ = a7r, y=^a. 

7. Find the centre of gravity of the lemniscate r* = a* cos 2 ^. 



A - ^V2 
Ans. x = 

8 



a. 



8. Find the centre of gravity of a circular sector. 

Ans. If we take the radius bisecting the sector as the axis 

of X, and represent the angle of the sector by 2a, 5 = J 



asm a 



9. Find the centre of gravity of the segment of an ellipse cut 
off by a quadrantal chord. Ans. x = i ^, y = J 



TT 



-2 



-2 



10. Find the centre of gravit}' of a quadrant of the area of the 
curve a:} + 2/' = «*- -^^- ^ = y = iH'' 

IT 

159. If we are dealing with a homogeneous solid formed by 
the revolution of a plane curve about the axis of X, we have 



dv = 2 irydydx. 



(Art. 151 [1]) 



Hence, by Art. 157 [2], 

jjxydxdy 

jj ydxdy 



[1] 
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If we use polar coordinates, 

dv = 2 wr^ sin <l}dr(i<l>. (Art. 152 [1].) 

j I 1^ sin <l> cos <f>drd<f> 

Hence x = '^-"^^ [2] 

j I »•* sin <l>drdif> 

For example ; let us find the centre of gravity of a hemisphere. 
The equation of the revolving curv^e is x* + y* — u^. 



M "^rt^-x' 



Ji a:udydx , . 



H" — 3 



it* = , — = r-^ = 8 ^• 






If we use polar coordinates the equation of the revolving curve 
is r = a. 

J[ I r'sin</> cos<^f/</>f?r 
were x = — = = Ji— = ga. 



I ?- sin <^f7</>(/r 



Examples. 

1 . Find the centre of graWt}' of the solid formed b}' the revolu- 
tion of the sector of a circle about one of its extreme radii. 

Ans. 5 = fa cos^^/?, where p is the angle of the sector. 

2. Find the centre of gravity of tlie segment of a paraboloid 
of revolution cut off by a plane perpendicular to the axis. 

Ans. ir = f a, where x = a is the plane. 

3. Find the centre of gravity of the solid formed b}' scooping 
out a cone from a given paraboloid of revolution, the bases of 
the two volumes being coincident as well as their vertices. 

Ayi8. The centre of gravity bisects the axis. 
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4. A cardioide is made tx> revolve about its axis ; find the 
centre of gra\itj' of the solid generated. Ans, 2 = — Ja. 

5. Obtain formulas for the centre of gravity of any homo- 
geneous solid. 

6. Find the centre of gra\ity of the solid bounded by the 
surface ti^ = xy and the five planes x=0, j^=0, 2=0, a?=a, y=b. 

Ana. ic=|a, p=|6, z = ^ai61. 

160. If we are dealing with the arc of a plane curve, tlie 
formulas of Art. 157 reduce to 



j xd3 

(yds 
fds 



[1] 



[2] 



Examples. 

1 . Find the centre of gravity of an arc of a circle, taking the 

diameter bisecting the arc as the axis of X and the centre as the 

« » fit* 

origin. Ans, x = — , where c is the chord of the arc. 

8 

2. Find the centre of gravity of the arc of the curve a;J-f-y}=:ai 
between two successive cusps. Ans, a = y = ^a. 

3. Find the centre of gravity of the arc of a semi-cycloid. 

Ans, x = (7r — |)o, y = — Ja. 

4. Find the centre of gravity of the arc of a catenar}^ cut off 
b}' any horizontal chord. 

Ans, X = 0, y = — ^^^ where 2 s is the length of the arc. 

^ s 

5. Obtain formulas for the centre of gravity of a surface of 
revolution, the weight being uniformly distributed over the 
surface. 
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6. Find the centre of gravity of an}' zone of a sphere. 

Ans. The centre of gravity bisects the line joining the centres 
of the bases of the zone. 

7. A cardioide revolves about its axis ; find the centre of 
gravit}' of the surface generated. Ans. -r = — Ya^ ^* 

8. Find the centre of gravit}' of the surface of a hemisphere 
when the density at each point of the surface varies as its per- 
pendicular distance from the base of the hemisphere. 

Ans, 5 = J«. 

9. Find the centre of gravit}- of a quadrant of a circle, the 
densit}' at any point of which varies as the nth power of its 
distance from the centre. ^,^3 2 = 7/ = ^^ "^'^ — 

10. Find the centre of gravity of a hemisphere, the density 
of which varies as the distance f i^om the centre of the sphere. 

Ans, S = J a. 

Properties of Guldin, 

161. I. If a plane area revolve alwut an axis external to 
itself through any assigned angle, the volume of the solid gene- 
rated will be equal to a prism whose base is the revolving area 
and whose altitude is tlfe length of the path described by the 
centre of gravity of the area. 

11. If the arc of a plane curve revolve about an external axis 
in its own plane through any assigned angle, the area of the 
surface generated will be equal to that of a rectangle, one side 
of which IS the length of the revolving curve, and the other the 
length of the path described by its centre of gravit}'. 

First; let the area in question 'revolve al)out the axis of X 
through an angle 0. The ordinate of the centre of gravity of 
the area in question is 

I I ydxdy 

y^T^Ti > by Art. 158 [1]. 

jjdxdy 
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The length of the path described by the centre of gravity 

effydjcdy 

The volume generated is 



Hence 



(1) 



r= efCydxdy, by Art. 161. 

But I I dxdy is the revolWng area, and the first theorem is 

established. 

We leave the proof of the second theorem to the student. 



Examples. 

1 . Find the surface and volume of a sphere, regarding it as 
generated b}* the revolution of a semicircle. 

2. Find the surface and volume of the solid generated by the 
revolution of a cycloid about its base. 

3. Find the volume and the surface of the ring generated by 
the revolution of a circle about an external axis. 

Ans, V=2'n^a^b, S = 47r^ab, where b is the distance of 
the centre of the circle from the axis. 

4. Find the volume of the ring generated b}' the revolution of 
an ellipse al)out an extenial axis. 

Ans. F=27r*a6o, where c is the distance of the centre of tlie 
ellipse fi*om the axis. 
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CHAPTER XIV. 

LINE, SURFACE, AND SPACE INTEGRALS. 

162. Any variable which depends for its value solely upon 
the position of a point, as, for example, any function of the 
rectangular or polar coordinates of the point, may be called 
a point' function, 

A point-function is said to be continuous along a given line 
if its value changes continuously as the point, on whose position 
the function depends for its value, moves along the line ; it is 
said to be continuous over a given surface if its value changes 
continuously as the point is made to move at pleasure over the 
surface; and it is said to be continuous throughout a given 
space if its value clianges continuously as the point is made to 
move about at pleasure within the space. 

163. If a given line is divided in any way into infinitesimal 
elements, and the length of each element is multiplied by the 
value a given point-function, which is continuous along the line, 
has at some point within the element, the limit approached by 
the sum of these products as each element is indefinite!}' de- 
creased, is called the line integral of the given function along 
the line in question. 

If a given surface is divided in any way into infinitesimal 
elements such that the distance between the two most widely 
separated points within each element is infinitesimal, and the 
area of each element is multiplied by the value a given point- 
function, which is continuous over the surface, has at some 
point within the element, the limit approached by the sum of 
these products as each element is indefinitely decreased, is 
called the surfa/x integral of the given function over the surface 
in qaestion. 
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If a given space is divided in any way into infinitesimal 
elements such that the distance between the two most widely 
separated points within each element is infinitesimal, and the 
volume of each element is multiplied by the value a given point- 
function, which is continuous throughout the space, has at 
some point within the element, the limit approached by the 
sum of these products as each element is indefinitely decreased, 
is called the frpace integral of the given function throughout 
the space in question. 

It is easily seen that the line integral of unity along a given 
line is the length of the line ; that the surface integral of unity 
over a given surface is the area of the surface ; and that the 
space integral of unity throughout a given space is the volume 
of the space. 

In the chapter on Centres of Gravity we have had numerous 
simple examples of line, surface, and space integrals. 

164. That the value of a line, surface, or space integral is 
independent of the position in each element of the point at 
which the value of the given function is taken can be proved 
as follows : The distance apart of any two points in the same 
infinitesimal element is infinitesimal (Art. 163), therefore the 
values of a continuous function taken at any two points in 
the same element will differ in general by an infinitesimal ; the 
products obtained b}- multiplying these two values by the mag- 
nitude of the element will, then, differ by an infinitesimal of 
higher order than that of the element; therefore, in forming 
the integral either of these products may be used in place of 
the other without changing the result. (I. Art. 161.) 

165. The line integral of a function along a given line is 
absolutely independent of the manner in which the line is 
broken up into infinitesimal elements, and is equal to the length 
of the line multiplied by the mean value of the function along 
the line; the mean value of the function being defined as fol- 
lows : Suppose a set of points uniformly distributed along the 
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liDe, that w, so distributed that the number of poinls in mnj 
portion of the line is proportional to the lei^th of the portion ; 
take the value of the function at each of these points ; diride 
the sum of these values bv the number of the points ; and the 
limit approached by this quotient as the number of the points 
is indefinitely increased is the mean value of the given function 
along the line ; and this mean value is in general finite and 
determinate. 

To prove our proposition, we have only to consider in detail 
the method of finding the mean value in question. Let the 
number of points in a unit of length of the line be k. Then, 
no matter how the line is broken up into infinitesimal elements, 
the numlx;r of i>oint8 in each element is k times the length of the 
element. Since any two values of the function corresponding to 
points in the same element differ by an infinitesimal, in finding 
our limit we ma}- replace all values corresponding to points in 
the same element by any one ; hence the sum of the values cor- 
res[K>nding to points in the same element may be replaced by one 
value multiplied by the number of ix>ints taken in that element, 
that iH, this Kuin may be replaced by k times the product of one 
value by the length of the element ; and the sum of the values 
CorreHpoiuliiig to all the points taken in the line may be replaced 
by k tinjes the sum of the terms obtained by multiplying the 
length of each element by the value of the function at some 
point within the element. When we divide this sum bv tiie whole 
number of points considered, that is, by k times the length of 
tin; line, the A:*8 cancel out, and the required mean value reduces 
to the limit of the numerator divided by the length of the line, 
and the limit of the numerator is the line integral of the func- 
tion along the lino. Therefore the line integral is the mean 
value of the fiinction multiplied by the length of the line. 

The same proof may be given for a surface integral or for a 
•pace integral. The former is the product of the area of the 
surface by the mean value of the function over the surface; 
the latter is the volume of the space multiplied by the mean 
value of the function throughout the space ; and both are Inde- 
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pendent of the way in which the surface or space may be divided 
into infinitesimal elements. 

166. If the line along which the integral is taken is a plane 
carve, it is easy to get a geometiical representation of the 
integral. For, if at every point of the line a perpendicular to 
the plane of the line is erected whose length is equal to the 
value of the function at the point, the liue integral required 
clearly represents the area of the cylindrical surface containing 
the perpendiculars if the values are all of the same sign, and 
represents the difference of the areas of the portions of the 
cylindrical surface which lie on opposite sides of the line if the 
values of the function are not all of the same sign. 

A similar construction shows that a surface integral over a 
plane surface may be represented by a volume or by the differ- 
ences of volumes. Consequently, in each case if the function 
is finite and continuous, the integral is finite and determinate. 

167. As examples of line, surface, and space integrals, we 
will calculate a few moments of inertia. 

The moment of inertia of a body about a given axis may be 
defined as the space inteirral of the product of the density at 
any point of the body by the square of the distance of the point 
from the axis ; the integral being taken throughout the space 
occupied by the body. 

If the body considered is a material surface or a material 
line, the integral reduces to a surface integral or to a line 
integral. 

In the examples taken below the body is supposed to be 
homogeneous. 

(a) The moment of inertia of a circumference about a given 
diameter. 

Using polar coordinates and taking the diameter as our axis, 

1=1 a* sin* </» . kad<t> = ka^v 
^iMa\ [1] 
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if / is the moment of inertia, and a the radins, k the density, 
and M the mass of the circumference in question. 

(6) The moment of inertia of the perimeter of a square about 
an axis passing through the centre of the square and parallel 
to a side. 

/ = 2Cykdy + 2 Ca^kdx 

=. \kc? -\- \k€^ =^ ^k(jf 
= iJtfa% [2] 

if 2 a is the length of a side. 

(c) The moment of inertia of a circle about a diameter. 

7=1 I i^s\v?4^.krd<t>dr^\kini^ 

z=iMa*. [3] 

(d) The moment of inertia of a square about an axis through 
tlie centre of the square and parallel to a side. 

7=1 I r/^kdxdy=^ka^ 

= im^ [4] 

{e) The moment of inertia of the surface of a sphere about 
a diameter. 

I I a? sin'-* ^ . ka^ sin 4>d4>d6 = | kira* 

(/) The moment of inertia of the surface of a cube about an 
axis parallel to an edge and passing through the centre. 

7=4P ('{a" + z')kdxdz + 2 r C\f -}- z^)kdydz 
- V ^fa\ [6] 



/ 
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(g) The moment of inertia of a sphere about a diameter. 

j j r*sin*^.A;r'sin^drd^d^=:^A:ira' 

= |.Va'. [7] 

(h) The moment of inertia of a cube about an axis through 
the centre and parallel to an edge. 

= C r C {f '\- ^)lcdxdydz =z i^ka^ 

= iifa«. [8] 

Examples. 

Find the moments of inertia of the following bodies : 

(1) Of a straight line about a perpendicular through an 
extremity ; about a perpendicular through its middle point. 

(2) Of the circumference of a circle about an axis through 
its centre perpendicular to its plane. Ana. Maf. 

(3) Of a circle about an axis through its centre perpendicular 
to its plane. Am. ^Jtfa*. 

(4) Of a rectangle whose sides are 2 a, 25, about an axis 
through its centre perpendicular to its plane ; about an axis 
through its centre parallel to the side 2 h. 

Ans. i3f(a« + 6«); \M€f. 

(5) Of an ellipse about its major axis ; about its minor axis ; 
about an axis through the centre perpendicular to the plane of 
the ellipse. Am. \ MV ; \Ma^\ ^ M{a^ + V) . 

(6) Of an ellipsoid about the axis a. Ana. ^3/(6*4-0*). 

(7) Of a rectangular parallelepiped about an axis through 
the centre parallel to the edge 2 a. Ans. J 3/(6^ -h c^) . 

(8) Of a segment of a parabola about the principal axis. 

Ana. \Mh^<t where 26 is the breadth of the segment. 
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168. If n, D^u, aikd D^u art finite^ continuous^ and single- 
valued for aU points in a given plane surface bounded by a 
closed curve T, the surface integral o/D,u taken over the surface 
is equal to the line integral of u cos a taken around the whole 
bounding curve, where a is the angle made with the axis of X 
by the external normal at any point of the boundary. 

This may be formulated thus : 

I I D,udxdy = j u cosa . ds, [1] 

Let the axes be chosen so that the surface in question lies in 
the first quadrant, and divide the projection of T on the axis 
of T into infinitesimal elements of which any one is dy. 



dy 



O 




On each of these elements as a base erect a rectangle ; and 
since T is a closed curve, each of these rectangles will cut it 
an even number of times. 

Let us call the values of u at the points where the lower side 
of any one of these rectangles cuts T, Mi, «2> Wg, 7/4, etc., re- 
spectively ; the angles which this side makes with the exterior 
normals at these points, a^, o^, 03, 04, etc. ; and the elements 
which the rectangle cuts from T, rf.Si, ds^, ds^, ds^, etc. 

It is evident that whenever a line parallel to the axis of X 
cuts into the surface bounded by T, the corresponding value of 
a is obtuse aud its cosine negative ; that whenever it cuts out, 
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a is acute and its cosine positive ; and that any value of a is 
the angle which the contour T itself makes at the point in ques- 
tion with the axis of Y if we suppose the contour traced by a 
point moving so as to keep the bounded surface always on the 
left hand. 

We have then approximately, 

dy= — d^i* C0Sai=C^2* COSas= — C^s* COSa8=:d«4* C0Sa4=***. [2] 

If, now, in I I D^udxdy we perform the integration with 
respect to a;, and introduce the proper limits, we shall have 



CJ D^iidxdy = Jdy(- Wi + t£j — t^ + u^--) ; 



[3] 



and the second member indicates that we are to form a quantity 
corresponding to that in parenthesis for every rectangle which 
cuts T, to multiply it by the base of the rectangle, and then to 
take the limit of the sum of the results as all the bases are 
indefinitely decreased. 

By [2], 

c^y ( — wi -4- 14, — 1£8 + W4 •••) 

and the limit of the sum of the values any one of which is 
represented by the second member of [4] is clearly I ucosoKi^ 
taken around the whole of T. 



Example. 



Prove that under the conditions stated in the last article 



I I D,udxdy = I u cos)3 . d«. 



where fi is the angle made with the axis of F by the exterior 
normal. 
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169. As an illustration of the last proposition, let ns find the 
centre of gravity of a semicircle. 

We have y = ^ffy^^^V' (1 ) 

But we may write y^D,{xy), Hence, by Art. 168, 

y = -jTfJJ y^^y = -j^\ ^ cosads 
=— [ I a cos^asin^ cos ^ad^+ I aj.O.cos^-da; ] 
k 2 s . A 4a 



k^^ 



2 
which agrees with the result of Ex. 8, Art. 158. 

As a second example, we shall find the moment of inertia of 
a circle about a diameter. 
We have 

I=k I I y^dxdy =k I xy^ cos <f> . ds 

sA;| acos^a^sin^</>cos^ad^ 

= ka^ I sin*^ cos^ <f>d<f> = - -rra* = - Ma^j 
Jo 4 4 

which agrees with the result of (c), Art. 167. 

Examples. 

(1) Find the centre of gravity of a semicircle, using the 
theorem I j D^udxdy = j w cos^ . ds, 

(2) Find the moment of inertia of a circle about an axis 
tlm)ugh its centre perpendicular to its plane, using the principles 

j I I), udxdy = j u cosa . ds and j J D^ndxdy = j w cos^ . ds. 
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170. Since, as we have seen in Art. 168, a is the angle which 
the curve T makes with the axis of F; if we trace the curve 
so as to keep the bounded space on our left, it follows that 
cosa.dd = dy. 

Hence j j D^xidxdy = I udy ; [1] 

and in like manner, 

CCD,udxdy = - Cudx ; [2] 

the first integral in [1] and [2] being taken over the bounded 
surface, and the second around the bounding curve. 

For example, the moment of inertia of a square about an 
axis through the centre and parallel to a side is 

I=kC Cfdxdy. ( (d) Art. 167.) 

^^ ^^■' ' ffy'dxdy ^fxy'dy, 

and the last integral is to be taken around the perimeter. 
Hence 

I=.k^jyfdy +fl- ay'dy)"] = ^kaj^dy = |to* 

Example. 
Work Ex. 8, Art. 167, by the aid of (2). 

171. If U, D,U, DyU, and D,U are finite^ continuous^ 
single-valued functions throughout tlie space bounded by a given 
closed surface T, the space integral of D^U taJcen throughout the 
space in question is equal to the surface integral, taken over the 
bounding surface, of U cosa, where a is the angle made with 
the axis of X by the exterior normal at any point of the surface. 

This may be formulated thus : 

CC Cd, Udxdydz = Cucos a . dS. [1] 
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The proof is almost identical with that given in Art. 168, 
except that for elementary rectangle we use elementary prism. 
We shall merely indicate the steps. 




dydz = — dSi cosaj = dS2 cosoj = — dS^ cos 03 = ••• 

Cj^D^Udxdydz =ffdydz[-- U, + Ui- CTa-..] 

= the limit of the sum of terms of the form 

Ui costti . dSi + Ui cosoj . dSz + Us cosoj . dS^ + — 

ss: j UcOBa.dS' 

Example. 
Prove that under the conditions of the last article 

fff^w Udxdydz = fc/cos H . dS, 

and I j j DgUdocdydz^ i UcoBy.dS^ 

where fi and y are the angles made with the axes of Y and Z 
respectively by the exterior normal to the bounding surface. 
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172. As an illustration, let us find the centre of gravity of a 
hemisphere. 
We have 

= :rT^I I a*cos*^cos<f»a*sin6d^<W 

ir 

a* A; r^ r^ 

= :rT>l I cos'^sin^d6(W 
2 ia */o c/o 

a*A: It 3 



|7ra»A; 2 8 
which agrees with the result of Art. 159. 



Example. 

Find the moment of inertia of a sphere about a diameter ; of 
a cube about an axis through the centre parallel to an edge. 
Make your work depend upon finding the value of a surface 
integral* 
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CHAPTER XV. 

MEAN VALUE AND PROBABILITY. 

173. The application of the Integral Calculus to questions 
in Mean Value and Probability is a matter of decided interest ; 
but lack of space will prevent our doing more than solving 
a few problems in illustration of some of the simplest of the 
methods and devices ordinarily employed. A full and admirable 
treatment of the subject is given in "Williamson's Integral 
Calculus" (London: Longmans, Green, & Co.); and numer- 
ous interesting problems are published with their solutions 
in ''The Mathematical Visitor " and "The Annals of Mathe- 
matics." 

174. The mean of n quantities is their sum divided by their 
number. If the number of quantities considered is supposed 
to increase indefinitely according to some given law, the prob- 
lem of finding the limiting value approached by their mean 
usually calls for tlie Integral Calculus. The mean value of a 
continuous function of one, two, or three independent variables 
has been carefull}- defined in Art. 16/), and has been proved to 
depend upon a line, surface, or space integral. 

(o) Let us find the mean distance of all the points on the 
circumference of a circle from a given point on the circumfer- 
ence. 

If we take the given point as origin, the distances whose 
mean is required are the radii vectores of points uniformly dis- 
tributed along the circumference of the circle. 

The required mean is, therefore, by Art. 165, equal to 



Chap. XV.] 



M£AN VALUE AND PROBABILITY. 



203 



the quotient obtained by dividing the line integral of r taken 
around the circuoaference by the length of the circumference ; 
that is, 

I rds 

M=^ 

2ira 

The polar equation of the circle is 

r = 2acos^; 
ds=2 ddift^ 



Jlf=— p4a*cos<^d<^ = — , 



tlie required mean value. 



{b) Let us find the mean distance of points on the surface 
of a circle from a fixed point on the circumference. 

Here, by Art. 165, the required mean is the surface integral 
of r taken over the circle, divided by the area of the circle ; 
that is, 

SaCOS^ 






(c) The problem of finding the mean distance of points on 
the surface of a square from a corner of the square can be sim- 
plified slightly by considering merely one of the halves into 
which the square is divided by a diagonal. 

Here 

«r 

asec^ 



M= -^ C fr. rdrd<t> 
= |^V2 + logtan^). 
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(d) As an example of a device often employed, we shall now 
solve the problem, To find the mean distance between two points 
within a given circle. 

If Jf be the required mean, the sum of the whole number of 
cases can be represented by {wj^yM^ r being the radius of the 
circle ; since for each position of the first point the number of 
positions of the second point is proportional to the area of the 
circle, and may be measured by that area ; and as the number 
of possible positions of the first point may also be measured 
by the area of the circle, the whole number of cases to be con- 
sidered is represented by the square of the area ; and the sum 
of all the distances to be considered must be the product of the 
mean distance by the number. 

Let us see what change will be produced in this sum by in- 
creasing r by tlie infinitesimal dr ; that is, let us find d(irVJf). 

If the first point is anywhere on the annulus 2 Trr.dr, which we 
have just added, its mean distance from the other points of the 

circle is — ^, by (6) . ^ 

Therefore, the sum of the new distances to be considered, 

32 r 
if the first point is on the annulus, is . ttt*. 2 Trrdr ; but the 

second point may be on the annulus, instead of the first ; so that 
to get the sum of all the new cases brought in by increasing 
r by dr, we must double the value just obtained. 

Hence d^-n^r^M) = ^s. ^r'dr. 






trO?, 



^^_128a 



45 



TT 



175. In solving questions in Probability, we shall assume 
that the student is familiar with the elements of the theory as 
given in " Todhunter*s Algebra." 

(a) A man starts from the bank of a straight river, and 
walks till noon in a random direction ; he then turns and walks 
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in another random direction ; what is the probability^ that he will 
reach the river by night? 

Let be the angle his first course makes with the river. If 
the angle through which he turns at noon is less than tt — 2 ^, 
he will reach the river by night. For any given value of ^, 



then, the required probabilitj' is 



2 



TT 



The probability that 
dO 



$ shall lie between any given value $q and ^o + ^ is — • 

The chance that his first course shall make an angle with the 
river between $q and $q + dd^ and that he shall get back, is 

27r '^TT TT* 



IT 



As is equallj' likelj' to have any value between and—, the 
required probability, 



p=jL^^^^=^. 



(6) A floor is ruled with equidistant straight lines ; a rod, 
shorter than the distance between the lines, is thrown at ran- 
dom on the floor ; to find the chance of its falling on one of the 
lines.- 

Let X be the distance of the centre of the rod from the nearest 
line ; $ the inclination of the rod to a perpendicular to the paral- 
lels passing through the centre of the rod ; 2 a the common dis- 
tance of the parallels ; 2 c the length of the rod. 

In order that the rod may cross a line, we must have 
ccos^ > x\ the chance of this for any given value Xq oi x \s 

i-cos-^??. 

*"" ^ ^ dx 

The probability that x will have the value a;© is — . The 



probability required is 

7ra*/o 



^yX , 2C 

COS ^-da; = — 
c ira 



This problem may be solved by another method which pos- 
sesses considerable interest. 
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Since all values of a? from to a, and all values of ^ finom — — 

z 

U) - are equally probable, the whole number of cases that can 
arise may be represented by 



X4r y%a 
l(tcd$ = va. 



The number of favorable cases will be represented by 

»(T /*CCO80 









Hence /> = — 

ira 

(c) To find tlie probability that the distance of two stars, 
taken at random in the northern hemisphere, shall exceed 90®. 

Ixjt tt l>c the latitude of the first star. With the star as a 
pole, describcj an arc of a great circle, dividing the hemisphere 
into two lunv.H ; tlie probability that the distance of the sec- 
ond star from tiic first will exceed 90° is the ratio of the lune 
not containing tlie first star to the hemisphere, and is equal 
to ^2 'T - a) ,^,j^^ probability that the latitude of the first star 

will b(» between a and a -f da is the ratio of tlie area of the 
zone, wiiose l)()unding circles have the liititudos a and a-}-dn 
respectively, to tlie area of the hemisphere, and is 

2 TTCi* cos a da , 

= cos a da. 

27ra^ 

IT 



I lenco p = p (i^LZ^ COS a da = I 



(d) A random straight line meets a closed convex curve ; 
what is tin* probability that it will meet a second closed convex 
curve within the first? 

If an infinitt^ number of random lines be drawn in a plane, all 
din'ctiouH are ecpially probable ; and lines having any given 
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direction will be disposed with equal frequency all over the 
plane. If we determine a line by its distance ]) from the origin, 
and by the angle a which p makes with the axis of X, we can get 
all the lines to be considered by making p and a vary between 
suitable limits by equal infinitesimal increments. 

In our problem, the whole number of lines meeting the exter- 
nal curve can be represented by i | dpda. If the origin is 

within the curve, the limits for p must be zero, and the perpen- 
dicular distance from the origin to a tangent to the curve ; and 
for a must be zero and 2ir. If we call this number N^ we 
shall have 



-2V= jpd 







p being now the perpendicular from the origin to the tangent. 

If we regard the distance from a given point of any closed 
convex curve along the curve to the point of contact of a tan- 
gent, and then along the tangent to the foot of the perpendicu- 
lar let fall upon it from the origin, as a function of the a used 
above, its differential is easily seen to be pda. If we sum these 
differentials from a = to a = 27r, we shall get the perimeter 
of the given curve. 

Hence N= lpda==L^ 

where L is the perimeter of the curve in question. By the same 
reasoning, we can see that n, the number of the random lines 
which meet the inner curve, is equal to Z, its perimeter. For p, 
the required probability, we shall have 

I 
Examples. 



(1) A numbern is divided at random into two parts ; find the 
mean value of their product. j^^^^ ^ 



G 
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(2) Find the mean value of the ordinates of a semicircle, sup- 
posing the series of ordinates taken equidistant. ^jj^ ^Ta 

* 4 

(3) Find the mean value of the ordinates of a semicircle, sui>- 
posing the ordinates drawn through equidistant points on the 
circumference. j 2a 

IT 

(4) Find the mean values of the roots of the quadratic 
aj* — aa -f ^ = 0, the roots being known to be real, but b being 

unknown but positive. Ais— and - 

^ ' 6 6* 

(5) Prove that the mean of the radii vectores of an ellipse, the 
focus being the origin, is equal to half the minor axis when they 
are drawn at equal angular intervals, and is equal to half the 
major axis when thej^ are drawn so that the abscissas of their 
extremities increase uniformly. 

(6) Suppose a straight line divided at random into three 
parts ; find the mean value of their product. j a^ 

^' 60' 

(7) Find the mean square of the distance of a point within a 

given square (side = 2 a) from the centre of the square. 

Ans. Ja^ 

(8) A chord is drawn joining two points taken at random on 
a circumference ; find the mean area of the less of the two seg- 
ments into which it divides the circle. j ird* a* 

Ans, • 

4 IT 

(9) Find the mean latitude of all places north of the equator. 

Ans. 32°.7. 

(10) Find the mean distance of points within a sphere from 
a given point of the surface. Ans. ^a. 

(11) Find the mean distance of two points taken at random 
within a sphere. Ans. f^a. 

(12) Two points are taken at random in a given line a ; find 
the chance that their distance shall exceed a given value c. 

Ana. i^y 
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(13) Find the chance that the distance of two points within 
a square shall hot exceed a side of t&e square. Ans. ir -~ ^. 

(14) A line crosses a circle at random ; find the chances that 
a point, taken at random within the circle, shall be distant from 
the line by less than the radius of the circle. j - 2_^ 

Sir 

(15) A random straight line crosses a circle ; find the chance 
that two points, taken at random in the circle, shall lie on 



opposite sides of the line. 



Ans. 



128 
45 IT*' 



(16) A random straight line is drawn across a square; find 
the chance that it intersects two opposite sides. , . 10^2 

(17) Two arrows are sticking in a circular target; find the 
chance that their distance apart is greater than the radius. 

sVs 



Ans. 



If 



(18) From a point in the circumference of a circular field a 
projectile is thrown at random with a given velocity which is 
such that the diameter of the field is equal to the greatest range 
of the projectile : find the chance of its falling within the field. 

Ans. ^-?(V2-1). 

(19) On a table a series of equidistant parallel lines is drawn, 
and a cube is thrown at random on the table. Supposing that 
the diagonal of the cube is less than the distance between con- 
secutive straight lines, find the chance that the cube will rest 
without covering any part of the lines. 

4 CL 

Ans. 1 , where a is the edge of the cube and c the dis- 
tance between consecutive lines. 

(20) A plane area is ruled with equidistant parallel straight 
lines, the distance between consecutive lines being c. A closed 
curve, having no singular points, whose greatest diameter is less 
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timo c, M thrown dovn on the area. Find tlie chuce dni tbe 
curre faJl» od one of tiie lix^es. 

Amu. — • where / is the perimeler oi the eorre. 

r21 ) Daring a heaTj rain-st^MiD. a circular pond is formed in 
a cirr;tj|ar field. If a man undertakes to erase the field in the 
dark, wliat is the chance that he will walk into the pond? 
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CHAPTER XVI. 



ELLIPTIC INTEGRALS. 



176. In attempting to solve completely the problem of the 
motion of a simple pendulum by the methods of I. Chapter 
VIII. we encounter an integral of great importance which we 
have not yet considered. The problem is closely analogous to 
that of the Cycloidal pendulum (I. Art. 119). 

For the sake of simplicity we shall suppose the pendulum 
bob to start from the lowest point of its circular path with the 
initial velocity that would be acquired by a particle falling 
freely in a vacuum through the distance ^o » ^^^ this by I. Art. 
114 [1] is V2^. 

Forming our differential equation of motion as in I. Art. 118, 
but taking the positive direction of the axis of T upward, we 

'"'' ^^ = -,^. (1) 



d^ 



ds 



ds 



Multiplying by 2 — and integrating, 

dt 



or, determining (7, 






(2) 



If the starting-point is taken as the origin, the equation of 
the circular path is aj* + y* — 2ay = 0, whence 



\dt) 2ay-y'\dtJ' 



and we have 



a 



yl2ay — f^^ 



^=^2g{yo-y), 
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or df = 



ady 



V2^. V(3^o-y)(2a3^-y*) 
Integrating, and determining the arbitrary constant, we get 

t =_^ r ^y — (3) 

as the time required to reach that point of the path which has 
the ordinate y. 

The substitution of a:* = ^ reduces (3) to the form 

where the integral is of the form 

*^o V(l -«*)(! -*»a:*)' 

A:* being positive and less than unity if ^o is l^^s than 2 a. An 
examination of equation (2) will show that if this is true, the 
pendulum will oscillate between the two points of the arc which 
have the ordinate yo. 

If ^0 is greater than 2 a, the pendulum will make complete 

revolutions. For this case the substitution of aj* = -2- in (3) 
will reduce it to 

t = aJIr , "- (6) 

where the integral is of the form (5), J(^ being positive and less 
than unity. 

The time required for the pendulum to reach its greatest 
height — that is, in the first case, the time of a half- vibration, 
and in the second case, the time of a half-revolution — will 
depend upon 

r ^ —. (7) 
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177. The length of an arc of an Ellipse, measured from the 
extremity of the minor axis, has been found to be (Art. 107) 



8 



-r>^-^- 



(1) 



X 



If we replace - by a:, (1) becomes 



s 



Jo \ 1-a? ^ ' 



(2) 



and the integral is of the form 



* l-^k^a? 



XV 



l-a* 



• dXf 



(8) 



where /c* is positive and less than unity. 
The length of an Elliptic quadrant depends upon the integral 



Jo \ l-aj» 



• dx. 



(*) 



178. It can be shown by an elaborate inyestigation, for 
which we have not room, that the integral of any algebraic 
function, which is irrational through containing under the square 
root sign an algebraic polynomial of the third or fourth degree, 
can by suitable transformations be made to depend upon one 
or more of the three integrals 



^(*'*> -£:J7TZ 



dx 



V(l-a^)(l-A:»«') 



U(n,k,x)= I , ^ » 

Jo (i+„aj»)V(l-ar')(l-&*a!») 



CO 



[2] 



[8] 



which are known as the Elliptic Integrals of the first, second, 
and third class respectively. 



214 rNTEGRAL CALCULttS. fAmr. 17d. 

k^ which may always be taken positive and less than 1, is 
called the modulus; and 7i, which may be taken real, is called 
the jKiramcfer of the integral. 

ir= F(k, 1 ) = r ^ ^^ , [4] 



and 



B^E{k,l) = j^'^lj^ . dx, [5] 



aro known as the Complete Elliptic Integrals of the first and 
Hocond classes. 



179. The substitution of a; = sin^ in the Elliptic Integrals 
reduces them to tlie following simpler forms. 

F (k, .^) = f- — ^» = f *fc. [1] 

E (k, i>) = r* Vn^Flmi^ . d<l> = r*A</> . d</.. [2] 

n(nkA)= r* rf'A ^ r » d» 

'' ' ' Jo (l+n8iii«<^)Vi-Jfc»siii»<^ J)(l + n8in'<^)A<^ 

[3] 

ir^r* rf* =r^i?*. |;4] 

»^o Vl - if sin«</> Jo A.^ 

w w 

E = rVl-A:*8in«<^ . d<^ = f A</» . d<^. [5] 

^ is called the amplitude of the Elliptic Integral, and 
A^ a Vl — A:''8in*<^ is called the delta of <^, or more simply, 
delta <^, and is regarded as a new trigonometric function : it is 
always taken with the positive sign, and has an analogy with 

cos^. 

For a given value of A:, A^ is easily seen to be a periodic 
(unction of ^ having the period ir. It has its maximum value 1 






w ■■ . 



. - . •^•. 



I 
■ I 
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when <^ = and when ^ = tt, and its minimum value Vl —A:*, 
which is usually represented by A;' and called the complementary 

modulus^ when ^ = -; and A[ --h^ ] = ^( - — a )• 



Landen^s Transformation, 

180. The approximate numerical value of an Elliptic Integral 
of the first class, when k and <^ are given, is easily computed 
by the aid of two valuable reduction formulas due to Landen. 

F{k,<i>)= r ^* 

Jo Vl-A:*sin» 
we replace ^ by ^i, ^i and <^ being connected by the relation 

0) 



If in 



> 



. , sin 2 6. 
tan^ = -*^i— , 

A: -h cos 2^1 
which is easily transformable into either of the following : 

A; sin ^ = sin (2 ^i — ^) ) 
tan (^ — ^i) = ^ "7, tan^, 



1-hA: 



(2) 
(8) 



J ^ reduces to I 
Vl - k' B'm^d} 1 -H kjo 



d<^] 



which is also an Elliptic Integral of the first class, but has a 
different modulus and a different amplitude from those of the 
given integral. 

The steps of the process are as follows : 

From (1) we easily find 

. 2 , sin'26i 

^ l+Ar»-h2A:cos2<^i* 



whence 



V l^Ar-sin^<A = l+A:co82<^, 

Vl+Ar*4-2A;cos2<^ 
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DiffereDtiatiDg (1), we get 



but from (1) 



hence 



3ec><^= ^+fe^ + 2A:eo82^ 

2(l+fccos2</>0 
^ l+A:« + 2A;cos2<^i ^" 



d<^ 



2d^ 



2d<^i 



Vl-A;^siii*<^ VH-A;^+2A;co8 2<^i Vl4-A,-*+2A;-4A:sm«<f>i 

2 d<^i 



1 + A; 



>|-a^ 



hence 



-^-kf 
^^ = when <^ = 0, 

J* d^ 



K •9a 

8in*^j 



Vl-^^8m*<^ 1 + 



_ 2 r^ 

~ 1 + ^• Jo 



d*i 



v^ 



4A- 



(1+^)2 



sin'^i 



and 

where 
and 



' 1+k 
sin(2^j — ^) = A.'sin^. 



[4J 



2VA: 



ki is less than 1 and greater than A: ; for < 1 reduces 



1-f A; 



2^/k 



to 0<(1 — Vfc)^ which is obviously true, and > A; 

reduces to 4 > ^•(l + ^)*» which is true, since k is less than 1. 

If ^ is not greater than -, and the smallest value of ^^ con- 

sistent with the relation 8in(2<^i — <^) = ^•sin<^ is taken, 

< <^i < <^. Hence (4) is a reduction formula by which we 

can raise the modulus and lower the amplitude of our giveu. 
function. 



■i 
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B}' applying the formula (4) n times, we get 



F{k, <t>) = 



or, BiDce 



1-fAj l-hA:i l+A:, l+*J«-i 
2 _ A;, . 



F{K, <l>n) ; 



wliere 



F{k, <!>) = A;,-^ ^-^-^-* ^ if-C*., ^.), 
re 

A:, = — — f^, and Bin(2<^,-<^,.0=^j»-i8in<Aj»-i. 

1 + fCp-i J 



[5] 



If we suppose n in (5) to be indefinitely increased, we shall 
have [A;-] = 1 ; for if we form the series 

(l-A:)-h(l-A;0 + (l-A:8) + -+(l-Av)+..., 
we shall have 

1-A:, 1-A:, l-A:/ 1 + V5^1+V 

which is always less than unity ; hence the terms in the series 
must decrease indefinitely as p is increased and ™* [1 — k^"] = 0. 

Since, as we have seen above, ^« continually diminishes as n 
increases, but does not reach the value zero, it must have some 
limiting value ^. Hence 

Jr;* mK, «.)] =i^(i. *) =f*:j^^=^ 

=^*sec <^<^ = log tan f^ + 1"| ; 

and F(k, <^) = log tan ["- -h |1 ^^SAZi. [6] 

Formulas [5] and [6] lend themselves very readily to numer- 
ical computation. 
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181. Formula [4J, Art. 180, may be used to decrease the 
modulus and increase the amplitude of a given Elliptic Integral. 
Interchanging the subscripts, and using (3) Art. 180 instead of 
(2) Art. 180, we have 



F{k,<i>)='^-±^F(K <!>,), 



where 



k,= 



1 - Vi - fc* 



and 



14-Vrrp' 

tan(<^i — <^) = Vl — A:* tan<^. , 



[1] 



By repeated application of [1] we get 

J'CA;, <^) = (1+ &,) (1 4- ft,) ... (1 + A:,)^%^/ 



where 



_ l-Vl-fc^, , 

i + Vi-^Vi 



[2] 



and tan (<^, — ^,_i) = Vl —Ic^p-i tan <^p_,. 

It is easily shown, as in Art. 180, that __ [^'n] = 0» 8^"<i 

limit r* 

consequently that _ F{K\, <t>^) = I d<^ = ^, where ^ is the 

n — 00 ^Q 

limiting value approached by <^ as 7i is increased. 

If <^ = ^i we get from [2], <^i = 7r, «^2 = 27r, ...<^^ = 2""V; 



hence 



A'=f('a;,|^ = |(1 +ft,) (1 +*,) (! + «,) 



[3] 



Formulas [2] and [3], like formulas [5] and [6] of Art. 
180, lend themselves readily to computation. 

With a large modulus, it is generally best to use [5] and [6] 
of Art. 180 ; with a small modulus, [2] or [3] of the present 
article will generally work more rapidly. 

We give in the next article the whole work of computing the 

Elliptic Integral fI — , - ) by each of the two methods, and 
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of computing k(—^]=^F[ — , ^j by the second method, 
employing five-place logarithms. 



182. 



<fj)- 



Method of Abt. 180. 



A: = 0.70712 log A; = 9.84949 

1 + A; =1.70712 log (1 4- A;) =0.23226 

log VS = 9.92474 

log2 = 0.30103 

colog(l-hA:) = 9.76774 

logA:i= 9.99351 

A"! = 0.98518 log A;i = 9.99351 

1 + A;x= 1.98518 log ( 1 -f A:,) = 0.29780 

log VFi= 9.99676 

log2 = 0.30103 

colog(l+A:i) = 9.70220 

logAr, = 9.99999 
A:j=l 



logA;= 9.84949 
9.84949 



log sin - 



log Bin (2<^i - <^) = 9.69898 






30^ 0' 8'' 
75° 0' 3" 
37*30' 2" 



logA^i = 9.99351 
log8in<^i = 9.78445 

logsin (2 <^-<^)= 9.77796 
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2<^-<^ = 36^ 51' 8» 

2<^==74* 21' 5" 

* = <^ = 37* 10' 32" 

i* + !!:=63* 35' 16'' 
log tan f^ + i^\ = 0.30393 

log VFi = 9.99676 

cologVifc =0.07526 

log log tan ^ J + i*^ = 9.48277 

colog/i = 0.36222 
logF^^,j) = 9.91701 

Ff—, -") = 0.82605 

/i = 0.43429 is the modulus of the common system of 
logarithms. 

rf'^.^X Method of Art. 181. 

y/T^n? = k' =0.70712 

1 - A:' = 0.29288 log (1 - A:') = 9.46669 

1 + A;' = 1.70712 colog (1 4- k') = 9.76774 

A"! = 0. 17157 logAri = 9.23443 

1 - A!i = 0.82843 log (1 - ki) = 9.91826 

1 + A-, = 1.17157 log(l 4- A:i) = 0.06878 

log A;/' =9.98704 

AV= 0.98520 log A;/ =9.99352 

1 - A'/= 0.01480 log (1 - ki') = 8.17026 

1 + A'/= 1 .98520 colog (1 -h A:,') = 9.70220 

A'l « 0.00746 logA^i = 7.87246 
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1- A:, = 0.99254 
1 + A;^= 1.00746 



*8=0 



log (1-A^) = 9.99675 
log (1+ A:,) = 0.00323 

log A;,'»= 9.99998 
logA:,' =: 9.99999 



logA;' = 9.84949 
log tan <^ = 0.00000 



log tan («^i - «^) = 9.84949 



log At/: 
logtan<^i: 



= 35° 15' 53" 
S{f 15' 58" 

9.99352 
0.76557 



log tan (<^ - 1^) = 0.75909 

<^-,^i= 80° V 17" 
<^=160° 23' 10" 

tan (^ — <^2) =tan<^ 



* = ^3=2<^ = 

i* = 
2» 



x = 



320° 46' 20" 
40° 5' 48" 

144348" 
648000" 



cologir" 

log IT 



= 5.15942 



4.18842 
0.49715 

9.84499 
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log (1+A;i) = 0.06878 
log (1+Ar,) = 0.00328 

= 9.84499 



logF^^,J^ = 9.91700 



it t) = »• 



82605 



For -P^— , -") wc have by (3), Art. 181, 

log (1+ All) =0.06878 

log(l + A:,) = 0.00323 

logTT = 0.49715 

colog 2 = 9.69897 

logFf^, -\ = 0.26813 






8541 



183. Lnndcn's Transformation can also be applied to the 
computation of Elliptic Integrals of the second class, but the 
task is a njore diflicult one ; we shall, however, give a brief 
sketch of tlie method ; and in so doing we shall apply it to a 
more general form 

g(^s»)=r -±^"^'t- c^, [1] 

Jo Vr-Asin=^<^ 

of which E (k, <^) is a special case. 
From Art. 180 we have 

Vl-fe^sin^= l -hfccos2<^> _^ 

Vl+fc^-h2A;cos2<^i 

008^= ^ + ^^^^^1 , 

Vi-P&* + 2A;cos2<^ 

dA= 2(l+fecos2<^0 
^ l + A;«+2A:cos2<^i ^^ 
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Hence Vl — /c* sin* <^ -f A; cos ^ = Vl +A;* + 2A;co82^. 



G (k, *) = 






=r 



LVi 



-A:*8m«6 A:' 



d«^, 



and 

O (A:, <^) 



^ sin<& 
A; 



-r 






i) [_Vl-^8in''<^ 



j^ (Vl-A:*8m*<^ + ArcoB*^) 



d^. 



Substituting c^i for ^, this becomes 







^ ^ * ^ -'o Vl+ifc»4-2fccos2<^, ** 



2 r 

1+A;J> 



*. -f + f Bin«*. 



Vi-oTF'""*** 



=d^. 



= 1 



O (k, <^) = tain <^ + ^-^ Giih, ^), 



[2] 



Hence 
where 
AJi = Y^, 8in(2<^-«^) = A:sin^, ^1=**"!' '^^ = ¥' ^^^ 

Formulas [2] and [3] enable us to make our given function 
depend upon one of the same form, but having a great<?r 
modulus and a less amplitude. A repeated use of [2], together 
with the reductions employed in Art. 180, gives us 
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fsro-Aato,-^^^ - Asm* 



•;^ tf. o =K-«3:o— — r 



+^f^ - *««•.-► .-- +^^fe^:^A-. 



^^ -«.**•«. W 









mad «^ = * — - l + _ + ___^ ^_______ 1. 



A 



V 



i, kk, k^KK 



Jtta s$ ia An. ISO ^ rapidly appmcfaes 1 as ii is increased ; 

= («,-«- 3.> log Un''^ + ^^-/5. Sin ^. [6] 
By Art- 1<>\ '5] and "*\ 



[4] can thus W written 

+-^ IL_11 
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If a= 1, and p^ — l^y [7] reduces to 



2**-^ 2" y\ 

r 2 2* 

— A: sin ^ H — ::: sin <^i + —7= sin ^ + ••• 
L VA; skki 

2* 1 

==: sin 4^^ , 



2-' . , 

—==Z Sm Kbn^i 

ykki,..k„^2 vA;/f 



2V^ 



[8] 



where k, = f=^^ and sin (2<^, — <^,_,) = A;,_isin<^,_i. [9] 

1 + kj,_i 

By Formulas [8] and [9] an Elliptic Integral of the Second 
Class may be computed without difficulty. 



184. Formula [2], Art. 183, may be used to decrease the 
modulus and increase the amplitude of an Flliptic Integral. 
Interchanging the subscripts, we have 

or, since ^ = f > (Art. 183 [3]) , 



O (k, i.) = ^-^[O, (Ar„ ^) - 1 siD ^,1, 



where 



D3 



h = Tr 



i-y/Tzn? 



i+Vi-** 



, tan(<^-.^) = Vl-A:* tan<^, aj=o+|,/3, 



2 
[2] 



A r»r«aae£ lac rf ^-I ^J''^* 



O -'- . =-^ --^ -^ -^^^. ife^O 






2 * i "^ f *- -I 



irb«e i, = -g ^^V-'S ^ 






..rut V, c,. o, = I X, :o = x,o,. 



Bt Ar- :-:. 'r. ^^^ . ^^ — ---- — ^OL. = F*i. b> 






1m . , « « 



H<:rx'^ _^/^ h-rcomes 



/>' 'i. * , =Fa,-. ^ ', ^ ^ 3 I - 1 _^^? . ^ . -..> 1 






If a= I ao'l P = —lr. 34] rclcvies to 
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£(*,,^)=F(ft.^)[l -1^1+1 + ^ + ^ + ...)] 



+ *[:!|^ Sin ^, + ^ Bin ^ + ^^^ Sin ^ +...], [5] 



where 



K = \\ and tan (^, - <^,.i) = Vl-Aj.^ • tan <^,.i. 

1 + VI — A:,-i 

[6] 

We have seen in Art. 181 that if ^=^, <^, = 2'-V. 

Therefore, for a complete Elliptic Integral of the second 
class we have 

^(*.i)=^(*.i)[l-f(l+| + ¥' + ^ + -)} [7] 

Formulas [5] and [7] are admirably adapted to computation. 

We give in the next arficle the work of computing 

e( — , -J by each of the methods just given, and of com- 

puting -^("2"' 2/ ^^ ^® second method; using, as far as 
possible, the values already employed or obtained in Art. 182. 



185. 



E 



/V2 7r\ 



Method of Art. 183. 



Here, as we have seen in Art. 182, if we carry the work only 
to five decimal places, At, =ts 1 , and our working formula will be 



E{k, 4>) = F(k, ^) fl -f ^Yl - 1-)1 



-.[si 



sin<^H — r:8in<^i 
y/Jc 



2* 1 

--7rr^sin<^8 . 
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( 



log2 

log A; 

cologA;i 



0.30103 
9.84949 
0.00649 

0.15701 






=s 9.43391 



= 9.91701 
9.35092 



log^= 9.84949 
log sin(^ = 9.84949 

9.69898 

log2 = 0.30103 

logVS = 9.92474 

log sin<^i = 9.78445 

0.01022 

log 2» = 0.60206 

log Vifc= 9.92474 

cologVFi = 0.00324 

log sin <^= 9.78122 

0.31126 



2h 

l+A;-^ = 0.27159 
ki 



1.43553 
1.70712 



^(fi)('--f)= 



0.22435 



A;sin^ = 0.5 



^ sin <^i== 1.0238 

\k 



Vk 

yfkki 



sin <^= 2.0477 



— ifc ( sin ^ H — r sin ^j ; — sin ^j ) = 

\ VA; slkk^ J 



= 0.5239 



0.22435 



Kf-j)= 



= 0.74825 
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E 



/V2 »\ 



Method of Art. 184. 



Ar, = 0. Therefore our formula is 






logA;i = 9.23443 

log A:, = 7.87246 

colog4 = 9.39794 

6.50483 






= 0.00032 



h 

2 



1^=0.08578 



l+?& + ?i^= 1.08610 
^2 2* 



log 0.728475 

'V2 li 



= 9.862415 l-|A+| + *^^ = 



0.271525 



0.728475 



■^<t-i)= 



= 9.91700 



log A:: 

log\^ 

colog2: 

log sin ^1 



9.779415 

9.84949 
9.61722 
9.69897 
9.99370 

9.15938 



<f •;)<»• 



728475) = 0.60178 






sin (^1 = 0.14434 
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logA; = 9.84949 

log^= 9.61722 

logVifcj = 8.93623 

colog4 = 9.39794 

log Bin <^, = 9.52592 

7.32680 ^^^^8in<^ = 0.00212 



k & sin ^1 + ^ 8in .^,) = 0. 14646 



f(—, -^ (0.728475) = 0.60178 



(t'O-- 



E{-^.-\ = 0.nS2A: 



^T— >-Y Method of Art. 184. 

^('•i)='M)['-f('+^-i')} 

_ ^A +h^ ?^^ = 0.728475 logO.728475 = 9.862415 

^ V ^ ^ J 

iogPf^, l) = 0.26813 
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186. An Elliptic Integral of the first or second class, whose 
amplitude is greater than p can be made to depend upon one 
whose amplitude is less than ^, and upon the corresponding 
Complete Elliptic Integral. 

We have 



^(*">=IK^=X'S+Xij=''-'XI^''^ ^'^'^''' 



In 



a 



then dit>=z—dilf and A^ = Vl - A:* sin* «^ = Vl - A:*sinV = A^i 



and we have 



J,A^ «4A^ «^«A<^ Jo A0 



Hence F{k, w) = f'^ = 2K 

ft/0 A<^ 



n«+p 



F(*, n^r+p)=J'■ 






[1] 



J AA J Ad, J i 



(p+i)' 



IW+p 



A<^ J A<^ ft/ A<^ ft/ A<^ «/ A<^ 



2ir 



MV 



(J»+1)«" 



In ( — ^ let ^ =pir + ^ ; then d<f> = d^, and A^ = A^, 

ft/ A(^ 



(JH-I)i 



and we have C^= C^= C^ = 2K. 

J A(t> J A^ J A<f> 
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The sabstitution of ^ f or ^ — wtt in j — ^ gives us 

nff- 
nv+p p p 



Mir 



Therefore -P(A;, wtt + p) = 2n/ir-h F(A;, p). [2] 

In like manner it can be proved that 

F (k, mr - p) = 2nK'' F {k, p), [3] 

E(k, nir-\-p)=2nE + E{k, p), [4] 

E {k, mr - p) = 2nE - E {k, p) , [5] 

where E = E(k,-j is the complete Elliptic Integral of the 
second class. 

A table giving the values of the Elliptic Integrals of the 
first and second classes for values of the amplitude between 

and - is, then, a complete table. 

Such a table, carried out to ten decimal places, is given by 
Legendre in his ''Trait<S des Fonctions EUiptiques." We give 
in the next article a small three-place table. 

It must be noted that the first column gives F(0, <^) and 

^(0, (^), that is, I d<f> = <f>; and that the last column gives 
F(l, <t>) and-E(l, <^), that is, log tan[--f-^jand sin^. 

The complete Elliptic Integrals, 
are given in the last line of each table. 
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-I 



oa 



O o 

li e 



_; OQ 
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•4 






a 



II 





ooo 





»o -^ c4 

• • • 

OOO 
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Addition Formtdaa. 

188. The Elliptic Integrals, F(k, x) and E(k, x), may be 
regarded as new functions of x, defined by the aid of definite 
integrals; namely, 

Jr»« dx 



^<*'">=r>i^-^'- 



see Art. 178, [1] and [2]. 

We have seen how we may compute their values to any 
required degree of approximation when k and x are given. 
It remains to study their properties. 

We are familiar with other and much simpler functions which 
may be defined as definite integrals, and whose most important 
properties can be deduced from these definitions. 

X*dx 
— , sin~*a5 as 

J > tan~^aj as | -, and the theory of these func- 

tions may be based upon these definitions. For instance, the 
fundamental property of the logarithm is expressed by what is 
called the addition formula, 

logo? + logy = log (ajy), 

and the whole theory of logarithms may be based on this 
property ; and there are addition formulas for the other func- 
tions defined above ; namely, 

sin"^ a; 4- sin"^ y = sin~* (ojVi — y* + y Vl — a^) , 



tan-^a? + tan-'y = tan-^^^ '^ V 
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These three important formulas are usually obtained by more 
or less elaborate methods involving the theory of the functions 
which are the inverse or anti-functions of the logo;, the sin'^x, 
and the tan~^a;, that is, of e*, sin a;, and tana;; but they may 
be obtained without difficulty from the definitions of logx, 
sin'^a;, and tan"* a;, as definite integrals. 

Take first loga:=r'— . 

Let us determine y in terms of x, so that 

logo? + logy = log c, (1) 

where c is a given constant. 

Since logy= I -^, 

J\ y 

if we differentiate (1), we have 

X y 
or ydx 4- xdy = 0. (2) 

Integrate (2), and we get 

iydx 4- (xdy = C. (3) 

Simplify the first member of (3) by integration by pai'ta; 

xy --Jxdy -f- xy —J ydx = C, 

or 2«y — I {xdy + ydx) = (7. 

Reducing by the aid of (2), 2xy=^ C^ 
or xy= Ci, (4) 
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where Ci is an undetermined constant. To determine (7i, let 
a; = 1 in (4), and we have y=Ci when a;= 1 ; let x= 1 in (1), 

— = 0, logy = logc, and y = c, when «=!. 

1 X 

Therefore Ci = c, and xy = c. Consequently y=- is the 

X 

required value of y, and we have (1) 

logo? + log- = logc. 
x 

We can express this relation more neatly by replacing c by 
its value oey, and thus we reach our required addition formula 

log» + log y = log (xy) . [5] 



189. The addition formula for the sin*^ can be deduced in 
exactly the same way. We wish to determine y so that 

sin"^a5 + Q\n~^y = sin^^c. 



We have 



sin~*a:= ( y sin~V= ( ^ 

•/o vn^ •/« Vi - 



Differentiate (1). 

dx 



4- 



dy ^ 



=0, 



or 



vn^ Vi -f 



rvn=Y • dx+ f^/y^^ ' dy=z a 

Integrate by parts, and 
or, reducing by (2) , 



0) 



(2) 



= 0; 



xy/T^ + yy/T^^= C. 



(8) 
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To determine (7, we have from (3) y = (7 when 05 = 0, and 

— =r =0, when 

« = 0. Hence (7= c, and x Vl — y* + y Vl — ic* = c, and, finally, 

sin~^a5 + Bin~^y = sin"^ (aVl— y'^- y Vl — a^) . [4j 

To get an addition formula for the tan~^ a slight device is 
required, that of dividing the differential equation correspond- 
ing to (2) by 1 - o^y*. 

As before, let 

tan"^a? + tan"'y = tan~^c, (6) 



where tan"*a?= I •, 

Jo IH-aj* 



and tan~*«'^ ' — ^ 



^ Jo 1 + 



dx dy =0 

or (l+y')dx + {l-\-x')dy=:0. (6) 

Divide by 1 — o^y* and integrate. 

Integrate by parts. We have 



and 



l+V* , l+«* x + y 
X • !— ^^ — h y • ■ = — 5— ^« 

l — a^y^ 1— a^y* 1— ajy 
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Hence 



Bi-rf^^^<' +»*>'^+<' +'^*]-<'- 



Therefore, by (6), 



l-xy 



(7) 



To determine C, we have from (7) y = Cwhen a;=0, and 

-^ = when 



Hence C=c^ 



and ^ ^ =c, 
1— «y 



and, finally, tan~^aj + tan"^y = tan~'( — iJL\ 



[8] 



190. To get an addition formula for F(kj a:), as before 



let 



where 



F{k,x)-i-F{k,y)=F{k,c)j 



dx 



(1) 



F{k,x)= r-7= 

Jo vri- 



VCl-x'Xl-Ar'iB*) 



and 






(fy 



V(l-2/*)(l-^'^2/») 



dx 



dy 



V(l- a;*) (!-*'«') V(l-y")(l-&*y») 



= 0, 



(2) 



or 



V(l - 2/*)(l - Aj'y') . dx+ V(l - a^) (1 - 1^7?) -dy^^O. (3) 
Divide by 1 — k^a^y^ and integrate. 
/ 'V(l-y')(l-A:'y^) ^ W( 1 - a^)( 1 - fc'a^) ^^ 
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Integrate by parts. We have 

-(1 +&»)(! +&'x»y^)] ^ 



V(l-y»)(l -*•»>) 
+ 2&*iryV(l-y»)(l-fc»3^). dx\ ; 

i-i<?x'f {1-i^x'y'y^^ y^-ry) 

-(1 +&»)(! +ft»a!'y»)] ^ 



+ 2 A«!By V(l - a?) (1 - *»!»!«) • dy|. 

Hence 

a!V(l-y')(l-A:»y* + yV(l -a'Xl -ifc'a!') 

f ^ + ^y "] 

LV(l-!r»)(l-A:'x') V(l-/)(l-»^y')J 
+ 2&»a^ [Vci-j/'Xl-ft'y'). da; 

+ V(l-«')(l-ft»ar') . dy]| = C. 

Reducing, by the aid of (2) and (3) , we have 

xV(l-.v')(l-^V) + .vV(l-x')(l-A:'a:') ^ ,. 

1 - *»«•»» ^ '' 
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To determine C, from (4) y = C when ar = 0, and from (1) 
y = c when x = 0. Therefore C = c, and we get 



F(k,x) + F(k,y) 

W(l-y')(l-A^y')+yV(l-a!')(l-A^a!') y 



= K'' — ^^v'-^-^-y— /v— / J, [5] 



our required addition formula. 

An addition formula for E (A:, a:) can be obtained in very 
much the same way, but the work 13 rather complicated, and 
it is better to use a method which will be explained later. 

THE ELLIPTIC FUNCTIONS. 

191. We have just seen that there is an analogy between 
the Elliptic Integral ^( A:, a:) , and the familiar functions logo?, 
siu'^x, and tan^x; and we know that the theory of these 
functions is ultimately connected with that of their inverse 
functions, log~^u or e^ sinti, and tanti; and, indeed, that the 
latter are so much simpler than the former that it is customary 
to regard them as the direct functions, and the logarithm, the 
anti-sine, and the anti-tangent as the inverse functions. 

For example : the first three addition formulas just obtained 
are much simpler when we express them in terms of the direct 
functions, and they become 

log ^(m -f- v) = log~*u • log~^v, 

sin(w-fv) =8inM Vl — sin^v-j-sinv Vl — sin'w; 
%in(u-\'V) =sinuco8v4-cosusinv, [2] 



or 



or 



4. « / I \ tanu-|- tanv 
tan (u + v) = 



tanu • tanv 



[3] 



and in this form they seem to better deserve the name of 
addition formulas. 
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In the same way the addition formula for F{k^ x) can be 
more simply written in terms of the function which we might 
naturally represent by F ^u (mod. k) ; and, as we might 
expect, this function has many interesting and important prop- 
erties which well deserve investisfation. 

Since in most of the work which follows we shall generally 
employ the same modulus throughout, we shall not take the 
trouble to write it except in the few cases where its omission 
might give rise to confusion, and then we shall put (mod. k) 
after the function, as above with F'^u (mod. k), 

192. In Arts. 178 and 179 we have adopted two forms of 
notation for an Elliptic Integral of the first class, Fijc^ x) and 
F(k,4>)', 

F(k, x)== r ^ ^ , 

*^^ V(l-ar)(l-fc2j^) 

F(k.4>^=r- .- ^* ^r^LK 

Jo Vl —k^s\n^<t> •^o ^4> 
where x = sin <^, Vi — a;^ = cos <^, 

and Vl - k'x' = VF-^A?^!!?^ = A<^. 

If we let w = F(k, x) = F{k, <^), 

we have in Art. 179 called ^ the amplitude of w, and sin<^, 
cos<^, and A</) may be called tlie sine, the cosine, and the delta of 
the amplitude of xi ; and <^, sin<^, eos<^, and A(^ may be written 
amw, sinamt/, cosam?^, and AaraM, or, more briefly, amw, sn?/, 
en?*, and dnw; and may be read amplitudes, sine amplitude u, 
cosine amplitude w, and delta amplitudes. Formulating, we 
have 

s = F(A^a:) = F(^^<^), ^ 

<f> = am?*, 

a; = sin<^= snit, r - [1] 

Vi — a?= cos<^ = en?/, 
Vr-A;'x'=A<^ = dn?*, 



■MOM 
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snii, CDU, dnu, are ^jgonometric functions of ^, the ampli- 
tude of u, but they may be regarded as new and somewhat 
complicated functions of u itself, and from this point of view 
they are called Elliptic Functions of u. 

amu also is sometimes called an Elliptic Function ; and there 
are various allied functions that are sometimes included under 
the general title of Elliptic Functions. We shall, however, 
restrict the name to snu, cnti, and dnu. They have an analogy 
with trigonometric functions, and have a theory which closely 
resembles that of trigonometric functions, and which we shall 
proceed to develop. It must, however, be kept in mind that 
the independent variable u is not an angle, as in the case 
of the trigonometric functions. 

Of course, with our notation, u = F{kjX) = sn~*a? (mod A:), 
or tt = F{k^ <fi) = am~^^ (mod k) . 

The fundamental formulas connecting the Elliptic Functions 
of a single quantity follow immediately from the definitions 
[1], and are 

sn'tt + cD^ u = 1 , [2] 



dn'u-f-A:*ef"M = l 



dam it 
du 



= dnt£. 



[8] 

[4] 



dsnn 
du 



= en u . dn u. 



[5] 



dcnu 
du 



= — sn tt . dn u, 



[6] 



ddnu 
du 



= -~J(^8nu . cnu, 



[7] 



The only one of this set which needs any explanation is [4] 



We have 



Jo A 



A^' 
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hence 

and, finaUy, 

Since 
we see that 



A<^ dnu 



damu 
du 



= dnw. 



./o A<^ •/© A ( — ^) Jo A^* 



am( 
sn( 
en (■ 
dn( 



— w) = — amu, "^ 

— w) = — sna, I 



u) 

«) 

u) 

«) 



cnw, 
:dnt«, 



[8] 



That is, snu is an odd function of u, and cnu and dnu are 
even functions of u. 



Since 
we have 



«/o A</> 

am(0)=0, ^ 
sn(0) =0, 
en (0)^=1, 
dn(0) =1, J 



P] 



193. Our addition formula for the sine amplitude flows 
immediately from [o]. Art. 190. Let « = F(A:, a;) and 
v = F(A:, y), and tiike the sine amplitude of each member of 
[5] , Art. 190; we get 

^ , >, suw. cnv . dnv-hcnii. snv . dnw 
sn (u -f- V) = — —^ • 

1 — A^ . Bwu . sn^v 

If now we replace v by — v, and simplify by [8], Art. 192, 
wo have 

/ s snw . cnv. dnv — cnu . sni» . dnw 
8n(u-v) = , 

1 — ^•*. su*u. 8n*v 



and the two formulas can be combined if we use the sign ± ; 
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sn {u±v) = 



snu. cnv . dnv ± cnu . sdv . dnu 
1 —A:*. Bxi^u . sn*v 



[1] 



From [1], with the aid of [2] and [3], Art. 192, we can get, 
after a rather elaborate reduction, the addition formulas for 
en and dn. 



/ . \ cnu . cnv q: snit . snv . dnu . dnv 
en {u±v) = — =^ 

1 — Ar. sn^M . 80*1; 



[2] 



J / . \ dnw. dnvq: A:*, snn . snv . CUM . cnv ran 

1 — At. su^M. sn'v 



From [1], [2], and [3J a large number of formulas can be 
readily obtained. We give only those for sn ; there are 
similar ones for en and dn. 



sn {u + v) + sn (w — v) 



sn (u + v) — sn (u — v) 



sn (m + v) . sn (m — v) 



1 -|- sn (u -f v) . sn (u — v) = 



2 snu. cnv.dnv 
1 — A:*. su*tt. sn*u 

2cnu . snv.dnu 
1 — A:*. sn*M. sn*u 



sn'u — 8n*v 
1 — /c*. sn^u • sn'v 



cn*v-|-8n*w. dn*v 
1 — ^'* . sn^ti . sn'v 



w 



[5] 



[6] 



[7] 



l+Ar^sn(u + t;).sn(tt-'y) =— — -\- [8] 

1 — Ar . sn'w. sn'v 

n I / I \T n I / \T (en V -I- sn M . dn V V r/v-i 



From [2] and [3] comes the useful formula 

cn(ti + '«;) = cnu. cnv — sum . snv. dn (u + v). 



[10] 
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194. If in formulas [1], [2], and [3] of Art. 193 we let 

t; = u, we get the following formulas for 8n2tt, cn2u, and 
dn2u: 

o 2snu.cnu.dnu r«-i 
1 — Arsn*u 

9 _ cn'u — sn'u .dn'u _ 1 — 28n'u4-fc*sn*tt p^-. 

■, 2 _ du'u — /c* . sn'u . cn'u _ 1 — 2fc'sn*u -h A-*sn*tt po-i 

" "*" 1-A:«8n*u " 1-A?8n*u " '" -■ 

From these come readily 

^ o 2sn'u.dn'u r.-, 

l-cn2»= ^_^^^,^ , [4] 

l + cn2«=: ^°°'" , [5] 

l-dn2u= ^_^^^,^ , [6] 

1 — Arsn u 



195. Replacing n by -, and dividing [4] by [7] and [G] 
by [5], Art. 194, we have 

««2^ 1— cnu 1— dnu p-t 

sn - = = -, 111 

2 1+dnu 1^(\^-QVLU)' ^ -" 

aU __, dnu-f cnu __ — fe''-f Ar'cnu+dnu p^-i 

2 1-f dnu ■" A'2(14-cn«) *' '■ "' 

2"" 1 + dnu "" (l-hcn?<) ' ^ ■' 

where A:'*=l— A:^, and is the square of the complementary 
modulus. 



mtmmi 
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From [1], [2], and [3], we can get without difficulty the set 



9U 

SIT- = 



du M — en u 



2 k'^ + dnu — Jc'cnu 

cn«- = ^''(l+cnu) 
2 k'^-^-dnu — k^cnu 



w 



[5] 



2 ft'^ + dnw — fc'cnu 



[6] 



Numerous additional formulas can be obtained by the exer- 
cise of a little ingenuity, but we have given the most useful and 
impoi*tant ones, and they form a set as complete as the usual 
collections of trigonometric formulas. 



Periodicity of the Elliptic Functions, 
196. We have seen (Art. 186, [2]) that 

F{k, riTT 4-p) = 2nK-\' F{k, p), 



[1] 



where K is the complete Elliptic Integral of the first class. 

Let u = F(k, p), and take the amplitude of each member of 
[1] ; we get 

am(M + 2nA'') = n7r-f-aniw; [2] 



or, replacing n by 2n, 

am(w + 4njfir) = 2n7r4-aniu; 



[8] 



whence 



Qii(u-{-A7iK) =snM, 
en (u 4- 4 n K) = en ?e, 
dn {n -+-4 7? A') = dn ?/, j 



w 



and sni/, cnw, duu are periodic functions, and have the real 
period 4K, dn m actually has the smaller period 2 A", as may 
be seen by taking the delta of both members of [2]. 
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w 



Since the amplitude of iTis -, we have 



811 K = 

diiiT: 



1. 1 
0, 



[5] 



and our addition formulas [1], [2], [3], Art. 193, give us 
readily 



Bn(M4-A") = 



CTi{u-{-K) =-- 



dn(wH-^) = 



enn 
dni/' 

k' sn n 
dun 



dnu 



[6] 



8n(?i 4-270 = 
en (w + 270 = 
dn(uH-2i:) = 




[7] 



8n(MH-370 = - 



cn(wH-370 = 



dn(tt4-3ir) = 



enu 
dn?i' 

dnu 
k' 



dnw' 



[8] 



8n(?t4-470 = 8nt/, 
en(tt4-4A'') = cn?£, 
dn (m 4- 4 K) = dn u, 



[9] 



a confirmation of [4]. 
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197. It is easy to get formulas for the sn, en, and dn of an 
imaginary variable, wV— 1, by the aid of a transformation due 
to Jacob! . 

Let v = F{k,<l>)=.r^l* (1) 

SO that <^ = arav, sin(^ = snv, and eos<^ = cnv. In (1), re- 
place <^ by ij/j <^ and j/r being connected by the relation 

sin<^ = V— 1 . tan«/r, (2) 

whence cos (^ = sec ij/^ (3) 

A<f> = Vr^^Fsin^ = Vr+^^taiiV, (4) 

and d<l> = V — 1 . seci/^ . dijf. 

Since if/ and (^ equal zero together, 



Jo A<^ Jb Vl + Ar^tai 



tan*j/r 

Jo Vl-A:'*sinV 
If now we let u = F{k\ j/^), 

we have v = w V— 1. (5) 

Hence, since j/^ = amu(raodA:'), we have from (2), (3), 
and (4) , 

/ Ai,\ */ — 7snu(modA;') 
snv (mod^•) = v — 1 ^ f-j 

CUM (mod/:') 

en V (mod A;) = — , 

en u (mod a:') 

J / J7\ dnM(modA:') 
dnv(modA;) = ^ -— f ; 

cn?^(modA;') 
or, as t; = uV— 1, 
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Since the amplitude of K is ^, we have 



8n^ = 
dn^: 



0, 



[Abt. 196. 



[5] 



and our addition formulas [1], [2], [3], Art. 193, give as 
readily 



sn (w 4- K) = 



en (ti-^-K) =- 



dn^t + A") = 



enu 
dnu 

dnu ' 
k' 



•\ 



dnu 



[6] 



sn{n-\-2K) = 
en {u 4- 2 /iT) = 
dn(w-f 2/^) = 



— sn u, 

— en?^, 
dnw, 



[7] 



Bn(w4-37i") = - 



cn (u 4- 3 A') = 



dn(u4-3A') = 



cmc 
dn?i 

k^ sn ti 
dnu 

A:' 



■» > 



dnu 



[8] 



8n(u4-47r) = snu, 
en (u 4- 4 A'') = en ?(, 
dn(u4-4A') = dnu, 



[9] 



ft oonfirmation of [4]. 
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197. It is easy to get formulas for the sn, en, and dn of an 
imaginary variable, mV— 1, by the aid of a transformation due 
to Jacobi. 

Let v = F{k, <!>)=. r.*^, (1) 

so that <^ = arav, sin(^ = snv, and co8<^ = cnv. In (1), re- 
place <t> by ij/j <t> and j/^ being connected by the relation 



in<^ = V— 1 . tan</r, 



sin 



whence 



cos (^ = sec ^, 



Ac^= Vl -•Ar*8in^c^= Vl 4-A:*tanV, 
and d<l> = V — 1 . sec^ . dj/r. 

Since ij/ and (^ equal zero together, 

Jo A<^ Jo Vl-f Ar'tan^i^ 

Jo Vl-^•'*8inV 
If now we let w = F(Jc'j ij/) , 



(2) 
(3) 

(4) 



we have 



V = M V— 1. 



(5) 



Hence, since j/^ = amw (raodA;'), we have from (2), (3), 
and (4), 

Bnv{modk) = V^ 8"«(modfc') ^ 

cnw(modA;') 

cnv(modA:) = — , 

en u (mod A; ) 

J / J7\ dn«^(mo<H*') 
dnr (mod a:) = ^^ — f ; 

cn?^ (mod A;') 
or, as V = w V — 1 , 
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cntc (mod A'') 



i-U'/V— I (mod A') = 



1 



cuf* (mod A')' 



> • 



<1., n V- 1 (mod *•) = dn«iinod*0 , 

cntf (mod Ac') 



[6] 



It is iutei-esting to note that if u is replaced ia (6) by 
tiV— 1, the formulas reduce to 

SU (— «) = — SUM, 

en (— w) = cuti, 
iln (— ?/) = (ln?<, 

and are still true. Consequently, in (6), u may be either a 
real or a pure imaginary. 



Let 



Jo A^Jr(modA') Jo Vl-A-«8inV 



Then, by Art. IIM;, 47ir' is a period for snu(wodA;'). 
en \i (mod A') , and dn h (mod A') . 
Hence 

su (,/ V _ 1 _(_ 4 ti K' \'^^) = sn n V^^, 

en (» V-IT-(- 4 n IC V- I ) =cn u V^^, 
(In ( // V -^l -f I n K' V — T) = (In II V— 1 ; 

or, replacing t< V— I by i\ 

sn (r + 4 » A"' V— T) = sn r, 
en (/• -f 4 fi K' V— 1 ) = en r, 
cln (v 4- 4 /^ /r' V- T) = ^w »•» 

and 4 A^'V— 1 is a period for sn, en, and dn. 

We see, then, that our Elliptic Functions, like Trigonometric 
Functions, have a real period, and, like Exponential Functions, 
have a pure imaginary period. They are, then, what may be called 



[7] 







^ 



u 






X^ 




•S' 



:'^/ 



>^v. z« 



^K ^ 
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Aa a matter of fact no complete set of tables for the Elliptic 
FunctiouH huH been published, and their values are nsuallj ob- 
tained indirectly from Legendre's Tables of Elliptic Integrals 
(r. Arts. IKO, 187), unless especial accuracy is required, in 
wliich case they must be computed by methods which we have 
not Hpaco to give. 

lt)8. Tliu Klliptic Integral of the second class JE: (A:, ^) can 
bo i*xprt*Hsod in terms of Elliptic Functions, and for some 
pur|M)HOB there is a decided advantage in the new form. 



We luive E{k, <^) = f A <^ . d<^. 



Ia^I u = F{k^ <t>) , then (^ = amu, and E (A:, <^) may be written 
N(k\ aiinOt or, more simply, £^(amu), if the modulus can be 
onutti*d without danger of confusion. 

J •amu 
dnu. (2 amu; 

or, since by (4). Art. 192, 

(/aniTi = dnu ,dH^ 

E (am u) = I dn- n . du. [1] 

Ah an example of the uscfulnoss of the form just given in 
[I], we will employ it in getting an addition formula for 
Klliptie Intogralrt of the second class. 

is'(ama) + isr'(«mv) 



Jdn'w . du + ( dn-v .dv 
*/o 



iWz . dz 4-1 dn'2; . dz 
dn'2 . (Zz 4- I dn-z ,dz— 1 dn^z . dz 
= -B[am {n -\- v)']-\' i \\\\^z .dz-- i dn-z . dz. 
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Replacing 2; by u + z, and remembering that u and v are given 
constants, 

dn^z.dz = j dn*(u + «)(&, 

and 

^(amu)-f ^(amv) = 

E [am (w + v)] - rVdn* (m + 2) -dn«2] (fe. (2) 

dn* (u H- «) -dn^^ = [dn {u-\-z)-h dnz] [dn (u + «) - dn^]. (3) 

We can obtain from [3], Art. 193, the following formulas 
analogous to [4J and [5], Art. 193, 



, , , V , J / K 2dnu.dnv 
dn(uH-v)4-dn(u-i;)= — — — , 

1 — Arsn'u. sn'v 



dn (u + v) -- dn (tt — v) = — 



2^^snn . snv.cnu. cnv 
1 — A:*sn*M. sn^v 



(4) 



(5) 



If in (4) and (5) we let w -f v = w + «, and u — v = 2, and 
substitute the results in (3), we get 

dn' (tt + «) — dn'2; 
^ 4»-..,(|+.)e„(|4..)d„(|+,).„|..,^d.,| ^ 



1-A:*sn* 



and 



^»■(i-)T 



r[dn» (tt + «) - dn*2] (h 



2 k^sn ('{ + z\ en (^ + z) dn f^ + z\dz 



= — 2sn- cn-dn 
2 2 2 



2 sn - en - dn - 



_l-Fsn»«sn^g + .)J 



2 



sn*- 



1-A:2gn 
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since - 2 A:^ sn* %n f^^ -f 2 ]en ("- + z\dn f^- -\-z]dzis the differ- 
ential of 1 — ^'^ sn*- sn' 1 - -4- 2 V 

r Idn^ (u-\-z)- (in- z']dz 

2 811 - en - an - 
2 2 2 



9U 
sn*- 



1 _ i^ sn» ^- sn*/^- + v^ 1 - A:«sn^- 

L 2 V2 y 2 J 



^•*2sn-cn- dn- sn-f - + v ) — su'- 
2 2 2 V2 J 2 



= — ^-^ . sn li . sn V . sn (« -f v) , 



2 



by (1), Art. 194, and [6], Art. 193. 
Hence by (2), 

^(amtt) + J^(amv) = E[sLm(u 4- v)] + A:*sntt. snv. 8n(M4- '')» 

C<i] 

our required addition formula. 



APPLICATIONS. 

Rectification of the Lemniscate. 

199. From the polar equation of the Lemniscate, 1^=0*008 2^, 
referred to its centre as origin and its axis as axis, we get as 
the length of the arc, measured from the vertex to any point, 
P, whose coordinates are r and 0. 



8 



= ar^g gf '^ - [1] 

•^0 Vcos2^ *^o Vl-2sin''^ 
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and for the arc of the quadrant of the Lemniseate, that is, the 
arc from vertex to centre, 



.^0 Vl-2sin'^ 



[2] 



These differ from Elliptic Integrals of the first class only in 
that the coefficient of sin'^ is greater than unity, and they may 
be reduced to the standard form by a simple device. 

Introduce in [1] <^ in place of $, <l> and $ being connected by 
the relation 8in^<^ = 2 sin*^. 

Then we have Vl-2sin*^ = cos <^, 



and 



dB=z— CQ8<^^<^ 



Hence s 



ay/2C* 



9. Jo 



dif, 



Vl — ^sin'c^ 



2 Vl-i8in«<^ 
_ ay/2 „N2 A 



[3] 



and 



' -2 -''' Vl-A8in>A 2 V 2 ' 2/ 



[4] 



The auxiliary angle <^ is very easily constructed when the 
point P of the Lemniseate is given. We have r = aVco8 2^, 
and we have seen that Vcos 2 ^ = cos <t> ; hence r = a cos <^. If, 
then, on a as a diameter we describe 
a semi-circumference, and with the 
centre O of the Lemniseate as a 
centre, and with a radius equal to r, 
we describe an arc, and join with 
the point Q where this arc intersects 
the semi-circumference, the angle made by OQ with a is equal 
to </>. For OQ = a cos AOQ and OP = a Vcos 2^. 
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Examples. 



V 

(1) Find the numerical value of | ^ — 

Jo Vl ~ 4 8in» 



Ans. 0.843. 



•/o VI — n8in*<^ 
(11*81 class, when n > 1. 



Integral 



Ans. i- r^ , ^» 

Vn^'o Jl-isin' 
\ n 



where sin' ^=s n sin*^. 



(3) The half-axis of a Lemniscate is 2. What is the length 
of the arc of a quadrant? of the arc from the vertex to the 
point whose polar angle is 30°? Ana, 2.622; 1.168. 

In the inverse problem of cutting off an arc of given 
length tlie Elliptic P'unctions are of service. As an interesting 
example, let us find the point which bisects the quadrantal arc 
of the Lemniscate. 

Here s^^^fC^A 

2 ^ \ 2 ' 2/ 

and we wish to find <\> and then B. 

f^t M = F| --,-); we need am- • 

V 2 2/ 2 

If '\/2 

amu = -, snu= 1, cnti = 0, and dnu = — • 

2 2 

By [1] and [2], Art. 195, 

•M 1 — cnti qM dnti-f-cnu 
sn*- = , en - = • 

2 1 + dnu 2 l-fdnu 



Therefore, 



sn*- 
2 



.mil 1 — cn M 1 ,- 

= tn'- = = -r = v2. 

^fU 2 dnu + cnii V2 

on — — 

2 2 



r. 



■MMMBMMM 
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Chap. XVI.] 



ELLIPTIC INTEGRALS. 



257 



If, then, the required amplitude is <^, 



and 



tan*</) = V2, 
tan<^ =V2. 



Since 8in*<^= 2 8in*^, we can compute $ without difficulty, 
and so get our required point. If, however, a construction will 
suffice, a very simple one gives the point. 

Erect at ^ a perpendicular 
whose length is a mean pro- 
portional between a and a V'i. 
The angle subtended at by ^ 
this perpendicular is <^, and 
the corresponding point, P, is , 
found by the method described 
on page 255. 




Rectification of the Ellipse, 

200. We have seen in Art. 177 that the length of an arc 
of an Ellipse measured from the end of the minor axis is 



8 



= Jo V^ri^ • ^• 



[1] 



If we let a; = asin<^, [1] becomes 



8 



= a j Vl — e^sin*<^ . d<t> = aE{ej <^), 



[2] 



e, the modulus of the Elliptic Integral, being the eccentricity 
of the Ellipse. If a? = a, <^ = ^, and the length of the Elliptic 
quadrant is 



«^ = a( Vl — e*sin*<^ . d<^ = a^[e, -Y 



[3] 
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The length of an arc of the Klliptic quadrant, not measured 
from tlie extremitT of the minor axis, can of course be ex- 
presseil as the difference between two Elliptic Integrals of the 
sec-ond class. 

The amplitude 6, corresix)nding to a given point P, of the 
Ellipse, is easily constmctod as follows : On the major axis 

as diameter describe a circumference ; 
extend the ordinate of P until it meets 
the circumference, and join the point of 
intersection wiih the centre of the ellipse. 
The angle the joining line makes with 
the minor axis is seen to be the required 
amplitude <^. If <^ is given, P may be 
-jj — 5^ found by reversing the order of the steps 
of the construction. 




Examples. 






v» 



The equation of an ellipse is ~ -f*— = 1, required tbe length 

ll) 8 

oi tho quadrantal arc : of the arc whose extremities have the 
abscissas 2 ami 2V2. Aus. 5.4; 0.944. 

('!) Find the a)»scissa of the end of the unit arc measuretl 

from the oxtrcuiilv of the minor axis in the ellipse f--L = i ; 

* 16 8 

of the point wliich bisects tho arc of the quadrant. 

Ans. 0.990: 2.57. 



f 

t 

K-' 



201. Bv the aid of the addition fornuila 

^(am?/)-f JEr(amr)=^ [am(»( 4- '")] -f A-sn k su rsn(K 4- v) 

([G], Art. 198) 

It is always possible to find an arc of au cllii)se differing from 
the sum of two given arcs by an ex^^rossion wliich is algebraic 
in terms of the abscissas of the extremities of the three arcs. 
This will be clearer if we modify slightly the form of our addi- 
tion formula. 
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Let <^ = amu, j/^ = am'y, and <7 = am(w + v). 

Then the formula given above becomes 

^(A-, <^) 4- E{k, if/) = E{k, <r) -f A:^ sin <t> sin ^ sincr, [1] 

where </>, ip^ and <r are three angles connected by the relation 

coso- = cos<^cosi/' — sin<^sin</rAo-, [2] 

by [10], Art. 193. 

If we multiply [1] by a and take k equal to e, we get 



aE (e, </)) + aE (e, «/r) = aE (e, <r) -f -,»i . «» . aJj, 

a' 

if Xi^ x^j and a^ are the abscissas of the points whose amplitudes 
are <^, i/r, and o*. 

The most interesting case is when cr=-, in which case 

aE{e^ 0-) is the arc of a quadrant. [2] then reduces to 

= cos<^cos^— sin<^sinj/^Vl— e*, 



or 



or 



- sin <^ sin j/r = cos <^ cos «/r, 
a 

tanc^ tani/' = -, 

h 



[8] 



and we get from [1] 

aE{e, <t>) -[aE fe, -\-aE(e, i^)"| = ae* sin<^ sin^. [4] 

If, then, any point, P, is given, [3] will enable us to get 
the amplitude of a second point, Q, and _ 

Jo 

thus to find Q, Q and P being so re- 
lated that the arc BP, minus the arc AQy 
shall be equal to a quantity which is 
proportional to the product of the ab- 
scissas of I* and Q. 
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For the special ease where <^ and ij/ are equal we have from 

[3], tan<^ = J?, 

and from [4] , 

BP-AP^^ ae' sin^ = -^ = a-&. 

This point, which divides the quadrant into two arcs whose 
difference is equal to the difference between the semi-axes, has 
a number of curious properties, and is known as Fagnanfs 
point. 

Examples. 

(1) Show that the distance of the normal at Fagnani's point, 
from the centre of the ellipse, is equal to a — 6. 

(2) Show that the angle between the normals at P and Q in 
the figure is equal to </r — <^ ; that the normals are equidistant 
from ; that this distance is BP — AQ. 

Rectification of the Hyperbola. 

202. If the arc of the Hyperbola is measured from the 
vertex to any given point, P, whose coordinates are x and y, 
its length is easily found to be 

[1] 
if e is the eccentricity of the Hyperbola. Let 




ae 
b 



— y = tan<^, 
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and [2] becomes 



hence 



if 



8 



5« r* Bec*<^d<^ 



aeJo 



-^l-isin',^ 



8 






*=i. 



Now 



and 



1 ^ 1-y 1^1 l-A:»8in*<^-fe'co8*<^ 

l-^-»L ^ A^ J' 

,=^. 1 rr%ec«<^A<^d<^-A^rgi 



=^ . _i_r f 



Bec"i^A«^d<^-fc2F(A: 



^•, *)]. 



If we integrate by parts, 



4>a\n*. 



J^ 8ec*«^A<^d<^ = tan«^Ai^ + A:'f ?i5J^d<^; 
«/o A<^ 



but 



^^8inV^J._^^ 
A«^ A<^ 



and ^•» r^sin^ ^ ^^ ^ ^^^,^ <^) - ^ (A:, <^). 

ft/o A6 



Hence 



5===-?^F(^,<^)-— -^!— -[^(fc,<^)-tan<^A<^^ 
ae ae(I— ^•^) 



But 



1-A:*= 



aV' 
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V 



therefore s = — F (A;, <^) — aeE {k, 4>) + ae tan ^ A^, 

ae 



or 



8 



= — rf-, <t>\ - aeE f\ A +ae tan <fi£i4^. [4] 



The angle <^ corresponding to a given point P is easily con- 




structed. We have only to erect a per^^endicular to the trans- 



^2 

verse axis at a distance — = 



V 



, ^ from the origin ; that Is. 

ae V^qpi,* 

at a distance from the centre e(]u:i1 to the projection of b on 
the asymptote, and to join the projoction of P on this line with 
tlie centre. The angle made by the joining line with the trans- 
verse axis is ^, for its tangent is clearly 'L — . 



Va^ + fe" 



Examples. 



(1) Find the length of the arc of tlie hyi>erbola — — ^= 1, 

measured from the vertex to the point whose ordinate is 2. 

Ans. 2.194. 

(2) Show that ae tan <^ A<^ is the distance from the centre to 
the normal at P. 

(3) Show tliat the limiting value approached by the difference 
between the arc and the portion of the asymptote cut off by a 
perpendicular upon it from P, as P recedes indefinitely from 
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the origin, is aeE (Kt\-- ^f-y-\ This is generally re- 

\e 2/ ae \e 2J 

ferred to as the ditTerencc between the lengtli of the infinite arc 

of the hyper]x)la and the length of the asymptote. 

Show that in example (1) this difference is equal to 2.803. 



The Pendulum. 

203. We have seen in Art. 17G that if a pendulum starts 
from rest at a point of its arc whose distance above the lowest 
point is 7/o, the time required in rising from the lowest point to 
a point whose distance above the lowest point is yj is 

,=J« f* 'I^ J^F{k.4.h 



where 



g^" Vr-Ar'8in»<^ 
t = J-2!L, and Bin<^ = xl^. 



[1] 



In the figure let A be the lowest point of the arc, B the 




highest point reached by the pendulum, and P the point 
reached at the expiration of the time t. Call AOB a, and 
AOP 6. 

Then ^ = 1 - cosa, and xf^ = Vi(l - co9a) = sin- = k. 
Consequently the modulus of the Elliptic Integral in [I] is 
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the sine of oDe-foarth the angle through wluch the pendulum 
swings. 

a 



and 



\-J^ = % All — cos^)=siD-, 
2a ^^ ^ 2 



and 



SIQ 4 = \ ~ = = = 

\2a 



SID- 



. a 

sm- 
4 



and therefore the sine of the amplitude of the Elliptic Integral 
in [1] is easily computed when the angle through which the 
pendulum bas risen is given. When = a, sin^=l, and 

^ = -; so that the time of a half -oscillation is v--^f sin-t - \ 
^2' ^ \ ^^^ 

a confirmation of [7]. Art. 176. The construction indicated 




in the figure gives tiie angle <t>j correspouding to any given arc 
A r. For 

-^= l-oo8^0'Q, 

and \l^- = Vh'i"^co8^0'V) = sin^^^^ = sin^CQ. 

>//o 2 

Therefore ACQ = <^. 



■MMMMfliaMMlM 
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It is very eas}' to express the angle $ in terms of t. 



We have 



hence 



and 



then 



and 



in<^ = snuW2 J, 
<"f = .ln|..('\i|)(™a.in|), 
|.d.(.^f)(«od..n|), 



COS 



sin ^ =2 sin - sn 
2 



('>S)''°K3("«^"-i)' 



Examples. 

(1) A pendulum swings through an angle of 180°; required 

the time of oscillation. ^ ^ ^ la 

Ans. 3.708 X-. 

(2) Compare the times required by the pendulum in Ex. (1) 
to descend through the first 30°, the second 30°, and the third 
30° of its arc respectively. 

Ans. 1.028 vl-; 0.446 J-; 0.380 v|-- 
^9 ^9 ^9 

(3) The time of vibration of a pendulum swinging in an arc 
of 72° is observed to be 2 seconds ; how long does it take it to 
fall through an arc of 5°, beginning at a point 20° from the 
highest point of the arc of swing? Ans, 0.095 seconds. 
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(4) A pendulum for which \\- has been determined, and is 

equal to i, vibrates through an arc of 180° ; through what arc 
does it rise in the first half -second after it has passed its lowest 
point? in the first ^ of a second? Ans. 69** ; 20* 6'. 

(5) It has been shown in Art. 176 that if yo>2a the 
pendulum will make complete revolutions, and that the time 
required to pass from the lowest point to any point whose 
distance above the lowest point is y, is 

ygyo^o Vl~A:*sin2«^ ^IgVo 
where k = \| — and sin <f> = \/ -^ • 

Show that in this case <^ = -, and that sin- =sn( -xr— V 

2 2 Va\ 2/ 



Note. — In working with a pendulum it is often about as 
easy to compute F {k, <t>) by developing by the binomial 
theorem and Integrating two or three terms, as to use a table 
of Elliptic Integrals. 

We have F{k,<t>)= C^ —-J±-—, 

Jo Vl-A'-8iu2<^ 

(l-^'2sin2<^)"-=l+iA•28in2<^ + ^Ar*8inV + — , 



and F(k, <!>):= C — ^^^=-_- = <^ + T(<^-8in<^co8<^) 



3 9 
A'^ sin^ <f> cos <f> H k* (<h — sin <t>co8<h) •••• 

32 ^ 64 ^ ^ ^^ 



itammtmKmmmmmmmmmmmmmmm 



Chap. XVII.J THEORY OF FUNCTIONS. 267 



CHAPTER XVII. 

INTRODUCTION TO THB THEORY OF FUNCTIONS. 

204. A fanctioQ having but a single value for any given 
value, real or imaginary, of the variable is called a single'VcUued 
function. Rational Algebraic Functions, Exponential Func- 
tions, the direct Trigonometric Functions, and the Elliptic 
Functions are single- valued. 

A function which has in general two or more values for any 
given value of the variable is called a muUiple'Valued function. 
IiTational Algebraic Functions, Logarithmic Functions, the 
inverse or anti-Trigonometric Functions, and the Elliptic In- 
tegrals, are multiple-valued. 

205. In Chapter II. we have explained the customary graph- 
ical method of representing an imaginary b}' the position of a 
point in a plane, the rectangular coordinates of the point being 
the real term and the real coefficient of the pure imaginary term 
of the imaginary in question. 

In the ordinary treatment of the Theory of Functions this 
method of representation is of the greatest service, and enables 
us to bring the study of functions of imaginary variables within 
the province of Pure Geometry, and to give it great definiteness 
and precision. 

For the sake of brevity we shall in future use the symbol % 
for V — 1 and cis<^ for cos<^-f- V— 1 sin^, so that we shall 
write our typical imaginary as x-^-yi or as rcis^, instead of 
using the longer forms x-^-y V — 1, and r (cos ft> -|- V — 1 sin <jf>) . 

We shall also use the name complex quantity for an imaginary 
of the typical form when it is necessary to distinguish it from 
a pure imaginary. 
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206. A complex variable z = x-\-yi is said to vary continue 
ousHy when it varies in such a manner that the patii traced by 
the point {x^y) representing it is a continuous line. 




Thus if % changes from the value a to the value P^ so that 
the point representing it traces any of the four lines in the 
figure, % varies continuously. 

It will be seen that a variable can pass from the first to the 
second of two given values, real or imaginary, by any one of 
an infinite number of different paths witliout discontinuity if the 
variable in question is not restricted to real values ; while a real 
variable can change continuously from one given value to another 
in but one way, since the point representing it is confined in its 
motion to the axis of reeds. 



207. A single-valued function to of a complex variable % is 
called a continuous function if the point representing it traces 
a continuous path whenever the point representing z traces a 
continuous path. 

A multiple-valued function of z is continuous if each of the n 
points representing values corresponding to a value of z traces 
a continuous path whenever z traces a continuous path. These 
n paths are in general distinct, but two or more of them may 
intersect, a point of intersection corresponding to a value of z 
for which two or more of the n values of to, usually distinct, 
happen to coincide. Such a value of z is sometimes called a 
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critical vcUue^ and the consideration of critical values plays an 
important part in the Theor}' of Functions. 

In studying a multiple-valued function we may confine our 
attention to any one of its n values, and except for the possible 
presence of critical points this value may be treated just as we 
treat a single-valued function. 

In representing graphically the changes produced in a func- 
tion w by changing the variable z on which it depends, it is 
customary to avoid confusion by using separate sets of axes for 
w and z. 

208. If we use the word function in its widest sense, 
w=u-\-vi will be a function of a complex variable z = x + yi^ 
if u and v are any given functions of x and y. For example, 

xi, 6y, a^-hfi x — yi, a^ — f-\-2xyi, f ~^"*"^* :, 

Va:«H- 3^ + 4 
may all be regarded as functions of z. 

We have seen in Chapter II., Arts. 36-42, that with this defi- 
nition of function the derivative with respect to z of a function 
of w is in general indeterminate ; but that there are vanous 
functions of z, for instance, sT, loga;, e*, sinz, where the deriva- 
tive is not indeterminate. We are now ready to investigate 
more in detail the general question of the existence of a deter- 
minate derivative of a function of a complex variable. 

Let io = U'\- vi be a function of 2; ; u and v, which are recUy 
being functions of x and y. 

Starting with the value 20 = iCo 4- y^i of z and the correspond- 
ing value Wo = Vo-}-Voi of k?, let us change z by giving to x 
increment Ax without changing y. 



V 






Xa 



X 



V 



t^Vr: J 

Vo 



IA«« 
I 



Uo 



u 



Let A,u and A.v be the corresponding increments of u and 
V ; and Zi and Wi the new values of z and w. 
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We liave 



Then 



2i = Zo + Aa;, tVi = Wq + A.w + tA,v. 

u\ — WoXi*^ iA,v 

H — I — » 



^1 — ^0 



Ax 



Ax 



and the derivative of w with respect to z under the given cir- 

cunistauccs is 

limit Twi — 

Az: 



limit fw, — tt'o~l r\ f • r» 



[1] 



V 



^Q 



I 



2^0 



*Z7o 



a? 



o 



V 



%-:. 






A»M 



tf 



If, however, starting with the same vaUie z^ of z^ we change 
« by giving y the increment Ay without changing x, we have 

Zi = Xo-h {yo + Ay) I = 2o + « At/, 

u'l = Wu + \ w + ( i + A, v) i = Wo + A, K H- I Ay V, 

^1 — w?„ _ A, w / Ay V 
Zi — 2r„ ~ iAi^/ iAy ' 



and 



limit r?ri — iCy" 



= Z> y — iD w. 



[2] 



and this is the derivative of w with respect to z when we change 
y and do not change x. 

Comparing [1] with [2], wc see that if we start with a given 
value of z, and change z in the two dififorent ways just con- 
sidered, the limits of the ratios of the corresponding changes in 
tv to the clianges in z need not be the same. Indeed, the two 

values for — - given in Pll and [21 will not be the same unless 
dz 

tc = w + vi is such a function of z = x-^ yi that 

D,u = D^v and D,u=-.-I),r. [3] 
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We shall now show that if w is such a function of z that 
equations [3] are satisfied, a^.^.^ — will be the same if we 

start with a given value Zq of z, no mattter in what manner z 
may ciiange ; that is, no matter in what direction the i)oint 
representing z may be supposed to move ; or, in other words, 



no matter what may be the value 



" .'So[^} 



We have in general, since t(? is a function of the two variables 
X and y, 

Aw = (Z>,ti + iD,v) Ax H- (D^u + iD^v) Ay + c, 

where c is an infinitesimal of higher order than Ax or Ay. 

(L, Art. 198.) 
Az=: Ax-\'iAy. 

Tj Ai^ _^D,u, AX'\-iD,v . Ay •\-iD,v . Ax -|- Z>,u . Ay-\- c 

Az Ax-j-iAy 



Ay 



^y 



Ax ' Ax Ax 



and 



imit rAto"! _ 



Ax 



limit 
Az 



dw 
dz 



. limit fAy"] ' 

^Aa;=0LAj [4] 

a value involving *-,_:_ a — I and therefore dependent upon 



the direction in which z is made to move. 
If, however, [3] is satisfied, [4] reduces to 

dw 



dz 



= D^u -j-iD^v^ 



[5] 



and the derivative of w is independent of . _:_a — ^ • 
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A function which satisfies equations [3], and which, there- 
fore, has a derivative whose value depends onl}' upon the value 
of the independent variable, and not upon the direction in which 
the point representing the variable is supposed to move, is called 
by some writers a monogenic function, by others 2l function which 
has a derivative; still others refuse to dignify with the name of 
function any other than monogenic functions. 

209. Any function involving z as a whole, that is, any func- 
tion which can be formed by performing an operation or a 
series of operations upon 2; as a whole, without introducing x 
and y except as they occur in 2, is a monogenic function of z. 

For if w =fz =f(x -h yi) , 

where ^ can be formed by operating upon z as a whole, 

DgW= fhy and D^w= if'z ; 

therefore iD,w = D^w^ or i D, (u '\- vi) = D^ (u + vi) ; 
whence D, u = D, v, and D^u^ — D^v; 

and [3], Art. 208, is satisfied. Consequently w is monogenic. 
This accounts for the results of Arts. 38-42. 

If to is a multiple-valued function of 2, there may be several 

diflPerent values of — , corresponding to the same value of z ; 

dz 

but if w is monogenic, each of these values depends only upon «, 
and not upon the way in which z is supposed to change. 

In future, unless something is said to the contrary, we shall 
give the name function only to monogenic Amctions. Thus we 
shall not call such expressions as x — yiy or a5'-|-y* + 2a:!yi, 
functions of z. 

Conjugate Functions, 

210. If u and v are functions of x and t/, satisfying equations 
[3], Art. 208, it is easy to prove that 

I)Ju-\-D,^u = and Z>/v + i>> = 0. 
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For since D,u=iD^v and D,v = — D^u^ 

we have D^ u = D,D^v and />/ u = ^ D^D^v^ 

DJ^v^-D^D^u and D,^v=D,D,u; 
u and V are then solutions of Laplace's equation, 

A»F+i>/F=0. [1] 

Any two functions <^ and ^ oi x and y^ such that 
<^(^jy)H-*'A(^9y) *s * monogenic function of x-{-yi^ are 
called conjugate functions ; and, by what lias just been proved, 
each of a pair of conjugate functions is always a solution of 
Laplace's Equation [1]. 

Thus ic* — y*, 2xy\ e'cosy, e'siny; i log (a:* + y*) , tan~*^; 

X 

are three pairs of conjugate functions, since o^ — y*-f 2a?yi 
= (aj + yi)*, e*cosy+ iVsiny = 6*+'', ilog(iB* + y') + ttan~*2 

X 

= log {x + yi) , and consequently » by Art. 209, are all monogenic. 
Therefore each of the six functions at the beginning of this 
paragraph is a solution of Laplace's Equation [1]. 

It IS clear that we can form pairs of conjugate functions at 
pleasure by merely forming functions of x-^-yi and breaking 
them up into their real parts, and their pure imaginary parts ; 
that is, throwing them into the typical form u -|- vi. 

If each of a pair of conjugate functions, ^ and ^, is written 
equal to a constant, the equations thus formed will represent a 
pair of curves which intersect at right angles. For let (a;, y) 
be a point of intersection of the curves <^ = a, \l/ = b; the slopes 

of the two curves at (a;, y) are respectivelv — 7;^—, — —^ by 

L, Art. 202; and since D^<l>=D^il/ and D^ilf = — D^ft>, the 
second slope is minus the reciprocal of the first, and the curves 
are perpendicular to each other at the point in question. 

Thus 05* — y* = a, 2a.'y = 6, cut each other orthogonally ; as do 
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also ilog(a^-hy*) = «? tan~^^ = 6; or, what amounts to the 

X 

same thing, a5' + y* = ai ^ = 61. It must be observed, how- 

X 

ever, that ^-^y^ and ^ are not conjugate functions, and that 

X 

in general the converse of our proposition does not hold. 

It may be easily proved that if <^ and \ff are conjugate func- 
tions of X and y, and / and F are any second pair of conjugate 
functions of x and y, the new pair of functions formed by re- 
placing X and y in <^ and i/r by / and F respectively will be 
conjugate. 

Thus (e*cosy)* — (e'siny)*, 2e'cosy.e"siny, 

or, reducing, e^ cos 2 y, e^ sin 2 y, 

are conjugate functions ; 

ilog[(a:^-y^)^ + (2ar2^)^, tan-(^^^\ 

or, reducing, log (ar* -f y^) , tan-^/^ ^^ 

are conjugate. 

The properties of conjugate functions given in this article 
are of great importance in many branches of Mathematical 
Physics. 

fiXAMPLE. 

Show that if x^ and y' are conjugate functions of x and ?/, 
X and y are conjugate functions of x' and y\ 

Preservation of Angles. 

211. If to is a single-valued monogenic function of 2f, and 
the point representing z traces two arcs intersecting at a given 
angle, the corresponding ares traced by the point representing 
xc will in general intersect at the same angle. 
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For let Zq be the point of intersection of the curves in the z 
plane, and Wq the corresponding point in the w plane. Let z^ be 
a pomt on the first curve, and z^ a point on the second ; and let 





w?! and W2 be the corresponding points in the w figure. 

Let r„ rg, Si, and 82 be the moduli of Zi — 2oi ^2^ ^1 W\ — «^o> 
and W2 — Wq respectively, <^i, <^2, i^j, and ^2 their arguments ; 
then, since to is a monogenic function of 2, we must have 

limit I "^^^l = limit ri^ZlB)], 

or limit fiii^l^l = limit f^^l^^l ; 

Lncisc^iJ Lr,cis<^2j 

whence, by Art. 23, 

limit ~ cis (i^i — <^i) = limit — cis (1/^2 — ^) h 

and since, when two imaginaries are equal, their moduli must 
be equal, and their arguments must be equal, unless the moduli 
are both zero or both infinite, 

limit (^2 — i/fj) = limit (<^2 — <^i) ? 

that is, the angle between the arcs in the w figure is equal to 
the angle between the corresponding arcs in the z figure ; unless 



f— 1 = 



= 0, or 



f— 1 = 



00. 



If t(7 is a multiple-valued monogenic function of 2, and if 
starting from any point Zqi the point which represents z traces 
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out two curves intersecting at an angle a, each of the n points 
representing the corresponding values of w will trace out a pair 
of curves intersecting at the angle a; unless Zq \b sl point at 

which — is zero or infinite. 
dz 

If, then, w \b any monogenic function of z, and the point 
representing z is made to trace out any figure however complex, 
the point representing w will trace out a figure in which all the 
angles occurring in the z figure are preseiTed unchanged, except 
those having their vertices at points representing values of z 

which make — zero or infinite. 

dz 

This principle leads to the following working rule for trans- 
forming any given figure into another, in which the angles are 
preserved unchanged. 

Substitute x' and y' for x and y in the equations of the curves 
which compose the given figure, x' and y* being any pair of 
conjugate functions (Art. 210) of x and y, and the new 
equations thus obtained will represent a set of curves forming 
a second figure in which all the angles of the given figure are 
preserved unchanged, except those having their vertices at 
points at which D^x' and D^y' are both zero, or at which one of 
them is infinite. 

For exrunple, x — y = a^ (1) 

x+y = b, (2) 

are a pair of perpendicular right lines. Replace a? by a^ — ^ 
and y by 2 xy^ and we get 

r^-2xy-f = ay (3) 

a^+2xy^y' = b, (4) 

a pair of hyperbolas that cut orthogonall}'. 

212. If i(; is a single-valued continuous function of t, it is 
clear that if w^ and w^ are the values corresponding to Zq and ^i, 
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and the point z moves from Zq to Zi by two different paths, the 
corresponding paths traced by w will begin at u'o and end at tOi, 
and consequently that if z describes any closed contour, w also 
will describe a closed contour. 

If to is a double-valued function of «, since to each value of 
z there will coiTcspond two values of w, it is conceivable that 
if Wi and w^ are the values of lo corresponding to «i, and z moves 
from Zo tc Zi by two diiferent paths, w may in one case move 
from Wq to Wi, and in the other case from t(?(, to w/. 

We can prove, however, that if the two paths traced by z do 
not enclose a critical point (Art. 207), and w is finite and con- 
tinuous for the portion of the plane considered, this will not 
take place, and that the two paths starting from Wq will 
terminate at the same point iVi. 

For as z traces the first path, each of the two points repre- 
senting the two values of w will trace a path, one starting at tCo, 
and the other at ^^'o^ and unless the z path passes through a 
critical point, the two tv paths will not intersect, but will be 
entirely separate and distinct, and will lead, one from Wq to Wi, 
the other from Wq' to w/. 

If, now, the z path be gradually swung into a second position 
without changing its beginning or its end, since to is a continu- 
ous function, the two w paths will be gradually swung into new 
positions ; but, provided that the z path in its changing does not 
at any time pass through a critical point, the two w paths will 
at no time intersect, and consequently it will be impossible for 
the w points to pass over from one path to the other, and there- 
fore the point which starts at Wq must always come out at tCi, 
and not at Wi'. 

It follows readilv from this reasoning that if z describes a 
closed contour not embracing a critical point, each of the w 
points will describe a closed contour, and these contours will 
not intersect. 

Of course, the proof given above holds for any multiple- 
valued function. 

In any portion of the plane, then, not containing critical 
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points the separate values of a multiple-valued function may be 
separately considered, and may be regarded and treated 
single-valued functions. 



213. That in the case of a double-valued function two paths 
in the z plane, including between them a critical point, but 
having the same beginning and the same end, may lead to 
different values of the function, is easily shown by an example. 

Let w = Vi, and let 2, starting with tlie value 1 , move to the 
value — 1 by the semi-circular path in the figure. That one of 





Fio. 1. 



the corresponding values of w which starts with -H 1 will de- 
scribe the quadrant shown in the figure, and will reach the 

point 1 .cis^, or i. If, however, z moves from -f- 1 to — 1 by 





— I 



Fig. 2. 



the semi-circular path in the second figure, the value of w which 
starts with + 1 will describe the quadrant shown in the second 

figure, and will reach the value l.cisf— ^j, or — ?". These 

two paths described by r, then, although beginning at the same 
point -f- 1 and ending at the same point — 1 , cause that value 
of the function which begins with -f- 1 to reach two different 
values ; and the two paths in question embrace the point « = 0, 
which is clearly a point at which the two values of zc, ordinarily 
different, coincide ; that is, a critical point. 
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It is easily seen that if z, starting with the value +1, de- 
scribes a complete circumference about tlie origin, the value of 
w which starts from the point -j- 1 will not describe a closed 
contour, but will mpve through a semi-circumference and end 
with the point l.cisTr or —1. Now, by Art. 212 any path 





Fio. 3. 

described by z beginning with -f- 1 and ending with — 1 and 
passing above the origin, since it can be deformed into the 
semi-circumference of Fig. 1 without passing through a critical 
point, will cause the value of to beginning with + 1 to end with 
-H I ; and any path described by z beginning with -j- 1 and end- 
ing with — 1 and passing below the origin, since it can be 
deformed into the semi-circumference of Fig. 2 without passing 
through a critical point, will cause the value of w beginning 
with -f- 1 to end with — i. Therefore any two paths described 
by z beginning with -f 1 and ending with —1 will, if they include 
the critical point z = between them, lead to different values 
of w^ provided that the same value of w is taken at the start. 

214. If to is a double-valued function of z, and z describes a 
closed contour about a single critical point, this contour may be 
deformed into a circle about the critical point, and a line lead- 
ing from the starting point to the circumference 
of the circle, without affecting the final value of 
w (Art. 212). Thus, in the figure, the two 
paths ABCDA, AB'C'D'B'A lead from the 
same initial to the same final value of v' ; and 
this is true no matter how small the radius of 
the circle B'CD'. 
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Let Zf, be the critical point, and let tt^o be the corresponding 
point in the w figure. As z moves from Zi towards Zq, the points 




representing the corresponding vaUies of w will start at tOi and 
tTj' and move towards ivq, tracing distinct paths. 

If, now, z describes a circumference about z^y and then 
returns along its original path to Zi, the first value of w will 
either make a complete revolution about Wq and return along 
the branch (1) to its initial value w^^ or it will describe about 




*»_ 





Cask II. 

Wq a path ending with the branch (2) of tlie w curve, and move 

along that branch to the value tCi. 

In the first case, and in that case only, the value of tv 

describes a closed contour when z describes a closed contour, 

and is practically a single- valued function. 

iliv 
If Zq is a point at which — is neither zero nor infinite 

(iz 

(v. Art. 211), when z describes about z^ a circle of infinitesimal 
radius, w will make about ?((, a complete revolution ; for since 
if two radii are drawn from Zq, the curves corresponding to them 
will form at ?''© an angle equal to the angle between the radii, 
when a radius drawn to the moving point which is describing 
the circle about Zq revolves through an angle of 360**, the cor- 
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responding line joining Wq with the moving point representing to 
will revolve through 360^, and we shall have what we have 
called Case I. 

If, then, we avoid the points at which — is zero or infinite, 

dz 

we shall avoid all critical points that can vitiate the results 
obtained by treating our double-valued or multiple-valued func- 
tions as we treat single-valued functions. 

A critical point of such a character that when z describes a 
closed contour about it the corresponding path traced by any 
one of the values of w is not closed, we shall call a branch point. 

When a function is finite, continuous, and single-valued for 
all values of z lying in a given poition of the z plane, or when 
if multiple- valued it is finite and continuous, and has no branch 
points in the portion of the plane in question, it is said to be 
holomorphic in that portion of the plane. 

Definite Integrals. 

215. In the case of real variables, i fz.dz was defined in 
Art. 80 in effect as follows : 

C fz.dz =^^ ^^^l^ [/Zo (2l - Z^) +fii (28 - Zi) +fZi{Zs - 22) + — 

where ^i, ^j? ^s, . . . «»-.i are values of z dividing the interval 
between Zq and Z into n parts, each of which is made to 
approach zero as its limit as n is indefinitely increased. 

In other words, | is the line integral of fz (Art. 163) taken 

along the straight line, joining a:,, and Z if Zq and Z are repre- 
sented as in the Calculus of Imaginaries. 

It has been proved that itfz is finite and continuous between 
£fQ and Z, this integral depends merely upon the initial and final 
values of 2, and is equal to FZ — Fzq where Fz is the indefinite 

integral i fz.dz. 
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If 2 is a complex vanable, and passes from Zoto Z along any 

fz.dzbj 

•o 

[1] where now Ziy z^, z^j..,z^_i are points in the £^iven path. 

Two important results follow immediately from this defini- 
tion : 

jyz . dz = -ffi . dz, [2] 



1st. That 



if z traverses in each integral the same path connecting z^^ and Z. 
2d. That the modulus of | fz.dz is not greater than the 

line-integral of the modulus of fz taken along the given path 
joining Zq and Z. 
If we let 

/a; = w = u -H VI, 2 = a; -f yi, w = <^ (a;, y) , and v = ^ (ap, y) , 
then I fz,dz= I {u-^-vi) {dx + idy) 

= C<f>{x, y)dX'\'ijilf{x, y)dx-' Cilf(x, y)dy -hif<l>(x,y)dy, 

[3] 

each of the integrals in the last member being tlie line-integral 
of a real function of real variables, taken along the given path 
connecting Zq and Z. 

If the given path is changed, each of the integrals in the 
last member of [3] will in general change, and the value of 

I fz.dz will change ; and, since z may pass from Zq to Z by an 



'o 



infinite number of different paths, we have no reason to expect 

that I y2f.(f2; will in general be determinate. 

We shall, however, prove that in a large and important class 

of cases | fz,dz is determinate, and depends for its value 

upon Zq and Z, and not at all upon the nature of the path 
traversed by z in going from ZqU) Z. 



\. 
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216. If fz is holomorphic in a given portion of the plane, 

r'>.d^ = [1] 

if z describes any closed contour lying wholly within that 
portion of the plane. 

From [3], Art. 215, we have 

j '^fz,dz= I w.dz= I udx -j- M vdx — I vdy + 1 j udy^ [2] 

the integral in each case being the line-integral around the 
closed contour in question. 

Since w = fz is holomorphic, u = <^ (x, y), and v = ^ («, y) , 
and />,w, D^u, />,v, and D^v are easily seen to be finite, con- 
tinuous, and single-valued in the portion of the plane considered. 
Therefore, by Art. 170, 

I udx = I j D^udxdy ; I vdx = I ( D^vdxdy ; 

I vdy = — j j D,vdxdy ; | udy = — I i D^ndxdy ; 

the integral in the first member of each equation being taken 
around the contour, and that in the second member being a 
surface-integral taken over the surface bounded by the contour. 
We have, then, from [2], 

r> . dz =yy{D,u^D^v)dxdy+ iJJ{D,v-^D,u)dxdy, [3] 

but D,u = D,v, and D,u = - D,v from [3] , Art. 208. Therefore, 
[3] reduces to j y^ . dz = 0. 

From this result we get easily the very important fact that if 
fz is holomorphic in a given portion of the plane, { fz,dz will 

have the same value for all paths leading from z^ to Z, provided 

they lie wholly in the given part of the 

plane. For let z^aZ and ZobZ be any 

two paths not intesecting between Zq 

and Z. Then z^aZhz^ is a closed con- 

toor, and 
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Jfz.dz (along T^aZhz^ 
= j fz.dz (along 2^0 aZ) -f j '^fz.dz (along Z6zo) = 0; 

but I '^ fz.dz (along Z&Zq) = — | fz.dz (along «o^Z) 

by Alt. 215. 
Therefore, j fz.dz (along ZoaZ) = j fz.dz (along z^bZ) . 



/;p\ y^ — 7 sect, 

V \jLy y not 11 



the paths z^aZ and z^hZ inter- 
a third path z^cZ may be drawn 
intersecting either of them, and 
^ by the proof just given 

Jfz . dz (along z^aZ ) = j fz.dz (along z^i:Z) , 

J fz.dz (along siq^'^) = | fz.dz (along 2:0 ^'^ » 
therefore, 

/x.rfa: (along 2:0 «^) = ) fz'idz {fAongz^hZ). 

217. If ^2, while in other respects holomorphic in a given 
portion of the plane, becomes iufinite for a value T of «, then 

\ fz.dz taken around a closed contour embracing T, while not 

zero, is, however, equal to the integral taken around any other 

closed path surrounding T. 

For let ABCD be any closed con- 
tour about T. With T as a centre, 
and a radius c, describe a circumfer- 
ence, taking c so small that the cir- 
cumference lies wholly within^JBCD. 
Join the two contours by a line AA\ 
Then jiBCDAA'D'CB'A'A is a 
closed path within which fz is holo- 
morphic. 
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Therefore, 

Cfz . dz (along ABCDAA'D'CB'A'A) = 0, 

or Cfz . dz (along ABCDA) + Cfz.dz (along AA') 

-hffz.dz (along A'D'CB'A') + Cfz.dz (along A' A) = ; 

but 

Ifz.dz (along AA^) = — ifz,dz along (A' A) , 

and 

Cfz . dz (along A'D'OB'A') = -Cfz. dz (along A'B'CD'A*), 

Hence 

j/z . dz (along ^^(7Z>^) = f/z . dz (along A'B'OD'A'). 

218. That the integral of a function of z around a closed 
contour embracing a point at which the function is infinite is 
not necessarily zero is easily shown by an example. 

fz = , t being a given constant, is single-valued, con- 

z — t 

tinuous, and finite throughout the whole of the plane except at 
the point t, at which becomes infinite, without, however, 

ceasing to be single-valued. 

Jdz 
around a circle whose centre is t, and 
z-t 

whose radius is anv arbitrarilv chosen value c. If 2 is on the 
circumference of this circle 

2 — < = € (cos ffy-^i sin <^) 

=:c6** by [5], Art. 31. 

and dz = Ue^^d^. ^ 
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Hence f-^ (around abc)= C' *^^^ = 2 »^-. 



/; 



From what has been proved in Art. 217, it follows that 

dz 

around any closed contour embracing t must also be 



equal to 27rt. 

dz, when Fz is 

z-t 

supposed to be holomorphic iu the portion of the plane con- 
sidered, and where the integral is to be taken around any closed 
contour embracing the point z = t. 

Fz 
is holomorphic except at the point 2 = f, where it 

becomes infinite. The required integral is, then, equal to the 
integral around a circumference described from the point t as 
a centre, with any given radius c, that is, by the reasoning Just 

, to 

z — t 

and in this expression c may be taken at pleasure. If now c is 
made infinitesimal ce*^' is infinitesimal, and since Fz is continu- 
ous F{t'\- ce"^*) is equal Xxy Ft'\-yj where rj is some infinitesimal, 

and i^(^ 4- ce*') d4> is equal to i^ . d</> -f- >; . d<^. 
Now, by I. Art. 161, 

f {Ft,d<l>-hrjd<l>)== C Ft.d<t>. 

Hence tj F {t -h ^e"^*) d<l> = i I Ft.d<l> = 2iriFt; 

C Fz 
and we get the impoiiant result that I cfo, taken around any 

contour including the point z = t, is equal to 2Tri.Ft. 
From this we have -^ = r^ C-^dz ; 
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and we see that a holomorphic function is determined every* 
where inside a dosed contour if its value is given cU every point 
of the contour. 

2TriJ z-t •- -^ 



If in the formula 
we change t to t-^ At^ we get 



2wiJ \2 — «-A« z—tj 2wiJ {z-'t){z-t'-' 



AO' 



whence 



irait rAjyyi i r^^ ^^^ Umit r i 1 

^«=0[a«J 27rtJ ' ' ^^=^[{z-t){z-t-'^t)J 



limit 
A^ 



or 



Ft = -^ CI^j^. 
2tHJ (z-tV' 



and in like manner we get 

F"t 



^ 2! rFz,dz . 
27rtJ (2-0'*' 



[^] 



and in general 



2iriJ (2-0-+^' 



[3] 



[4] 



each of the integrals in these formulas being taken around a 
closed contour lying wholly in that portion of the plane in which 
Fz is holomorphic, and enclosing the point z = t. 



219. The integral of a holomorphic function along any given 
path is finite and determinate^ for, by [3], Art. 215, it is equal 
to the sum of four line integrals, each of which is finite and 
determinate (Art. 166). 

If a series tro + t(7i + W2+ •••, where w^^ %L\y tc;,"* are holo- 
morphic functions of «, is convergent for all values of z in a 
certain portion of tJie plane^ the integral of the series along any 
given path lying in that portion of the plane is the series formed 
of the integrals of the terms of the given series along the path in 
qnestioD, and the n^w series is convergent. 
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For let S = Wo'\'tOi + W2'\ h w?, + to»+i + ••• 

= Wo + ^1 + «^2 + ••• + ^n + i2, 

where B = «?«+i + w?»+2 + • • •> 

and where by hypothesis [i2] = 0. (1) 

for any given value of n. 
By the proposition at the beginning of this article, i Sdz 

along the given path is finite and determinate, as are also 

I WqcIz, I Widz, etc. 
If, now, n is indefinitely increased, 

Csdz = Cwodz -h Cw^dz -f fwgdx H f- ^|^J^ Csdz. 

The modulus of j Edz is not greater than the line-integral 

along the given path of the modulus of E (v. Art. 215^. As n 
increases each value of the modulus of B approaches zero as its 
limit (1) ; consequently each element of the cylindrical surface 
representing the line-integral of the modulus of B (v. Art. 166) 

a[)proaches zero, and __ | Bdz = 0. 

Therefore, I Sdz = j Wodz + j ividz + j Widz -!-•••; [2] 

and, since the first member is finite and determinate, the second 
member is a convergent series. 

Taylor^s and Maclaunn*s Theorems. 
identically, if n is a positive integer, even when q is imaginary. 
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If the modulus of q is less than 1 , 

Hence 1 +, + ^ + ^+ ... = «™jj[L=^]=_±_, Cl] 

even when q is imaginary, provided that the modulus of q is 
less than 1. 

Suppose, now, that everywhere within and on a certain cir- 
cumference described with the point 2;== a as a centre i^ls is 
holomorphic. Let 2; = i be any point within this circumference, 
and « = Z be a point on the circum- 
ference. Then the modulus of Z — a 
is the distance from a to Z, and the 
modulus of t — a is the distance from 
a Xjo t\ 

hence mod (^ — a) < mod (Z — a), 



and mod 



(s) 



<1. 




1 



1 



Z — i Z — a — ^t — a) 



Z — a 



Hence 
1 



Z-a\^ ^ Z-^a {Z-ay {Z-aY^ J 

by [1] 

1 



< — 



Z^-^t Z-a {Z-ay {Z-ay (Z-ay ^ ■■ 

and the second member of [2] is a convergent series. 

FZ 
Multiply [2] by — ;, and the series will still be convergent 

for each value of z which we have to consider ; we get 

1 FZ 



2iri Z-t 



I r FZ . ,, n\F^_A.ff ^X2 FZ . 1 



[3] 



■ » u' 



^-fiS^.; 
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Integrate now both members of [3] around the circumfer- 
ence, and we have 

2wiJ Z-t '2wi\J Z-a ^ 'J {Z-a)* 

and, since each of the functions to be integrated is holomorphic 
on the contour around which the integral is taken, and the 
second member of [3] is convergent, each integral will be finite 
and determinate, and the second member of [4] will be con- 
vergent. 

Substituting in [4] the values obtained in Art. 218, [1], [2], 
[8], and [4], we have 

Ft = Fa-h{t-a) Fa -h ^^ " ^^^ F'a + iL^^F^'a + ... 
+ i:L:i^)!i^(»)a + .... [5] 



nl 



If the point z = a is at the origin, a = and [5] becomes 
Ft = Fo-h tFo + -^F'o + —r% + ..., [6] 

which is Maclaurin's Theorem. 

That [5] is merely a new form of Taylor's Theorem is easily 
seen if we let ^ — a = /^ whence t = a-^h, and [o] becomes 

F{a + h) = Fa + hF'a -f. ^F^'a -h^i^"'a + .... [7] 

[_(^'] t'jin, of course, be written 

Fz=:Fo-h zF'o ^^F"o+—F'''o + ..., m 

2! 31 ' ■■ -• 

and [5] as 

Fz = Fa + (2 - a) F'a -f i^—^F"a + (^-^)V ^^a + ... ; 
^ ^ 2! 3! 

[9] 



. L . . -% 
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and we get the very important result that if a function of z is 
holomoi'phic within a circle whose centre is at the origin it may 
be developed by Madaurin's Theorem, and the development will 
hold, that is, the series wiU be convergent, for aU values of z 
lyi7ig within the circle. 

If a function of z is holomorphic within a circle described 
from 2 = a as a centre it can be developed by Taylor's Theorem 
into a series an*anged according to powers of 2^— a, and the 
development will hold for all values of z lying within the circle. 

The question of the convergency of either Taylor's or 
Maclaurin's Series for the case when z lies on the circum- 
ference of the circle needs special investigation, and will not 
be considered here. 

If the function which we wish to develop is single- valued, in 
drawing our circle of convergence we need avoid only those 
points at which the function becomes infinite ; but if it is 
multiple-valued we must avoid also those at which its derivative 
is zero or infinite (v. Art. 214). 

221. We are now able to investigate from a new point of 
view the question of the convergence of the series obtained by 
Taylor's and Maclaurin's Theorems in I. Chap. IX. 

Let us begin with the Binomial Theorem, 

(a) (a-f/0'* = «''4-na''-'^-fn ^^^""^^) a"-'A'-f '", [1] 

or, following the notation of [9], Art. 220, 

^ m 



2" 



If n is a positive integer, 2" is holomorphic throughout the 
whole plane, and [2] holds for all values of z and a, and [1] 
for all values of a and h. 

If n is a negative integer, 2* is single- valued, aud it is tiuito 
and continuous except for 2 = 0, where 2" becomes infinite. 
[2] is, then, convergent for all values of z lying within a circle 
described with a as a centre and passing through the origin ; 
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tbat is, for all values of 2;, such that mod (2; — a) < mod a ; and 

consequently [1] holds if modh<^moda. 

If n is a fraction, 2" is multiple- valued, and our circle of 

dz* 
convergence must avoid the points at which — becomes zero 

dz 
or infinite ; but as the origin is the only point of this character, 

the circle of convergence is the same as in the case last con- 
sidered, and [1] holds for all cases where mod h< mod a. 

When a and h are real our results agree with those obtained 
in I. Art. 131. 

(6) €' = e'^*™ = e' (cosy + 1 siny) ([4], Art. 31) 

is single-valued and continuous, and becomes infinite only when 
a; =00. Maclaurin's development for e" holds, then, for all 
finite values of z, 

(c) log z = log (r cis </> ) = log r -f <^t (Art. 33) 

is finite and continuous throughout the whole plane. It is, 

however, multiple- valued, but its derivative - becomes infinite 

z 

only when 2 = 0, and does not become zero for any finite value 
of z, log2, then, can be developed into a convergent series, 
arranged according to powers of 2: — a, for all values of z within 
a circle having the centre a and passing through the origin ; 
that is, for all cases where mod (2 — a) < mod a. 
If 2; — a = A, we get 

log (a + h) = loga + ^ _ ^ + il il + ..., [8] 

[3] holding for all cases where mod h < mod a. 
If a = 1 and h = z, we get 

log(l+«) = |-| + |'-J + ..., [4] 

which holds for all values of z where mod 2 < 1 . 



(d) sin2 = sin (a;4-yi) = sin^ . — — [-icosX' 



1 
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6* -I- C ' . • C* ^ 6~' 

and C0S2; = cos (x H- yi) = cosa; — ^ i sin x — , 

(v. [3] and [4], Art. 35) 

are single-valued, and are finite and continuous throughout the 

plane. Therefore, Maclaurin's developments for sin^s and cos 2; 

hold for all values of z. 

sin z 1 
(e) tanz = , and secaj = , are single-valued and 

cos 2 cos 2 

continuous, and become infinite only when cos2 = 0; that is, 

when z = ^. Therefore, Machiuriu's developments for tana; and 

sec2 (I. Art. 138), hold for every value of z whose modulus is 

less than -• 
2 

cos 2 I 
(/) ctn z = , and esc 2 = become infinite when z = 0, 

sin 2; sin 2; 

and cannot be developed by Maclaurin*s Theorem. 

(g) s\n~^z is finite and continuous throughout the plane; it 

is, however, multiple- valued, and its derivative , becomes 

infinite when 2 = 1, and when 2 = — 1. Therefore, the develop- 
ment for sin~^2 (I. Art. 135 [2]), holds for any value of 2 
whose modulus is less than 1. 

(7i) tan"' 2 is finite and continuous throughout the plane; it 

is multiple-valued, and its derivative becomes infinite 

14-2* 

when 2 = I, and When 2 = — i. Therefore, the development for 
tan~'2 (I. Art. 135 [1]), holds if modzKmodi; that is, if 
modz < 1. 

Examples. 

(1) Show that the development of f-log(l +2), given 

1 -f-2 

in I. Art. 136, Ex. 1, holds if mod 2 < 1. 

(2) Show that the development of log(l -{-e*), given in I. 
Art. 136, Ex. 2, holds if mod2<7r. 

(3) Obtain tlie following developments, and find for what 
real values of x they hold good : 
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a; 1 ar* . 1.3 ar» 



a) log(aj+V?T^) = loga-f--. •:^3-f 



a 2 Sa^ 2.4 oa^ 



b) i^ + e-r =2-A+^4-n(3n-2)|^ + ...\ 

.\ ^ . , 2ar» 4a^ 

^ 3! 4! 

^ V '^- -i^ 6- / 

/) tan*a; =x*-\ h 



3 5 



'^x* 



g) (l4-2a; + 8«*)"* =l-x4-2a^- — 

4 

A) 6^"'« =:i+a; + 2!-?'... 

.<,(i±|) =^(«+ftf-> 

•^^ 3! o! 7! 9! ^11! 

^ 3 45 945 4725 93555 

V) logtang4-«Vlogtan^+2x+|-jar'+|fV+^^ 

■ 112! 4 ! 5 ! 6 ! 7 ! 

n) €**"* = 1 -I- a: H 

) -T- ^2!3!4!5! 6! 

0) (versin-^a:)^ =2(^0; + — -h— --h^-^ -+-Y 
^ ^ ^ \^ 3.2 3.5 3 3.5.7 4 ^ 

V 1 ^2 2a: ar^ 2a:* 2ar' o^ 

^^ 2--2a:-fa^ 4 4 4 i^. 4* 4* '** 

'^ (;-5a:-ha?' 2 -a: 3 -a: ^2 sj \2^ Sy 
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Answers, 



oo<a;<Qoif n>0, -|< a;<^ if n<0 ; 



(a) — a<a;<a; 

(6) 



— X < ic < X ; 



-l<a;<l; 



(^) -\<^'<\\ 



(c?) — Qo<a;<x; 
(A) --l<a;<l; 



(0 


-1<«<1; 


U) 


-i<*<i; 


(&) 


— ir<a!<ir; 


(0 


-i<^<i' 


(m) 


— QC<a!<oo; 


(n) 


-;<-<i; 


(0) 


-2<a!<2; 


(P) 


— V2 < a; < V2 ; 


(9) 


-2<a;<2. 
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CHAPTER XVIIL 

KEY TO THE SOLUTION OP DIFFERENTIAL EQUATIONS. 

222. In this chapter an analytical key leads to a set of con- 
cise, practical rules, embodying most of the ordinary methods 
employed in solving diflfereiitial equations ; and the attempt has 
been made to render these rules so explicit that they may be 
understood and applied by any one who has mastered the Inte- 
gral Calculus proper. 

The key is based upon *' Boole's Differential Equations" 
(London : Macmillan & Co.), to which or to '* Forsyth's Diflfer- 
ential Equations" (London: Macmillan & Co.), we refer the 
student who wishes to become familiar with the theoretical 
considerations upon which the working rules are based. 

223. A differential equation is an expressed relation involv- 
ing derivatives with or without the primitive variables from 
which they are derived. 

For example : 

(l-f-a;)2/+(l-y)a;g = 0, (1) 

x-^--ay = x + \, (2) 

(tx 

(3) 



(4) 



dy 
dx 


■ y + X 'Jx' 


-,/ = 


= 0, 


m 


= y" (y + a' 


dxf 




d*y__ 


.A'U-i'l 




>'Jl 



(5) 
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sin'aj— 5 -fsiniccosa;-?? — y = aj — sina;, (6) 
dxr dx 

x{l-xy^-2y = 0, (7) 

DJ'z - aWJ'z = 0, (9) 

are differential equations. 

The order of a differential equation is the same as that of the 
derivative of highest order which appears in the equation. 

Equations (1), (2), (3), and (4) are of the first order; (6), 
(7), (8), and (9) of the second order; and (5) of the fourth 
order. 

The degree of a differential equation is the same as the power 
to which the derivative of highest order in the equation is 
raised, that derivative being supposed to enter into the equation 
in a rational form. 

Equations (1), (2), (3), (5), (6), (7), (8), and (9) ai-e all 
of the first degree ; (4) is of the third degree. 

A differential equation is linear when it would be of the first 
degree if the dependent variable and all its derivatives were 
regarded as unknown quantities. 

Equations (2), (5), (6), (7), (8), and (9) are linear. 

The equation not containing differentials or derivatives, and 
expressing the most general relation between the primitive vari- 
ables consistent with the given differential equation, is called 
its general solution or complete primitive. A general solution 
will always contain arbitrary constants or arbitrary functions. 

The differential equation is formed from the complete primi- 
tive by direct differentiation, or by differentiation and the 
subsequent elimination of constants or functions between the 
primitive and the derived equations. 

If it has been formed by differentiation only without sub- 
sequent elimination or reduction, the differential equation is 
said to be exa4^. 
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A singular 9ol%Uian of a diflferentuil equation is a relation 
between the primitive variables which satisfies the differentia] 
equation bv means of the values which it gives to the deriva- 
tives, but which cannot be obtained from the complete primitive 
by giving particular values to the arbitrary constants. 

224. We shall illustrate the use of the key by solving equa- 
tions (1., (2., (3), (4s (5), (6), (7), (8), and (9) of Art. 223 
bv its aid. 

(1) (l+x)y+(l-y)jtfJ?=0, or (l+x)ydx+(l-y)arfj/=0. 

ax 

Beginning at the beginning of the key, we see that we have a 
single equation, and hence look under I., p. 310; it involves 
ordinary derivatives : we are then directed to II., p. 310 ; it 
contains two variables : we go to III., p. 310 ; it is of the first 
order, IV., p. 310. and of the first degree, V., p. 310. 

It is reducible to the form 

X y 

which comes under Xd.c 4- Yfhj = 0. 

Hence we turn to (1), p. 314, and there find the specific direc- 
tions for its solution. Integrating each term separately, we get 

logx + x-f-logy — .V = c, or log(a:y) +^ — y = c, 
the required primitive equation. 

(2) x"^' -ay=^x^\. 

Beginning again at the beginning of the key, we are directed 
through I., II., III., IV., to V., p. 310. Looking under V.. 
we see that it will come uiuler either the third or the fourth 
head. Lot us try the fourth; we are referred to (4), p. 314, 
for specific directions. 

Obeving instructions, the work is as follows : 



k 



■ ■■ '! ■■ afti^tgMWM— fciBdaaJMai 
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^y — (lydx = 0, 

dy adx _^ 

y « 

logy — a logic = c, 

c2a; do: 

Substitute in the given equation, 

aCof + «-+'-? - aCor- = a; -|- 1, 
dx 

(a — l)a^"* ao" 
Substitute this value for C in (1), and we get 

\a a— I J 
the required primitive. 
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(1) 



(3) 



dx ^ ^ 



Beginning at the beginning of the key, we are directc^d 
through I., II., III., IV., to v., page 310. Looking under V., 
we find that our equation does not come under am' of the 
special forms there given. We are consequently driven to 
obtaining a solution in the form of a series, and for specific 
instructions we are referred to (13), page 316. Obeying 
these, our process is the following : 
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ax X oqcq Xq 

dar « aa\,' ao 

db? X ' da%* a^ 

and the general value of t/ is 



(a!-av,)» /3 .v„ /— 

, (x — XqY^ , 4 , \ , (x — XoY/oyo , \ 

(x^XoYf , 6 , \ 

- 6! ('''» + ;-^^'-^»V- 

This result can be very greatly simplified by breaking up the 
series ; we have 

^ ^\ 2! 4! 6! J 

(a;-a:o) A {x -- x^y (x ^ x,y (x-^XpY \ 
x^ \ 2! 4! 6! J 
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■^ 18 entirely arbitrary ; call it sina, then 

y = xfsina co8(z — a,)) — cosa fliu(a! — a:i))] = *Bin[o— (a: — a;^)], 
jf B x Bin (c — x) , where c is sd j constaDt. 



(*) 



(l)'-<--|> 



Banning at the beginning of the key, we are directed 
through I., II., III., IV., to VI., page 311. Looking under VI. 
we see that the equation is of the first degree in x ; we are 
referred to (17), page 318, for our specific inatructions. 

Obeying these, we first replace -^ by p ; the equation becomes 

Differentiate relatively to y, and we get 

ay dy 



B^f = it + 2^ + 



^-9I' 
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StrikiDg out the factor 2j;^ -f y^, we have 

p ^y y 

a differential equation of the first order and degree in which 
the variables are separated, and which therefore can be solved 
by (I), page 314. 

Its solution is logp — log^ = (7, 

or ^ = c. 

Eliminating ;> between this and the given equation, and re- 
ducing, we have cy (x — c*) = 1 , as our required solution. 

Beginning at the beginning of the key, we are directed 
thr^nigh I., II., III., VII., to (22) (a), page 319, for our 
specific directions. 

We see at once that y=l is a particular solution. 

Obeying directions, we have now to solve 

'fr--->'ff + 2^^-2iVy = by (21). (2) 
(f.r r/ur* djr ax 

Let V = e"", and we have 

m* — 2 m^ 4- "^m" - 2m + 1 = 0, 

as our auxiliary algebraic equation in vi. Its roots are 

1, 1, v^^, -V^n:. 

The solution of (2) is then 

y = (A -^ Bx) e' -^ Ccosx-^ Dsinx, 

and of (1) is 

y= (A-^Bx)e'-^ C co&x -^ D ainx '\' 1. 
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(6) 



. 2 dry , . dy 

dor dx 



n) 



Beginning at the beginning of the key, we are directed 
through I., II., III., VII., to ('24), page 321, for our specific 
instructions. 

Dividing through by sin^a;, the equation becomes 



-r4 -f ctnx-;^ — csc^x . y = a; csc*aj — esc a?. 
dor dx 

y = etna; is found by inspection to be a solution of 

^y ^ ^y 9 r. 

-r^ H- ctna;-^ — esc* a; . y = ; 
aar dx 

(2) can then be solved by (24) (a). 
Substitute y = zctna; in (2), and it becomes 

fPz dz 

etna; — - + (ctn*a; — 2 esc* a;) — = ajcsc*«-- csca;, 
dor dx 

(jpz dz 

or — - — (tan« + seca;c8C9;) -— = a;8eca!C8caj — sec*. 



(2) 



(3) 



Referring to (25), page 323, and obeying instructions, we 

dz 
let z' = — , and (3) becomes 

dx 

dz' 

(tana; H- seca;csca;) 2' = a; seca; csca? — sec 05, 

cix 

a linear differential equation of the first order in z'. whose solu- 
tion by (4), page 314, is 

2;' = -4tana;seca; — a;sec*a;H- tana;seca;(log tan^ — logsina;) ; 

dz 
but 2' = — , whence integrating, we have 

dx 

z = B + A &ecx — X tanx — (1 -|- sec a;) log (1 -|-cosa;), 
and 
y = ^esca; + Bctna; — a; — (cscaj + ctnx) log(l -|-eosa;). 
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(7) x(l-x)«g-2y = 0. 

Beginning at the b^iiiuiug of tiie key, we are directed 
through I., II., III., Vll., to (24), page 321, for our specific 
instructions. 

Let us try the method of (24) (e), page 323. 

Assume v = Sa.jr", and substitute in the given equation; 

we have 

]S[w(m — l)a«a5""^ — 2m(m— l)(i^af^ 

-H m (m — 1) 0,0-+' — 2fl« jf'] = 0. 

Writing the coefficient of x* in this sum equal to zero, we 
have 

m (m -f 1) a«-i - 2[wi(m - 1) -f l]a. -|- (m — l)(m — 2) a^x=0, 

and we wish to choose the simplest set of values that will 
satisfy this relation. 

Substituting m = 0, ?w = — 1, m = — 2, etc., in this relation, 

wc find 

a„i=Oo« «-« = «-!» a-s = a-2» •••• 

Hence if we take a« = 0, it follows that 

and no noirativo powers of x will occur in our particular 
solution. 

Substituting now m = 1, m = 2, m = 3, etc., we have 

Gj = Oj = 03 = 04 = • • • . 

Taking a, = 1, we get as our required particular solution of the 
given equation 

This can be written in finite form, since we know that 



Hence y = 



l-OJ 
X 



1 -X 

is a particular solution. 
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Turning now to (24) (a), page 321, we find 



ff = 



ex 



l^x 



^(^l+. + ^log.), 



(8) 



0. 



Beginning at the beginning of the key, we are directed 
through I., II., III., VII., to (24), page 321, for our specific 
instructions. Let us try again the method (24) (e), page 323. 

Assume y=l,a^xr, and substitute in the given equation, 

S[m (m — l)a^ar"* + a^ar — 2a^af-*] = 0. 
The terms containing oT are 

(m + 2) (m -f 1) a^,af + o^^of - 2a^,ar ; 
writing the sum of the coeflScients equal to zero, we have 

m(m + 3)a^, + a^ = 0. (1) 

Letting m = and m = —3, we get Oo = and a_8 = ; and all 
terms of y involving even negative powers of x disappear, as do 
all terms involving odd negative powers, except the — Ist. 



In general 
From this we get 

* 2.5 



CW8= — 



Ctm 



<k = 



a«=- 



aio = 



a» 



2.4.5.7 



Hence 



2.4.5.6.7.9 
2.4.5.6.7.8.9.11 
^ 3 3!5 



m (m + 3) 

!_ 

3! 5' 

5! 7' 

^ 1_ 

7! 9' 

__ 1 

9 111 



(2) 



if we take a^ = ^, 



5T7"7T9 9!11 



is a particular solution of the given equation. This can be 
thrown into finite form without much labor. 
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•••f 



3 3!5 5!7 7!9 9!11 
da? 3! 5! 7! 9! ' 

ssXl X ••• U 

V 3!^5! 7!^91 / 
= a;sma;; 

whence xy=:sinx—x cos a;, 

and y = - (sin a; — a? cos a?). 

X 

By going back to (2), and using odd valnes of m, we get 
another solution of our given equation, namely, 

I , X 31^ , x^ af 



a; 2 2!4 4!6 618' 



which can be reduced to 



w = - (cos a; + a; sin a;) . 

X 



Hence our complete solution is 

y = - [-4 (cos a; + a? sin a;) -I- J5 (sin a? — 05 cos a?) ], 



X 

or 



y ^^,rC08(»-c) ^ g.^ ^^ _ ^n 



if we let —= tanc. 



(9) D.«2-a«2>/2: = 0. 

Beginning at the beginning of the key, we are directed 
through I. and IX. to (45), p. 331, for our specific instnic- 
tions. 



Mi 
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Obeying these, our work is as follows : 

dy — adx = 0, 

dy -{-adx =0, 

dpdy — a^dqdx = 0. 

Combining (1) and (8), we get 

dpdy — adqdy = 0, 
or dp — adq = 0. 

(1) gives y — aa; = a. 
(4) gives p^aq = p. 

(2) and (3) give us, in the same way, 

y 4- ax = ai, 
p + aq =ft ; 
and our two first integrals are 

P-«7=/i(y-cuB)» 

/i and /, denoting arbitrary functions. 
Determining p and g, from (5) and (6), 

1> = i W (y + «a^) +/i (y - cue) ] 1 



0) 

(2) 
(8) 



(^) 



(5) 
(6) 



_ /» (y + qa?) (dy + gtfa?) -/i (y - aa?) (dy - adx) 

2a 



Hence, 



z = F(y + oa;) + i^i (y - ax), 



where F and i^i denote arbitrary functions obtained by integrat- 
JJ^g/i an<i/2> which are arbitrary. 
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225. When a differential equation does not came nnder any 
of the forms given in the key, a chai^ of dependent or Inde- 
pendent variable, or of both, will often redoce it to one of the 
standard forms. No general rale can be laid down for sach a 
substitution. It will, however, often suffice to introduce a new 
letter for the sum, or the difference, or the product, or the 
quotient of the variables, or for a power of one or of botL 
Sometimes an ingenious trigonometric substitution is effective, 
or a change from rectangular to polar codrdinates ; that is, the 
introduction of r cos ^ for x and r sin ^ for y. 

The following examples of such substitutions are instructive. 

(A.) Change of dependent ranod/e. 

(1) (a: 4- y)«^ = a-, reduces to -r?^dr - dj? = 0, 

dx ar-^r 

if we introduce z = ar -h //. 

(2) ^ = 8in(«^-^), reduces to — —, (16 = 0, 

d<l> 1 — sin (tf 

if CO = <^ — 0. 

(•0 (j^ — ir)djc -\- 2 xydy = 0^ reduces to {x — z) dx -i- xdz =0^ 
\{ z = ?/-. 

(4) ir -/■ — y -f-xViC* — y' = 0, reduces to + dx = 0, 

dx Vl-r' 

\fz=.y. 

X 

('>) -r • • + - ^ - n«y = 0, reduces to ^ - n*z = 0, 
dx- X dx dx- 

\i z=ixy. 

(B.) Change of independent variaUe. 

(1) (1 - arY%l + // = 0, reduces to 

dor 

co8'^^ + Bin^co8d4^ + y = 0, if x = sin^. 
d(F d$ 



SSESS^E^Si^^SSiM^Mfeki 



MMriU 



Chap. XVIII.] DIFFEREKTIAL EQUATIONS. KEY. 809 

(2) j-htana-^-j-cos'a.y = 0, reduces to — ^ + y = 0, 
oar Oflj dsr 

if 2; = sinx. 

(C.) Change of both variables. 

(1) fl — -^ja;y = --^(aj* — y* — a*), reduces to 

V — 2--- — -^ (2 — V — a*) = 0, if z = ix^ and v = t^. 
dsr dz 

(2) (y-aj)(l+«»)*g=(l+y*)S reduces to 

sin (<^ — ^) cf<^ = dO, it x= tan ^ and y = tan ^. 

(3) fx^ _ yV = a ^1 4- ^ (x* + y») ^ reduces to 



dr 



Vr (1 — ar) Va 



;? = 0, if a5 = rcos<^ and ^ = rsin^« 
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Single equation I. 310 

System of simultaneoos equations VIIL 318 

I. Involving ordinary derivatives II. 310 

Involving partial derivatives IX. 313 

II. Containing two variables III. 310 

Containing three variables and of first degree. 

General form, A?x+Qcfy + ^efe = . . . (36)327 
Containing more than three variables and of 
the first degree. General form, Pdxi + Qdxj 
+ iec/a^,-^•••=0 (37) 328 

III. Of first order IV. 310 

Not offirst order VII. 312 

IV. Of first degree. General form, Mdx + Ndy = V. 310 
Not of first degree VI. 311 

V Of first degree. General form, Mdx + Ndy 

= 0. 

Variables separated or separable; that is, of 

or reducible to the form Xdx + Ydy = 0, 

where X is a function of x alone, and F is a 

function of y alone* (1)314 

M and N homogeneous functions of x and y of 
tlie same degree (2) 314 

* Of course, X and Y may be constants. 
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Of the form {ax -|- by+c) dx + {a^x -|- h*y+c*)dy 

= (3) 314 

Linear. General form, -^ + Xiy = X2, where 

dx 

Xi and Xs are functions of a; alone * . . . (4) 314 

Of the form ^ -f- Xiy = Xjy*, where Xi and X, 
dx 

are functions of a5 alone * (5) 315 

Mdx -f Ndy an exact diflPerential. Test, D^M 

= D,N (6) 315 

Mx + Ny = (7) 315 

Mx^Ny = (8) 315 

Of the form jF\ {xy) ydx -f F^ {xy)xdy = . . (9) 315 

D,M^D,N ^ ^ function of x alone .... (10) 315 

D^N'-D^M ^ ^ function of y alone . . . • (11) 316 
M 

D^M- D,N ^ ^ function of (a^) (12) 316 

Ny — Mx 

A solution in the form of a series can always be 

obtained (13) 316 

Not of first degree. 
Can be solved as an algebraic equation in />, 

where p stands for -^ (14) 317 

dx 

Involves only one of the variables and p, 

where p stands for -^ (15) 317 

dx 

Of the first degree in x and y ; that is, of the 
form xfip-tyf2P=fsPi where p stands for 

^ (16) 317 

dx ^ ' 

Of the first degree in re or y (17) t\% 

Homogeneous relatively to x and y . . . . (18) 318 

* Of course, X^ and X^ may be conataQts. 
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Of the form i^(<^, ^) = 0j where ff> and ^ are 

f UDCtions of Xj y, and -^, snch that 6 = a 

dx 

\lf = bj will lead, on differentiation, to the 

same differential equation of the second 

order (19) 318 

A singular solution will answer (20) 318 

VII. Not of first order. 

Linear, with constant coefficients ; second 

member zero* (21) 319 

Linear, with constant coefficients; second 

member not zero* (22) 319 

Of the form (a + bxy^-\-A(a + bxy-^^^^ 

+ ••• + Zy = X, where X is a function of 

X alone f (23) 321 

Linear ; of second order ; coefficients not con- 
stant. General form, ^4-P^-f.Qy=^; 

cur dx 

P, Q, and R being functions of a; . . . (24) 321 
Either of the primitive variables wanting . . (25) 323 

Of the form — ^ = X, X being a function of 

X alone f (26) 323 

Of the form --^ = F, F being a function of 

d.Q? 

y alone t (27) 324 

Of the form ^=/^^ (28)324 

Of theform^=/^f (29)324 

Homogeneous on the supposition that x and 

* The firtt member is supposed lo contain only Uiose terms involving Che d^tendent 
variable or its derivatives, 
t See note, p. 310. 
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y are of the degree 1 , -^ of the degree 0, 

dx 

— I of the degree —!,••• 

cbr 

Homogeneous on the supposition that x is of 

the degree 1> y of the degree n, -f^ of the 

dx 

degree n — 1, — f of the degree n — 2, ••• 

Homogeneous relatively to y, -^, — ^, ••• 

dx dor 

Containing the first power only of the deriva- 
tive of the highest order 

Of the form ^-^X^ + ¥^^1= 0, where 
dor dx L^J 

X is a function of x alone and Y a func- 
tion of y alone * 

Singular integral will answer 

VIII. Simultaneous equations of the first order . . 
Not of the first order 



Fkg« 



(30) 325 



(31) 325 

(32) 325 

(33) 325 



IX. All the partial derivatives taken with respect 
to one of the independent variables . . . 

Of the first order and Linear 

Of the first order and not Linear . . . . 

Of the second order and containing the deriv- 
atives of the second order only in the first 
degree. General form RD^z -|- SD,D^z -f- 
TD^z^V, where R, S, T, and V may be 
functions of », y, 2, Z),«, and D^z 



(34) 326 

(35) 326 

(38) 328 

(39) 329 

(40) 329 
X. 313 

XL 313 



X. Containing three variables . . . 
Containing more than three variables 



XL Containing three variables . . . 
Containing more than three variables 



(45) 331 

(41) 330 

(42) 330 

(43) 330 

(44) 331 



* See note, p. 810. 
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(1) Of or reducible to the form Xdx + Ydy = 0, where X is 
a function of x alone and F is a function of y alone. 

Integrate each term separately, and write the sum of 
their integrals equal to an arbitrary constant. 

(2) M and N homogeneous functions of x and y of the 
same degree. 

Introduce in place of y the new variable v defined by 
the equation y = vx, and the equation thus obtained can 
be solved by (1). 

Or, multiply the equation through by , and its 

Mx -f- Ny 

first member will become an exact differential, and the 
solution may be obtained by (6) . 

(3) Of the form {ax -{- by -{- c) dx + (a'x + b'y + c') dy = 0. 
If a6'— a'6 = 0, the equation maj' be thrown into the 

form (ax -t by -t c) dx -\ — (ax + by -^ c) dy =^ 0. If now 

a 

z = ax + by be introduced in place of either x or y, the 
resulting equation can be solved by (1). 

If ab' — a'b does not equal zero, the equation can be 
made homogeneous by assuming a: = a;'— a, y^^y'—P, and 
determining a and fi so that the constant terms in the new 
values of M and N shall disappear, and it can then be 
solved by (2). 

(4) Linear. General form -^-t- Xiy= Xj, where Xi and 

dx 

Xs are functions of x alone. 

Solve on the supposition that X2 = by (1) ; and from 
this solution obtain a value for y, involving of course an 
arbitrary constant C. Substitute this value of y in the 
given equation, regarding C as a variable, and there will 
result a differential equation, involving C and a;, whose 
solution by (1) will express C as a function of x. Sub- 
stitute this value for C in the expression already obtained 
for y^ and the result will be the required solution. 
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(5) Of the form ^ + Xiy = Xjy*, where Xi and X, are 

ax 

functions of x alone. 

Divide through by y*, and then introduce 2 = y*"* in 
place of y^ and the equation will become linear and may 
be solved by (4) . 

(6) Mdx + Ndy an exact differential. Test D^ 3f = D, N. 

Find I Mdx^ regai*ding y as constant, and add an arbi- 
trary function of y. Determine this function of y by the 
fact that the differential of the result just mentioned, taken 
on the supposition that x is constant, must equal Ndy. 

Write equal to an arbitrary constant the I Mdx above 
mentioned plus the function of y just determined. 

(7) Mx-^-Ny^O. 

Divide the first term of Mdx -h Ndy = by Mx^ and 
the second by its equal —Ny^ and integrate by (1). 

(8) Mx-Ny = 0. 

Divide the first term of Mdx -\- Ndy ==0 by Mx^ and 
the second by its equal Ny, and integrate by (1). 

(9) Of the form fi (xy) ydx +/, {xy) xdy = 0. 

Multiply through by — — -, and the first member 

" Mx — Ny 

wUl become an exact differential. The solution may then 

be found by (6). 



(10) 



—2 — ——5 — , a function of x alone. 
N 

Multiply the equation through by e 



/ 



D^M-DxN 



dx 



^ '~', and 
iJBm flnt member will become an exact differential. The 

then be found by (6). 
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(11) D.N-^D,M^ ^ function of y alone. 

Multiply the equation through by e^ ^ **^, and 
the first member will become an exact differential. The 
solution may then be found by (6) . 

( 1 2) I>,^-I>,N ^ f„„^^QQ Qf ^3jy) 

Ny — Mx tp^M-DxN ^ 

Multiply the equation tlirough by e^ Ny-Mx ' where 
V = xy, and the first member will become an exact differ- 
ential. The solution may thus be found by (6). 

(13) A solution of Mdx-^Ndy = in the form of a series 
can always be obtained. 

Throw the given equation into the form ;^ = — z^'> 
then differentiate, and in the result replace -? by 

, thus obtaining a value of — ? in terms of x 

N dor 

and y ; by successive differentiations and substitutions 
get values of — ?^, — -^ etc., in terms of x and y. 

If yo is the value of y corresponding to any chosen 
value a\, of a;, y can now be developed bj' Taylor's 
Theorem. 

We have y —fx =f{x^ -{-x — x^) 

=/r« + (x - x,)f% + i^^f% + (^Z^/"a^ + ..., 
or 

y yo-t-v ■^'dx^^ 2! rfj-o" 3! dx^' ' 

where %o ^ tPj^o ^tc 

dx.' dxJ' rfi"' ' 

UJCq vtrf^ t^U/Q 

are obtained by replacing x and 2^ by 0:0 and ^o m the 
values of 



dy^ ^^ ^^ gtc^^ 



described above. 
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Id the general esse ^d ia entirel; arbitral)-, and if the 
given equation ia at all complicated, the solution is apt to 
be too complicated to be of much service. If, however, 
in a special problem the value of y correBponding to some 
value of X is given, and these values are taken as y^ and 
Xg, the BolntioQ will generally be nsefnl. 

(14) Can be solved as an algebraic equation mp.irh&np 



stands for 



dy 



Solve aa an algebraic equation in p, and, after trans- 
posing all the terms to the first member, express the first 
member as the product of factors of the first order and 
d^ee. Write each of these factors separately equal to 
*ero, and find its solution in the form V— c = by {V.) . 
Write the product of the first members of these solutions 
equal to zero, using the same arbitrary coDstant in each. 

(15) Involves only one of the variables and p, where p stands 



By algebraic solution express the variable as an expli- 
cit function of p, and then differentiate through relatively 
to the other variable, regarding p aa a new variable and 

remembering that — = -. There will result a difFeren- 

dy p 
tial equation of the first order and degree between the 
second variable and p which can be solved by (1). 
Eliminate p between this solution and the given equation, 
and the resulting equation will be the required solution. 

(16) Of the form xfip + yf^p —/»p, where p stands for -Jf. 

Differentiate the equation relatively to one of the vari- 
ables, regarding p as lyUB^BMntia. etn\. willj tlio aid of 
fte ^ven equalioD, 4^^^P^ '^(iriginiil viirialile. 

Tbere will nHatam/f^^ "ition of the first 
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order between p and the remaining variable, which may be 

simplified by striking out any factor not containing -^ or 

-2, and can be solved bj- (4). Eliminate p between this 

solution and the given equation, and the result will be the 
required solution. 

(17) Of the first degree in x or y. 

The equation can sometimes be solved by the method of 
(16), differentiating relative!}- to the variable which does 
not enter to the first degree. 

(18) Homogeneous relatively to x and y. 

Let y = vXj and solve algebraically relatively to p or v, 

p standing for -^. The result will be of the form p =yv, 

ax 

or v = Fp, K 

A dy A d(vx) ^ dv . >. 

an equation that can be solved by (1). If 
v = Fpy ^=:Fp, y^xFp^ 

X 

an equation that can be solved by (16). 

(19) Of the form F(<^, ^) = 0, where ^ and i/r are functions 

of a;, y^ and --^, such that <^ = a and ^ = 6 will lead, on 
dx 

differentiation, to the same differential equations of the 
second order. 

Eliminate -^ between 6 = a and ilf^bj where a and b 
dx 

are arbitrary constants subject to the relation that 
F(a<f b) = 0, and the result will be the required solution. 

(20) Singular sohition will answer. 

dv 
Let -^=:p, and express /) as an explicit function of x 

dx -I 

and y. Take -^, regarding x as constant, and se^ 

dy 
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whether it can be made iDfloite by writii^ equd to zero 
&ny expression iavolviDg y. If so, and if the equation 
thus formed will satisfy the given difCerential equation, it 
is a singular solution. 



Or take ■- ^"■' , r^ardir^ y as constant, and see whether 

it can be made infinite by writing equal to zero any ex- 
pression involving x. If so, and if the equation thus 
formed is uoneistent with the given equation, it is a 
singular solutioa. 



(21) linear, with constant coefiScients. Second member 
zero. 

Assume y = e~ ; m beiog constant, substitute in the 
given equation, and then divide through by e™. There 
will result au algebraic equation in m. Solve this equa- 
tion, and the complete value of y will consist of a series 
of terms characterized as follows: For every distinct 
real value of m there will be a term Ce" ; for each pair 
of imaginary values, o + frV — I, a — ftV— 1, a t«rm 
Ae" eoabx + B0" eiabx ; each of the coefficients ^, B, and 
C being an arbitrary constant, if the root or pair of roots 
occurs but once ; and an algebraic polynomial in x of the 
(r— l)st degree with arbitrary constant coefficients, if 
the root or piur of roots occurs r times. 



(22) Linear, witli constant coefflcieuts. Second member not 

(a) If a particular solution of the given equation can 
be obtained by inspection, this value plus the value of y 
obtained by (21) on the hypothesis that the second mem- 
ber is zero, will be the oomplete value of the dependent 
variable. 
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(b) If the second member of the given equation can 
be got rid of by differentiation, or by differentiation and 
elimination between the given and the derived equation^, 
solve the new differential equation thus obtained, by (21), 
and determine the superfluous arbitrary constants so that 
the given equation shall be satisfied. 

In determining these superfluous constants, it will 
generally save labor to solve the original equation on 
the hypothesis that its second member is zero, and then 
to strike out from the preceding solution the terms which 
are duplicates of the ones in the second solution before 
proceeding to differentiate, as from the nature of the case 
they would drop out in the course of the work. 

(c) If the given equation is of the second order, solve 
on the hypothesis that the second member is zero, 
by. (21), obtain from this solution a simple particular 
solution by letting one of the arbitrary constants equal 
zero and the other equal unity, and let y = v be this last 
solution ; then substitute vz for y in the given equation ; 
there will result a differential equation of the second order 
between x and z in which the dependent variable z will be 
wanting, and which can be completely solved by (25). 
Substitute the value of z thus obtained in yrsvz and 
there will result the required solution of the given equa- 
tion. 

(d) Solve, on the h^'pothesis that the second member 
is zero, and obtain the complete value of y by (21). 
Denoting the order of the given equation by n, form the 

n — 1 successive derivatives — , — ^... ?-. Then 

dx dar daf'^ 

differentiate y and each of the values just obtained, re- 
garding the arbitrary constants as new variables, and 
substitute the resulting values in th6 given equation ; and 
by its aid, and that of the 71 — 1 equations of condition 
formed by writing each of the derivatives of the second set. 
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except the nth, equal to the derivative of the same order in 
the first set, determine the arbitrary coefficients and sub- 
stitute their values in the original expression for y. 

(28) Of the form 

where X is a function of x alone. 

Assume a-\-hx = e\ and change the independent vari- 
able in the given equation so as to introduce t in place of 
X, The solution can then be obtained by (22). 



(24) Linear; of second order; coefficients not constants. 
General form 



g+p|+«,.i,. 



(a) If a particular solution y = v of the equation 

can be found by inspection or other means, substitute 
y=^vz m the given equation, which will then reduce to 
the form 

dor \ ax J ax 



V 



and can be solved by (25). Substitute the value of z 
thus found in y-vz^ and the result will be the general 
solution of the given equation. 

(6) The substitution of y=^vz m the given equation, 
where v is given by the auxiliary dififerential equation 

dx 
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and can be found by (1), and should be used in the 
simplest possible form, will lead to a differential equation 
in z of the form 

which is often simpler than the original equation. 

(c) The introduction of z in place of the independent 
variable x^ z being a solution of the auxiliary differential 
equation 

(Jb? dx 

the simpler the better, will reduce the given equation to 
the form 

which is often simpler than the original equation. 

(d) If the first member of the given equation regarded 
as an operation performed on y can be resolved into the 
product of two operations, the equation can always be 
solved. The conditions of such a resolution are the 
following : let the given equation be 

where ?/, r, tv^ and It are functions of x; this can be 
resolved into 

where ^), (/, r, and s are functions of a;, if 



pr=u^ qr'\-p(^'\-s\ = v^ and qs-i-p^ = w; 



^1 +«) = ., and 9. +;>! 



and the values of p, q^ r, and s can usually be obtained 
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dz 
by inspection. We have first to solve p—'{'qz = B 

by (4), and then to solve r-^ + sy=z by (4). 

Cm? 

(e) A particular solution of the equation 

dar ax 

can often be obtained by assuming that ^ is of the form 
Sa^aj*, m being an integer, substituting this value for y 
in the given equation, writing the sum of the coefficients 
of a* equal to zero, since the equation must be identically 
true, and thus obtaining a relation between successive 
coefficients of the assumed series. The simplest set of 
values consistent with this relation should be substituted 
in the assumed value of y, which will then be a particular 
solution of the equation. If this solution can be ex- 
pressed in finite form, the complete solution of the given 
equation can be obtained from it by the method described 
in (24) (a). If, however, two different particular solu- 
tions can be found by the method just described, each 
of them should be multiplied by an arbitrary constant, and 
the sum of these products will be the complete solution 
of the given equation. 

(25) Either of the primitive variables wanting. 

Assume z equal to the derivative of lowest order in the 
equation, and express the equation in terms of z and its 
derivatives with respect to the primitive variable actually 
present, and the order of the resulting equation will be 
lower than that of the given one. 

(26) Of the form — '- = X. X being a function of x alone. 

Solve by integrating n times successively with regard 
to X, 

Or solve by (22) . 
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(iZ) Of Che f ofHK --| = F. Fbeii^ m fanctioo of jr alone. 



MaltiplT bj 2-3 and integnUEe relmtiTelY to x. There 
win r»ah tii« cqnaSiQa • -^\ =^| Tdw-hC^ whence 
-p = ( 2 I Fdjf -h C>*. an cqutioo that nuiT be solred 

bv ,1). 



(2^) Of the form ^=/^^ 
Assume 



After effecting this integration, express z in terms of x 
and C. Then, since 2 = ?^, ^-y = i='(x, C), 



dj- ' dj- ■ ' *° 



equation that may be treated by (26). 
Or, .sinc»:r 



- — 7 = 2, ^ = I zdx 4-0=1 h c, since dx = — 

Continue this process until y is expressed in terms of 
z and n — 1, arbitrary constants, and tlieu eliminate z by 

the aid of the equation x = I ^C. 

J fz 

(29) Of the form ^ =/^^. 

d**"*'t/ d^2 

Let ? = 2» and the equation becomes — 1=/2, and 

dx" ' dx* 

may be solved by (27). 



^. 
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(30) Homogeneous on the supposition that x and y are of the 

degree 1, -^ of the degree 0, —^ of the degree — 1, •••. 
dx dor 

Assume a; = e*, y = e^z^ and by changing the variables 
introduce and z into the equation in the place of x and y. 
Divide through by e^ and there will result an equation 

dz di z 
involving only 2, — -, ;^» •••» whose order may be de- 
pressed by (25). 



(31) Homogeneous on the supposition that x is of the degree 

1, y of the degree n, -ii of the degree n — 1, — ? of the 

dx dor 

degree n — 2, •••. 

Assume a? = e*, y = e"*z, and by changing the variables 
introduce and z into tlie equation in the place of x and y. 
The resulting equation may be freed from by division 
and treated by (25). 



(32) Homogeneous relatively to y, -^, _^, .... 

dx dxr 

Assume y = €'<, and substitute in the given equation. 

Divide through by e' and treat by (25) . 



(33) Containing the first power only of the derivative of the 

highest order. 

The equation may be exact. 

dV 
Call its first member — . If n is the order of the equation, 

d^~^ V d** y dv 

represent - — -^ by p and — ^ by — . Multiply the term 

containing ^ by dx and integrate it as if j) were the onlv 
variable, calling the result Ui ; then replacing p by -^, 
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fJTT 

find the complete derivative - ', and form the expression 

dx 

dy_in\ jlepresenting it bv ^. If Hj contains the 
dx dx ^ ^ ^ dx dx 

first |H>wer only of the highest derivative of tfj it may 

itself Ih' Hn exact derivative, and is to be treated pre- 

dV 
cisolv as the first member of the given equation — has 

dx 

dV 
Uvn. Continue this process until a remainder — — of 

dx 
the first onlor ix*ours. 

Write this ei|ual to zero, and see if the equation thus 

foruKHl is fxiict^ see (0). If so, solve it by (6), 

Ihrvnviujj its solution into the form T^_, = C, A 

ivujploto first integral of the given equation will be 

r, 4- CjH b Vm \=C. The occurrence at any step 

dV 
of the prvHvss of a rt*mainder — ?, containing a higher 

dx 
|H>wor I ban the first of its highest derivative of y, or the 
t'.MUnv v>f tho resulting equation of the first order above 
vlo^vulvvl lo bo e-.nn7, shows that tho first member of the 
i;i\on cvjuHiion was not an exact derivative, and that this 
motlunl \>iU not apply. 

^:in Of tho iVrm '("■;; 4.x';' 4- rW'===0, where X is a 
fuuolion of .r alouo and Y a function of y alone. Multiply 

^^ 1 ^ 

th\>»Ui;h bv j * . and tho e<|uation will become exact, 

\jiix ' 

and mav Iv soUihI bv v;»o^ 

(W^ Singular integral will answer. 

Tall * \ j», and * * u. and find -?, reffardinff /> and 7 
dx^ * dx^ dp ^ ^^ ^ 

as tho onlv variables, and see whether -? can l>e made 

dp 

infinite by writing ixpial to zen^ any factor containing p. 
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If so, eliminate q between this equation and the given 
equation, and if the result is a solution it will be a singular 
integral. * 

(36) General form, Pdx -f» Qdy -f Rdz = 0. 

If tlie equation can be reduced to the form Xdx -|- Ydy 
-|- Zdz = 0, where X is a function of x alone, Y a function 
of y alone, and Z a function of z alone, integrate each 
term separately, and write' the sum of tiie integrals equal 
to an arbitrary constant. 

If not, integrate the equation bj' (V.) on the supposition 
that one of the variables is constant and its diffei*ential 
zero, writing an arbitrary function of that variable in place 
of the arbitrary' constant in the result. Transpose all the 
terms to the first member, and then take its complete 
differential, regarding all the original variables as variable, 
and write it equal to the fii'st member of the given equa- 
tion, and from this equation of condition determine the 
arbitrary function. Substitute for the arbitrar)" function 
in the first integral its value thus determined, and the 
result will be the solution required. 

If the equation of condition contains any other varia- 
bles than the one involved in the arbitrary' function, the}' 
must be eliminated by the aid of the primitive equation 
already obtained ; and if this elimination cannot be i>er- 
formed, the given equation is not derivable from a single 
primitive equation, but must have come from two simul- 
taneous primitive equations. 

In that case, assume an}' arbitrar}' equation /( a;,y, 2) =0 
as one primitive, differentiate it, and eliminate between it 
its derived equation and the given equation, one variable, 
and its differential. There will result a differential equa- 
tion containing only two variables, which ma}' be solved 
by (III.), and wilt lead to the second primitive of the 
given equation. 
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(37) General form, Pdxi -\- Qdx^ + Bdx^ -| = 0. 

If the equation can be reduced to the form X,dr,+Xii: 
-|- X^dx^ -|- ••••• = 0, where Xi is a function of x^ alone. Xj 
a function of a^, alone, X^ a function of ar, alone, etc., inte- 
grate each term separatel}*,* and write the sum of their 
integrals equal to an arbiti-arj' constant. 

If not, integrate the equation by (V.), on the supposi- 
tion that all the variables but two are constant and their 
differentials zero, writing an arbitrary function of these 
^•!lriabk*8 in place of the arbitrarj* constant in the result 
TranHi)ose all the terms to the first member, and then 
take its complete differential, regarding all of the original 
variables as variable, and write it equal to the first mein- 
b(»r of the given equation, and from this equation of con- 
dition deti^rmine the arbitrar}* Amction. Substitute for 
the arbitrary' Amction in the first integral its value thus 
determined, and the result will be the solution required. 

If the ecpiation of condition cannot, even with the aid 
of the primitive equation first obtained, be thrown into a 
form where the complete differential of the arbitraiy func- 
tion IS given ecpial to an exact differential, the function 
cannot be determined, and the given equation is not deriv- 
able f'l-om a single primitive equation. 

( ;IH) System of simultaneous equations of the first order. 

If any of the ecpiations of the set can be integrated 
Hepiirately by (II.) so as to lead to single primitives, the 
prol)len» can be simi)lified ; for by the aid of these primi- 
tives a mnubi»r of variables equal to the number of solved 
ec|uations can be eliminated from the remaining equations 
of the stories, and there will be fonned a simpler set of 
Himultaneous cipiat ions whose primitives, together with the 
pnmitives alix^ady found, will form the i)nmitive system 
of tlie given equations. 

There must l>e n equations connecting n -f- 1 variables, 
in onler tliat the system may be determmate. 

Lot a, oTi, x^ , x^ be the origmal variables. Choose 
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any two, x and a?i, as the independent and the principal de- 
pendent variable, and b}* successive eliminations form tlie 

n equations --=fi(x,Xi,x^, ,a;„),-^=/2(a;,aJi,aj2, ,a;J, 

ax ax 

dx 

, up to — -=fn(^i^i'>^^y .^h)' Differentiate the first 

dx 

of these with respect to x n — 1 times, substituting for 

— ?, — ?, , — ?, after each step their values in terms of 

dx dx dx 

the original variables. There will result ?i equations, 

which will express each of the n successive derivatives 
dxi (Pxi cPxi ^"ar, . . « 

ax dar cfar da:" 

Eliminate fmm these all the variables except x and a?!, 

obtaining a single equation of the 7tth order between x 
and a?i. Solve this by (VII.), and so get a value of Xi in 
terms of x and n arbitrary constants. Find by differen- 
tiating this result values for — , — ^^ , K and write 

dx dor daif'^ 

them equal to the ones already obtained for them in terms 
of the original variables. The n—\ equations thus foimed, 
together with the equation expressing a;, in terms of x and 
arbitrary constants, are the complete primitive system 
required. 

(39) System of simultaneous equations not of the first order. 
Regard each derivative of each dependent variable, 

from the first to the next to the highest as a new variable, 
and the given equations, together with the equations de- 
fining these new variables, will form a system of simulta- 
neous equations of the first order which may be solved by 
(38). Eliminate the new variables representing the 
various derivatives from the equations of the solution, and 
the equations obtained will be the complete primitive sys- 
tem required. 

(40) All the partial derivatives taken with respect to one of 
the independent variables. 



x'- 



*::'Atr^.n- 'v ZL is Jf oiac •>ae were the only indepen- 
-.*:•. i'. •'•■ji:i4.*!inr -^acii arbitarary constaat by au 
r*..* \:ii*::«ii >r TUe :cier iniXep^rQi lent variables. 

::r :r^ -ru-r ijni Linear, ■.vn.tiunin^ three variables. 

- : ; : : ? t l: .\ ■ / :: i"'- -' - >r^- m : if «.^niiiiary *i i ff e iv d t ial e(j ua- 
- " = - = -^. la.i nL*-zrA::e bv-rV^). Express their 

• • ■ - '. :*.! rii « = .'. ■• = '">. 'S and '» ht'iiig jirbi- 
^..- •>.::.: > \A*[ ' = ""■. vie re r'is an arbitrarv fnne- 

:^< r-*r ij.: *:uear. vacain-iniT mi.^n? than three 

-.♦..>« :.:v ::iiiet.>:iiikat au»l : the dejHMi- 

• ^ \ :ir' >y>ro'u i' onlinary differential eqiia- 
- r * = TT' ^'^ :r.:eprate them by (38). 

- ■ ■.■• rrru ••- = *, ^'. = h^ ''. = *\ 
■^ -• r. ■' > a a ar'»itrar>- fiiuc- 






• 



'-•.•'•-"•■:*. v.-.-ir. > -.irAiriiKi: three varia- 

t\ ^^ :. - s ' .\ . : -ij. I tn.^ai rho irivon tqua- 

'i ■ ^. -v -. > v.t". v :L:,:> '.■•tsiiutl in the aiixil- 

"> . 

— /^7 
=-- - - — IV'l.i'A 'V iutt:rration from 

t>.v>v' .••;:.'.:;■* s, \ . j. v:u-.>^ . f i iiw.^lvinir an arbi- 

tr^r\ vv:-s:a:'.:. s-.vl > . >:::i::o :: wi:h the o^rresi^^^mling 
value V*: . i.* :;u- 5>:.:,i:;o:i :*: = i'lsr -^ ^'^ . luteirrate 
this rvsul: Vv y^ov», i: v*>i<:*''Iv: aiul if a siu:zle primitive 
tNiuativMi Iv obraiiuvl. :: w'.l ' , .. v-Mnpiote primitive of the 
givea e^inativMi. 
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A singular solution maj' be obtained by finding the 
partial derivatives D^z and D^z from the given equation, 
writing tliein separately equal to zero, and eliminating p 
and q between tliem and the given equation. 

(44) Of the first order and not linear, containing more than 

three variables. F{Xi^x.^f , a\, z^j)iiPii fPn) = 0, where 

Pi=zDx^z, Pi = Dx^z, 

Form the linear partial differential equation %i[^(DxiF 
-h2HDzF)Dp^^ - Z>p^F(Z>x;* +Pi/>c*)] = 0, where * is 

an unknown function of (a;i, ^x^^Pit ?2>i»)» aiicl where 

S< means the sum of all the terms of the given form that 
can be obtained b}' giving * successively the values 1, 2, 
8, , n. 

Form, b}^ (42), its auxiliary system of ortlinarj' differen- 
tial equations, and from them get, by (38), ?t — 1 nite- 

grals, 4>i = ttj, 4>2 = «2i >*n-i = o»-i* ^y these equations 

and the given equation express pi^ p^^ , j)^ in terms of 

the original variables, and substitute their values in tlie 

equation cfe = j)i dxi -f jy^ dxj -|- -f- j;^ dx^. Integrate tins 

by (37), and the result will be the required complete primi- 
tive. 

(45) Of the second order and containing the derivatives of 
the second order only in the first degree. General form, 
RD.^z -h SD,D,z -h TD;z = F, where B, S, T, and Fmay 
be functions of x, y, 2, Z>,2, and D^z, 

Call D^z p and B,z q. 
Fonn first the equation 

Bchf - Sdxdy -|- Tdx^ = 0, [1] 

and resolve it, supposing the first member not a complete 
square, into two equations of the form 

dy — midx = 0, dy — m^dx = 0. [2] 

From the first of these, and from the equation 

Ed2)dy -h Tdqdx — Vdxdy = 0, [3] 



332 INTEGRAL CALCULUS. 

• combined if needful witli the equation 

dz = i>dx -H qdy^ 

seek to obtain two integrals u^ = a, Vi = p. Proceed- 
ing in the same way with the second equation of [2], 
seek two other integrals u^ = ai, ^2 = Pi ; then the first in- 
tegrals of the pro|x>sed equation will be 

Wi=/iVi, w,=/iWj, [4] 

where /i and^ denote arbitrary functions. 

To deduce the final integral, we must either integrate 
one of these, or, determining from the two p and q in terms 
of 0?, y^ and 2, substitute those values in the equation 

dz = ihIx -H qdy^ 

which will then become integrable. Its solution will give 
the final integral sought. 

If the values of m, and m^ are equal, onl}' one first in- 
tegral will be obtained, and tlie final solution must be 
sought by its integration. 

When it is not possible so to combine the auxiliarv*^ 
equations as to obtain two auxiliary integrals u = a, v =:^, 
no first integral of the proposed equation exists, and this 
method of solution fails. 



KET. 



833 




(2; 



(3: 



(*: 



(s: 



Examples. 
Blnxcoay.dx — oosxQiny.dy^^O. Ans, cosy sc coax. 



(«+y)'|=a*. 

g=8in(^-*). 



a 



[z-±^= 



Ans, ctnl - — — = <^ -|- c. 

[4 2 J " 



X 



ox 



^n«. sm~^^ = c — x. 

X 



(^y-x){l+a*)i^ = (l+y')i. 



(6: 



^rw. ctn (tan~*y — tan"*aj) =taii~*y + c. 

('I-»)'=»['HD]<"'^»')'- 

Ans. 2a(a;*-|-y') = (a^ + y*)i — a:co8C-|-ysinc. 



(7; 



(9; 



(lo; 



(11 



(12; 



(is; 



[2 V(«y) -x]dy + ydx= 0. 
(a,_y») + 2xy^=0. 



A71S. y = ce~\/y 



Ans, xe* = c. 



(2a? — y + l)da? + (2y — a; — 1) dy = 0. 

^ns. aj* — «y-|-y' + a5 — y = c. 



^ns. y = sin aj — 1 + cc 



— «nx 



dv , sin 2 a; 

dx ^ 2 

( 1^0?) -^-'3cy = axy'. Ans. y = [cV(l — «*) — a]~*. 



av(i+'«=y')£=i- 



1 Z?? 

^ns. -=2 — y' + ces. 
a; 



y(a? + y* + a')^ + a:(a:» + y'-a')=0. 

^ ^715. (a:2-hy2)2_2a»(a:«-y») = c. 
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(14) xdx + ydy + — •^. ~ ^^^ = 0. Ans. ^±i^+ tan -'•? = & 

ar + jf 2 



SB 



(15) /'^Y_?^=0. Ans. {y-a\ogx-c){y+a\ogx-c) = 0. 

\dxj Q^ 

(17) |^| + y) = a.(x + y). 

^/j». (2y — x* — c)[log(a; + y 



ycos*| 



-)= 



c]=0. 



-l) + a!— c]=0. 



'd;/^» 



^"■''' (■' ~ 3" ~ ") r ''" " ~ 7 \^^ ~ 2 ~ *') ^ ^' 

19) fi_3^_2^Y''^Y-2i/rfy+»*=o. 

\ xrj\dxj X dx or 
Ans. y + log— ^- -^-^ — c 7/ — log— ^- -^-^ 



( 



-c]=0. 



(20) y = a:^/ + ^i/_^^Z^^ 
c/x* dx \dx^ 



(21)2, = j,(2Y+2x|. 



^718. y = cor + c — cr. 



Singular solution, y = 



_(x-f-l)2 



Ans. t/^ = 2cx-^cr. 



(22) 



1- 



dx 



(•» o o\ (TV 

x--y'-'a')-f- 

dx 



a^c 



dx \dx, 



xlns, y^ — cx^-\ = 0. 

1 4-c 

Ans. jf =^2 ex -{-(?. 



(24) orY'^-^Y-f ar'y'-^-f a-' = 0. 
\dxl dx 



Ana. c* + cxy -f- a*« = 0. 
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(25; 



(26; 



L VCLryj ax ^^^^ (6-f y)* = 4aa;,/(a)-f 6 = 0. 

dy -^[^ ^dx] 2/«-a '■'^ ^'^ 



(27; 



(28; 



(29; 



dx 

da!* da? cb? dx 

Ans. y = (co + Cia! + Cja^ + Cjar')e'. 

dar dx (fc— 1)' 

da-^ da?^^ %. 

^7i,«j. y = — h (-4 -f 5a;) cos a; + ( C -+- Dx) sinaj. 
4 



(3o; 



a; 



^-^)cos.-,(C + -^-)si„.] 



3a;\ 

20 y 



(31 



(32; 



(33 



(34 



^-2^-h4y = e'cosa;. 
dx^ dx 

Ans. y = Ae ^ -{-e* 

^-2^-^ + ^^ = af*. 
c/x^ dx^ da^ 

Ans. y= {A-^Bx)e''\-{C+Dx)-\-V2x^-\-3x^^^-i-~ 

^_4^-f4y = a:*. 

^ ^ Ans. y = {A-^Bx)^-\-i{2x' + 4X'^3), 



-|-y = cos a:. 



da^ 

— 2 -|- 4 y = a; sin*aj. 

Ans. t/= [ ^ 1 



a; 



^715. y=^cosa;+ J38ina;-f- sina;. 



Qo%2x-\-(B-—\\n2x-\-^- 
32y V 167 8 



(35; 



aJf^^-_ar-^ + 2y = a;loga;. 
dar dx 

Ans. y = Ax cos (log x) -f J3ar sin (logo?) -f a; log a;. 
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(86) ii*^-a*^ + 2x^-2y:=3? + Sx. 
dOu u2r dx 

(38) ^ + tana;^ + co8*a;.y = 0. 

Ans, y = A cos (siu x) + B sin (sinx). 

(89) (l_a?)«^ + y=0. 



da* 



^n«. y = Vr^^/^^ + Blogi-±^\ 



(40) (l+a?)g-2xg + 2y = 0. 

*^ *" >4n». y = Jftr + ^(l-x^. 

dof a;-ltte X 1 Atis. y=Ae- + Bx-(l+a^. 

(42) a;»f|_2a5(l+a;)^' + 2(l+a;)y = a^, 

aor Cue . 

Ans y = .4a«* + Bx • 

(43) 8m«a;^-2y = 0. Ans. y =-4 etna + ^ (I —a? etna;). 

^n.-?. y = -41oga;H-e'loga;H-jB( logo? I ; x\ 

\ J log* y 
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*^ ** Ans. y = ^{A^ + Be-'-l). 

(49) (l_a5')0-43-(l+a!')y = a,. 

^7w. y = —(x-^-AcoBX + Bsmx). 

1 — sr 



dor 'sfi dx 4ar 



^ 



-4n«. y = e^(-4«'H — )• 



.dy 



(51) ^ + 2nctnna^ + (m«-n«)y = 0. 

^n8. ^ = (^ cos mo; + ^ sin ma;) C8C no?. 

(52) (a--l)g + x£-c'y = 0. 



^n«. y = ^(a! + V«»-l)'+5(a!-V«»-l)'. 



(53)g + !^ + ^> = 0. 



do^ a; dx x 



Ana. y = -4 sin - 4- -B cos— 

a; X 



(54) ^_3i±l gg + yf 6(x + l) -?^^ 

^ ' daf a!»-l da; *|_(a;-l)(3« + 5)J 

Ans. y = [^ + Blog((a!-l)»(3a! + 5))]V(«-l)»(3a! + 5). 

(55) (l-««)g-a,|-c'y=0. 

^n«. y= ^e* ""■'• + Be- •^"'•. 

(66) (l+aa?)0 + axg-n'y = O. 

.4rw. y = u4(Vl+aa" + a?Va)^-h5(Vl+aa* + ajVa) ^. 

(57) («-l)(x-2)||-(2a:-.3)g + 2y = 0. 
u4n». y = c(a;-2)« + c'(a?-2)[(»-.8) 
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(58) (8-«)|f-(9-4a:)|! + (6-3«)y = 0. 

j4ms. y = — [ji(sinnx — nacoBwai) +S(coBnz-|-na:Bintu;)]. 



<")S+;l-»- 



jiiis. y^clogz + c". 



Afta. t? + cxf/ = c'x 
^ ^ ' riiid a first iDtegral 

(64) >?S + »S + <2»'i'- ')? + !''=<'■ 

I-uiil a first ]Dt«^iil 

(}j^ dx 

(65) _^+-^.'' +-!*5-=0. /l»a. (j;-o)(y-6)(2-c)=. 
a;~a y — (i ;-(,■ 

(66) (y + z)dx + dy + dz = 0. Ans. e-(y+z)=, 
'■■'(« 4 «« '^ „ 




KEY. 



889 



(68) g + m«a; = 0, ^-m«a: = 0. 



Ana. xssABinnU + BcoQnU, x + yssCt + D. 



(69) D.«=-^- 

x + z 

(70) xxD^z + yzD^z =i xy. 



(71) A«.i>,«=i. 



• 

Ans. e 9(x + y + z)= ^y. 



Ans. n^ ==i xy + ifif^y 



Ans, z=:ax + ^ + b. 

a 



(72) a^DJz + 2xyD^D,z + fD/z = 0. Ana. z = a^/'X^j+^JfY 

(73) {D,zyD,H - 2D,zD,zD,D,z + (D^zYD^z = 0. 

Ans. y=iX<^-^ila. 



(74) D^z.D^D^z-D^z.DJz^O. 



Am. x=s4>y + ^. 




''1 

ill 

V.} 

I* I c 
» '7 



I 



rt 

it: ; 



( 
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CHAPTER V. 



INTEGRATION. 



74. We are now able to extend materially our list of formiUaa 
for direct integration (Art. 55), one of which may be obtained 
from each of the derivative formulas in our last chapter. The 
following set contains the most important of these : — 



Z>.logx=i 

X 



gives/.- = logaj. 

X 



D^a' = a'loga 






D.8ina; = cosa; 



" /,cosa; = sina. 



Z>,cosa= — sinaj 



" yi(— sinaj)=cosa5. 



2>, log sin X = ctn x 



' ' yi etna; = log sin x. 



Z>.logcosaj= —tana? 



'' /,(— tana;) = logcosaj. 



D,sin~*a; = 



V0-«^) 



2>,tan-'aj = 



1 



l+a;* 



" yi— 7r=sin*"^a;. 



V(i-^) 



" /. 



1 



l+«* 



=tan~'a;. 



Z>.vers~^« = 



1 



V(2a;-»») 



" f»—n^ IT- = vers-'a. 



V(2a?-a^) 



The second, fifth, and seventh in 
written in the more convenient ibrmii 
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loga 
/j8inaj= — oosa;; 
yjetana; = — logcosa;. 

75. When the expression to be integrated does not come under 
any of the forms in the preceding list, it can often be prepared 
for integration by a suitable change of variable^ the new variable, 
of course, being a function of the old. This method is called 
integration by aubstitviion^ and is based upon a formula easily 

deduced from D^{Fy) =^D,Fy. D,y ; 

which gives immediately 

Fy=MD,Fy.Dj/). 
Let u=DgFy^ 

then Fyzsf^Uy 

and we have f,u =f^{uD,y) ; 

or, interchanging x and y^ 

f^u=f,(uD,x). [1] 

For example, required /,(a -f 6aj)*. 
Let z^a-^-bx, 

and then /.(a + bx^ =/,2;" =./;(;2:" D.x), by [1] ; 

but x=: , 

b b 

hence /.(a -f 6x)* = i /,«" = i^ ^" 



6*" bn + 1 




Chap. V.] 



INTB6BATION. 



67 



Sabstituting for z its value, we have 

?l+ 1 



»+l 



Example. 



Find/. 



a + hx 



Ana, - log (a -+- bx) . 





76 . II fx represents a function that can be integrated, /(a + hx) 
can always be integrated ; for, if 



then 



and 



z^a + hxy 



1 



/J-(o + hx) =f.fz =S.fzD.x = i/./«. 





EbCAMPLES. 



Find 

(1) /.sinoa?. 

(2) y;cosa«. 

(3) yj^ tan oo;. 

(4) y^ctnoa. 



Ans. cos oo;. 

a 

Ans, - sin oo;. 
a 



77. Required/, 



f. 



1 



=U 



1 



^J{a^^3^) a 



I'-m 



Let 



then 



a: 
a 
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[Art. 78. 



1/. 



1 



"V['-©] 



As. 



1 



= 1/. 



a-^'VCl-^*) a V(l--««) 



2>,« 



=/. 



1 



V(i-^) 






^ind 



Examples. 



(\\ c ^ 


1 i« 

^tw. -tan""'-- 
a a 


^^^ •'V+a;* 


1 


-4iw. vers"'-* 
a 


^'^ -^'^{20X^0?) 


78. Beqmredf.^^^^^^^. 




5t 2 = a;4-V(^'' + <*') ; 




en 2-« = V(a^ + a')? 




2>-2;2ic4-a:* = a:'4-aS 




2za; = 2;^ — a*, 




22 




o 2 


«» + a' 



2>,a; = 



22^ 



^ 22 2* 4- a* r^ , 1 / /"Tl — 'ix 



Example. 



Find/, 



1 



Ans . log (« + >/«*--?) 



■•«rfkBaa»>Mn<«a 
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79. When the expression to be integrcUed can be factored y the 
required integral can often be obtained by the use of a formula 



deduced from 



which gives 



or 



uv ^f,uD^v ■\'f^vD^u 
f^uD^v = uv —fgVD^u, 



[1] 



This method is called integrating by parts, 

(a) For example, required f^logx, 

logs can be regarded as the product of logo; by 1. 



CaU 



logo; = u and 1 = Z>. v, 



then 



X 



and we have 



v = x; 



/.loga =/.l loga =/.u/>,v = //u -/.vD.tt 



X 



= a; log a; — /,-- == aloga; — x, 

X 



Example. 
Find y]^ a? log a;. 

Suggestion : Let logo; = ri and x -. 



80. Required /, sin' x. 



Ans 



' HO^g^-|) 



Let 



u = sina; and D^v = sin a;, 



then 



DgU = cosa;, 
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but ocxfx = 1 — safxj 

so yioOfl'aj=/.l— /,8in*a = a— yisin** 

and yifidn'aj = a; — sinoscos^ — yisin'a. 

2yism'a = » — sinorcosa;. 
yisin'a; = J (a; — sina^coso;). 

Examples. 
(1) Fmdyioos*aj. Am. -(a? + 8ina;cofla;). 



(2) y^sinoscosa;. Ans. 



sin's 



81. Very often both methods described above are required in 
ifie same integration, 
(a) Required f, sin"" ' x. 
Let 8in~'a; = y, 

then a;=8iny; 

D^x = cosy, 

/,sin-*aj =/.y =/,ycosy. 

Let f« = y and Z>yV = cosy ; 

then DyW = l, 

v = siny, 
and 

yiyco8y=ysiny— y^siny=?/siny+co8y=a:8in*"'a?-f -y/(l— a*). 

Any inverse or anti-Ainction can be integrated by this method 
if the direct function is integrable. 

(6) Thus, fJ''x=./,y=/,yDJy^yfy^fJy 

where ys^f-^x. 
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Examples. 



(1) Pind/.oofl-^a?. 

(2) /.tan-^aj. 
(8) y^verer^aj. 



Ana. ajco8"*aj — '^/(l — a^. 

Ans. a5tan~*a; — -log(l + a^). 

Ans. (a — 1) vers~*a5 + ^/(2a5— a*). 



82. Sometimes an algebraic transfomuUion^ eitJier aione or in 
eon^ifuUion tcith the preceding methods^ is useful. 



(a) Required f^-- -. 

7j—ar 



1 J./JI L_^ 



and, by Art. 75 (Ex.), 



or — a" 2 a la x-f-a 

(b) Bequired/,J(i±^. 

lfl±x\ ^ l+a; ^ 1 , « 

\\l-x) y/{l-^) V(l-a^) V(l-a^' 



/. 



= sin"' a?. 



/. 



and is — ^/(l — a;*) ; 



can be readily obtained by substituting y = (1 — a?), 



hence 



•^-iJ(S)=«''^-*-vo-^> 



(c) Required yi V (^** "" ^) • 



V(a«-a:') = 



a^ 



g'-g* 

y/^a^^x") V(a'-^) >/(«"-«") 
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whence /,VK - ^) = a^sin-^- -/. — -i^— -, by Art. 77 ; 

a V(^ — ^) 

but /.V(a* - a:') = a:V(«' - ^) +/« ,,/ ^ ^ 

6y integration by parts^ if we let 

?^ = ^(a* — a^) and Z>,v=l. 
Adding our two equations, we have 

2/, V(a' - «*) = « V(a* - «*) + a«8in-»? ; 

a 

and •••/.V(a'-^)=2rWa«-a^4-a«8in-^^V 

Examples. 
Find 

(1) /.V(«^ + «'). 

^n5. - [x V(a^ 4- «') + a«log(x + V«* + a*) J. 
(2) /.V(a:»-a»). 



Applications, 

83. To find the area of a segment of a circle. 
Let the equation of the circle be 

x^ -h / = a^ 

and let the required segment be cut off by the double ordinatea 
through {xo^t/o) and {x^y) . Then the required area 

A=2Ay-hC. 
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From the equation of the circle, 



hence 






and therefore, b}- Art. 82 (c). 



X 
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A = x^((i^ - ar) -h «» sin-' - + C. 

As the area is measured from the ordinate y© to the ordinate^ y, 

^1 = when x = Xq; 



therefore 



= Xo^J{a'-x,') -h a*8in-' -" + C\ 



C= — a-oV(<^<* — ^0*) — «^Hin-*--» 



and we have 



X Xt\ 

A^x V(«* — ar*) + a*8in-* x© V(«'— V) — a'si"" ^ 77 

If aV)= 0, and the segment begins with the axis ofY, 

X 

A = x ->/(«* — ^)-\- «*8in-*-' 



If, at the same time, x=a^the segment becomes a semicircle^ and 

^ a 2 



The area of the whole circle is naK 



74 DIFFERENTIAL CA1.CULUS. [Art. 84. 

Examples. 
(1) Show that, in the case of an ellipse, 

the area of a segment b^inning with any ordinate ^o ^ 

A=-lx V(a* - a;") + a'sin"^^ - av,V(«*- a^D*)- a'sin-*??"]. 

a[_ a ' a J 

That if the segment begins with the minor axis. 



a|_ a J 



That the area of the whole ellipse is nab. 
(2) The area of a segment of the h}'perbola 

a' I? ~ ^ 

is ^ = - i^-sli^ - a') - aMog(a? +ViB*-o«) 

a 

If 0^ = a, and the segment begins at the vertex, 

^ = - [« V(^ - «*) - a'log(a; +Va^-a*) + a'loga]. 

84. To find the length of any arc of a circle^ the coordinates 
of its extremities being {x^^y^) and (a:,y) . 

By Art. 52, «=/.V[l + (^.y)^. 

From the equation of the circle, 
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we have 



When 



hence 
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2x + 2yD,y = 0, 



y 
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8^f,?L^af,—4 5- = a8in-^^5 + C. (Art. 77.) 



2/ — X^^ 



«=0; 



= a8in-*-+C, 
a 



and 



(7= 



— asm *-, 



8 



= a sin * sin *— )• 

\ a aj 



If a^= 0, and ^/te arc is measured from the highest point of the 



X 

a = asin"*-* 
a 



circley 

If the arc is a quadrard^ a; = a, 



« = a8in >(1) = — , 
and the whole circumference = 27ra. 



85. To find the length of an arc of the parabola y' = 2 rax. 



We have 



2yZ),y=2m; 



D,y = — \ 



V[i+(^.yr]=^(^^ = Jv(^*+2^); 



76 DIPFERENTIAL OAIX3ULU8. [Akt. 85. 

D,x=^=^, bv Art. 73 ; 

* D,y m 

« = — /,Vm«+y»=-l-[yV'n» + y»+TOMog(y + Vwi*+y»)] + C, 
m zm 

by Art. 82, Ex. 1. 
If the arc is measured fh)m the vertex, 

5 = when y = ; 

0=--L.(mMogm) + C, 
2m 

C= — mlogm, 

and .=iryv("-'+/)+^iogy+v<"^'+y*)1. 

2 L 7?l • & ifji J 

Example. 

Find the length of the are of the cur\^e a^= 27y*inelude<i be- 
tween the origin and the point whose abscissa is 15. 

Ans, 19. 
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I. FDNDAMENXAL PORIS. 



5. I i-dx = tr. 



1* ladxB= ax. 

«. Jafix)da> = ajfix)d!e. 

■/- 
/' 

8> ta'logadx!=<e. 

Jl + J? 

». I ; =lB«fl 'X. 

10. f ''^ _ver«in- 
lit I cosxifa; = amx. 
12> IsiDiEdxs— coeo!. 



FTXDAMENTAL FORMS. 



lt« I ctn xdz = log sin X. 
14. Junxd« = -logco.x. 



IIn lxanx6ecxdx = 9ecx. 



S' 



1€. I sec'xdxsstanas. 






csc'xdx s — ctnx. 



In the following formnlas, «, v, to, and y repreaent any 
ftiuctions of x: 

18. I (u -I- V 4- tc + etc,) dx = I udx + I txte + J todx + etc. 

l^a» I udv = «v — j vdu. 

196. \u — dxsstir— j V — dx. 
J dx J dx 

dx 




BATIONAL ALGEBRAIC FUNCTIONS. 



II. RATIONAL ALGEBRAIC FUNCTIONS. 



A. — Expressions Involving (a + bx). 

The substitution of y or 2 for «, where y = a» = a -f ^1 
gives 

21. C{a + bxy(ix=:^ ftTf^y* 

22. Jx(a + bx)^dx=^^^Jtriy-a)dy. 

28. Jar{a + bxydx^^^Jtr{y^aydy. 

24. f aftto ^ 1 riV'-ardy 
J (a + 6a;) " 6"+V y" 

' Jaf (a + 6aj)* 0'"+'' V aT 



Whence 



26. 



%/ a 



+ 6.T 6 



J (a + 6aj)« 6(0 + 6a;)' 



28. 



J (a 



(la; 



+ 6a;)« 26(a + 6a;)« 



29. f-^^ = 1 [a + 6a; - a log(a -h 5a;)]. 



80. 



+ 6a; 6* 
05 dx 



/<^.-^"«<°^»'>^;rfs} 



6 BATIONAL ALGEBBAIC FUNCTIONS. 

* J (a + bxy b\ a + 6aj 2(a + fea;)'J 



do? l|^^a + &a; 



S4. /_^ = _ilog 

U, f— ^ ^^ ^log 

J x{a + bxy a{a + bx) a? 

•/ ar(a + ox) ax or x 



a + &x 



B. — Expressions Involving (a + 6a^), 



= -tan~* — 



%/ c* + a^ c ' c 
%/ c^ — a^ 2c c — a? 

J a + oar ^sjab ^^ 

Ail r dx 1 , Va4-a? V— 6 .- ^a i. ^^ 

*<>• I— -7-^ = ^-p==log— r-^^ — :::, if a>0, 6 < 0. 






6x«) 2aJa + 6ic* 

dx 



-g r da? _ 1 X 2m--l r d 

Ja + 6aj» 26 ^V V 




BATIOKAL ALGEBRAIC FUNCTIONS. 



^ r xdx _i r dz 



where zssof. 



= i-log -• 



J x{a 

J a-h6x* 6 6*/ a 



+ 6ir») 2a ''a + fta? 



do; 



+ 6«» 



47. r ^^_=-i--^r.-^- 

•/«*(a + 6ir*) aoj aJ a + ba? 



iS. 



J (a + 



— a? 



6a^)-+^"'2m6(a + 6ir»)"' ' 2mb 



+ 






5ic»)- 



' J «*(a + 6aj«)"+^ a J a^(a + 6a*)" a J (a + da?*)-^*' 



where 6A:* = a. 






where b^=a. 



62. 



J a?(a 



dx 



= i-log "^ 



+ 6a5") an a 4- 6af 



r do? ^ 1 r dx _ 6 r 

• J (a + 6a:")-+^ a J (a + 60")- a J (a 



fl^dsp 



+ 6aj-) 



■H-l 



af'^'dx 



+ b3if*) 



r ardx _1 r a;"*-* a T 
J (a + 6aj*)'+^ bJ {a-hbary bJ {a 

r dx _ 1 r dx b r ^ 

• J ar(a -h to")*^* aJ ar (a + bsry aJ tT "(a + 



6af) 



8 
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Cxdx bx4-2a h r 






* J X*+* ngX" nq J '. 






6^_— _2 ac /'cte 



) rdx 

Jx 



•JX"+^'" (2n-m + l)cX*' 2n-m + l'cJ 






. m — 1 ^ a r 
2n — m + 1 cJ 



a r ^^dx 



JxX 2a "^X 2aJ X 

Jar^X 2a» ^ «« aa?^V2a« a^J 
70 r ^ - \ 7f -h m - 1 6 r dx 



x' 



2n + m — 1 c 



m — 1 






do; 



ar *X*+^ 



D. — Rational Fractions. 

Every proper fraction can be represented by the general 
form: 

F{x) of -{- kiof ^ -^ k^af ^ -\ \'k^ 



that 



a, bj c, etc., are the roots of tbe equation F{x)=Oy so 
F{x) = (a? — ay {x — 6)» (a? — c)- ..., 



10 BATIOKAL ALGEBRAIC FUNCTIONS. 

then /M,= ^1 ■!■ ^_ + A_ + ...+_A. 

, Bi . B2 . B^ . . B, 
{X- by (a? - 6)*-^ (a: - 6)»-« "^ ""^ a; - 6 



(a? — c)' (x — cY'^ (ar — c)'-* x-c 

^»B ••• ••• ••• •■• ■•• ••• 

Where the namerators of the separate fractions may be 
determined b}* the equations 

^^i^ll^lial^ 5. = ^:::^, etc., etc. 
^" (TO-1)! (m-1)! 

If a, by c, etc., are single roots, then|) = g = r=-.. = 1, 

F(a;) 05 — a a;--6 a: — c 

where ^=4^, 5=^, etc. 

The simpler fractions, into which the original fraction is 
thus divided, may be integrated by means of the following 
formulas : 

r hdx _ rhd(mx-\'n) h 

J(wia;-|-n)' J in{mx + ny m{l —l){mx + n)^^ 

J mx-^-n m 

If any of the roots of the equation f(x) = are imaginary, 
the parts of the integral which arise from conjugate roots 
can be combined together and the integral brought into a 
real form. The following formula, in which t = V — 1 , is 
often useful in combining logarithms of conjugate complex 
quantities : 

?S. log (» ± y») = i log (a? + y*) ± i tan-^2. 

X 
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m. IRRATIONAL ALGEBRAIC FUNCTIONS. 



A. — Expressions Involving Va + bx. 

The substitution of a new variable of integration, 
y= ^a + bxj gives 



4, jVa + bxdx = ^y/{a + bxy. 

J 10o6» 



7, r:i^±§d*=2VM^+or— ^ 

•/ X J X 'sjd 



+ 6a; 



2 Va -h 6a; 



••/vf 



dx 



= -li^±=Myfnrbi. 



+ bx aft* 



80. I ■ ■. = -^ ,.,. '-y/a + bx. 

81. r ^ =-Llogf ^/^^^-^« Yfora 
J X'^a^'bx ^la ysl a 4- bx 4- ^aJ 



>0. 



82. I — ^ = ^ tan ^\\—^ — , for a < 0. 

•^ ^^a + bx V— a ^ — « 



8«. r_^_=_ 



\la4-bx 



ax 



_b_ r dx^ 

2a J j:Va4 



-hbx 
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9±» 



«. J„+^,.;^=|/y».,=l|ii^ 



4±« t±m 



J^^ i>«L4±n 2±nJ 



* -^ Va + 6a; (2m +1)6 (2m + l)6JvaH 



dz 






* J ^^f^nfbz (n - 1) («?• » (2n - 2)aJ a--»Va 






8». J ^^ = i/ ^-^,-J/— ^— 



a;(a + 6x)» " a;(a + 6x) t " (a + 6a;)t 

B. — Expressions* Involving V«*± a* and Va* — a^. 

90. f'^^± a^cte = i [x Vi^To* ± a* log (» + V«»± a»)]. 

91. rVi?^^^da: = i/'a;V^^^ + a*8in->?Y 

92. f— ^— - = log(a:+Vi^"±^). 
•^ Var' ± a* 

98. 






da; 1 ^lO 

= -C08 *-' 



96, 



^ a; Va' ±a^ ^ \ ^ J 

J X X 

*Tb«M •qtuttlou are all special caaeaof more general equationa given in the neict iectlon. 
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97 



J X (B 



^¥lts? 



= ±^/a'±si^. 



»9. f 



xdx 



^a^-a^ 



= V«*— a*. 



100 



101. raVa'-ar»daj= - 1 V (a* - ««)». 

102. rV(^±^cte 

108. rV(a'-a:^)«d« 



104 



da; 



±x 



105. 



VC^To^p aVa:*±a» 



/ da? _ a? 



106./- 






-1 



108. pcV(a;* ± a-yda = | V(x' ± a»)' 

109. fa; V(a^-ar^)'^da; = - J V7^5~«^»* 



14 ntBATIONAL ALQEBBAIG FUNCTIONS. 

110. \2?^Jqi?± a^dx 

= ^V(a^±ayqF^*(a?V?±^*±aMog(aj + V?^?)). 
4 8 

= _ 5 V(a« - x')* + ^('asVo* - a!» + <^ sin-'^Y 
4 8 \ a/ 

112. r-^^ = ?V?±^.:F«'log(.4-V?±^«). 
118. r '^'^ =-gV^ri? 4. ^gjn-'g. 



/: 






114. ^ =.± 



116. r_J^? =-:/^E^. 

lie, fV^'dx — 2^1^ + logx + V?±P). 

ii7# I :: — aa; = sin - 

118. f— =^^= = — ^^ + log(« + V?±7). 



119. 



g^da; _ — a; 



— = -^== — sm *— 



C. — Expressions Involving Va + hx-\- ex'. 

4c 
Let X=a + 6x + ca^, g = 4ac — 6*, and ^ = ~ ^^ order 

to rationalize the function /(a;, Va + ^a? H- «b*) we may put 
Va -f 6x' + ca^ = '\f±c\l A -\- Bx ± a^, according as c is positive 
or negative, and then substitute for x a new variable z, such 
that 
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« = V-4 -hBx + a^'-x,\tc>0. 



« = 



>jA-i-Bx-x'^y/A 



-4 



X 



, if c<0 and-^>0. 

— c 



x-p 

a — X 



, where a and fi are the roots of the equation 



A-j-Bx-^a^^O, if c<0 and -5L<0. 

— c 

B}' rationalization, or by the aid of reduction formulas, may 
be obtained the values of the following integrals : 

20. r^ = 4^1ogfVX + a;V^ + -^Yifc>0. 

a^ C dx 1 . .i/— 2ca; — 6\ .^^^n 

-^ VX V-c \y/b''-'iacJ 

22. C ^^ ^ 2(2cxj-b) 
J XVX qsIX 

28. r_^^^2(2r^-f-6)/1^2A 

J x^yfx sq-s/x \x: J 

24. f— ^5_ = ^(^cx + bVX 2A:(n-l) r dx 

28. rx'Vxcto=(^'^+^>^'^+ ^"+^ r 

J 4(n + l)c 2(n + l)A:J 

/xdx _'/X b r dx 
Vx~ c 2cJvX* 



VX 



Vx' 



29 



16 IRRATIONAL AUxEBRAIC FUNCTIOKS. 



/xdx 2(te+2a) 
= 



Si 



xdx VX b r dx 



r rdx ^ VX b r d 

*J V•^/y (2n — l)cX- 2cJ y 



X-VX (2n-l)cX- 2cJx-VX 
fVdx /« 36\ /^ . 36*-4ac Tcte 



Vx 

dx 



^ rx'dx (x 36\ /^, 36^-4ac f 

*J Xy/X cqVX cJ^/x 

r x^dx ^ (2V^4ac)x+2ab 4ac+(2n-3)y T dx 
^^'x-VX (2ii-l)c9X-*VX (2n-l)cg J x-*VX* 

•^ Vx V^c i2c» 8c» 3cV Uc* lecyJvx 
w. rxVxdx=^«A fVxdx. 

J 3c 2cJ 

J 5c 2cJ 

'-^ VX (-''* + l)c 2cJ Vx * 

r oi'X-dj? ^ gX" n/X (2 n + 3) ft r a;X'(fa 
•J Vx 2(n + l)c 4(n + l)cJ VX 

g r X'da! 

2(w + l)cJ Vx* 

;3a6_2ftl\ f^dx. 
^VSc* 32c»yJ 
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42. rj^ = _ 1 log( 



VX + Va , h 



X 



-M, if a>0, 

2Va/ 



48. I — = = — =8m M — ^ ), if a<0. 

44. r-^ = -2Vl, if a = 0. 



X\IX 

dx 



r dx ^ VX 1 r (to ft_ r da? 

**^a;X»VX (2n-l)aX» aJ ajX-'VX ^(^ X^'y/x' 



4e. r ^ ^ VX 6^ r da? 

'^ a^-s/X a» ^<^*^ xVl 



VX 



47. r:^i^=vx+|r-^-far-^ 

*/ « 2J VX -^ a?V2 



VX 



48. P 
•^ a? 



X-da? 



VX (2n-l)VX ' ^ a?VX 



+ 



1/^ 



VX 



49./; 



'VXda? 



\IX .h r dx 
a?VX 



a? 2J. 



^»/: 



da? 

Vx' 



r arda? _ 1 r ar"*da? h roT-^dx a TaT-* 

V y^\/Y' cJ TTn-l^fX- cJ irn-JX cJ TTn-^ 



x-'-^Vx 



X*VX 



x-Vx' 



51 



/ arX*dx _ ar-^X"" VX (2n + 2m - 1) 6 T a;— ^X* 
Vx (2n + m)c 2c(2n + m) J VX 



da? 



(m-l)a r^;_^X2^ 



(2 



VX 



68. r 



da; 



Vx 



arX*VX (m-l)aaf-^X* 

da; 



(2n+2?yi-3)6 r da; (2n+m-2)c T 

2a(m— 1) -^aT-'X^VX (m— l)a •/ af- 



da? 



■*x*Vx 
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'J aryfX (m-l)ar-^"*"2(m-l)Jaf-iVX 



m — 1 •/ /»**-• ^ 



■ ■ ■ ■ • 



D. — Miscellaneous Expressions. 
f— ^5— = 



55 



verain -• 



6. r — ^^ — =+\M- 

-^ (oj + l) V?^n; >a? + l 

7. r — ^ — =-xl^^- 

59. J J^±i*(fx= V(a; + a)(a; + 6) 



+ (u — 6) log (VaT^+ Vj; -h 6). 



«0. I = 2 sm \- 



■/ 



61 



rfx 



= sin 



yl{a-\-hx){a'-px) slhp 






/- O - 

Va-f 6j;daj = — - V(a+&a?)*. 

68. r, /'' =A-t/,a+&x)«. 




IRRATIONAL AL6£BRAIG FUNCTIOKS. 

164. r-^^=-§ii££iM</(^+&^. 

J -i/a + bx lOV 

m 

166. I — = — sec V — )• 

166./. 
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Va" + o' «» Vo' + ar + o 



/ 



20 TRANSCENDENTAL FUNCTIONS. 



IV. TRANSCENDENTAL FUNCTIONS. 



67. I sin a; do; = — cos a;. 

68. I sin' a; (2a; = — ^ cos a; sin a; + i^* 
69# j sin'a;(ia; = — ^cosa;(8in*a5 + 2). 

ii r ' n ^ sin"~'a5cosa; , n — 1 /• . ^j^, 

0. I sin*a;aaj = + I bid^^xox. 

J n n J 

1* I cosxda; = sina;. 

2. I cos' a? (2a; = ^ sin a; cos a? + 1^ a;, 

8* I cos'a;(2a;=:^sina;(cos'a; + 2). 

4. j cos"a;(Za;= -cos**~^a;8ina;H — ^^^^ ( cos" ^xdx. 
J n n J 

5* I sin a; cos a; da; = ^sin^ a;. 

0. I 8in'a;cos*a;dx = — ^(i8in4a; — a;). 



7. I sina;cos"*a;aa; = • 

Q r • « ^ 8in"*+^a; 

«• I sin"* a; cos a; aa; = 



m+1 
9« I cos*" X sin" a; dx = 



cos*"* a; sin**"*"* a? 



m -I- n 
-f ^"~ I cos*" 'a; sin" a; (for. 



,n-l/»» rkrvo'^'t'* i 



1QA Cm • n ^ siD^" ' a; cos""^'a; 
180. I cos*" a; sin" a;aa; = 



'\'- I cos** a; sin""' a? (te. 

m -j- nJ 



181. 



182. 



TRANSCENDENTAL FUNCTIONS, 
sin" a; (n— l)sin"^a5 n — 1 J 8in*~*a5' 
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/ cos 
si 



'xdx 



CDS'""* a; 



sin*a; 



(m — n) sin' 

TT 



. m — 1 r cos"*"' 

*« m — n*/ sin" 



a; do; 



sm''a; 



188. f siP'a'da' ^ f" V^ V% ") 

184. I - 

J si; 



da; 
sin"* a; cos" 05 
1 



1 



. 171+71 — 2 r dx 

n— 1 sin^'^aj.cos"^^ 71— 1 •/ sin^a.cos*"' 



X 



1 1 . m + n — 2 r dx 



in — I sin*""^ a; . cos" ~ * x 



TZ + 



m 



n--2 r dsc 

— 1 J sin*~*a; . 



cos" a; 



*%/ sin^'a; m — 1 sin'""^a5 m— !•/ sin^'a? 

86. r_^? 1 8in^_^n-2 f^. 

J cos" a; n — 1 cos"~*a? n — 1%/ coB"~*a? 

87. I tana;da5 = ^logcosa;. 
. I tan' a; da; = tanas — a5. 

. I tan" a;da; = 1 tan" ^xdx. 

J n-1 J 



88 
89 



90. I etna; da; = log sin a;. 



91. j ctn*a;da; = — etna; — a?. 

92. rctn"a;da;= - ^^** ^ - rctn"-*a;da5. 

98. J seca;da; = logtan [ j + - y 

94. I sec' a; da; = tana;. 
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95. I 8ec*a?da5= ( -^ 
J J { 



cos" a; 



96. I C8C x^ = log taD \x. 

97. I C8c*a;(ic= — ctnoj. 

98. r csc*a5daj= ( — * 
./ ./si 



%\xrx 



*/ a 4- cosaj va^ — 6* L^ + o cosafj 

1 , r 6 + o eosa; + V6' — g^ . sinog "! 
V6* — a* L o + 6cosa? J 

200 ^ ^ 



6cosa5-f csinaj 



_ —1 . .if" y-f c'H-ct(&cosa;-i-c8ina; ) "I 

Va* — 6* — c* LV6*H- c* (a + 6 cosa? + c sina?) J 

=- — • log 

t y 4- c^ 4- « (^ cos a; 4- c sin a;) -f V^ 4- c^ — a^ (6 sina? — c cosa?) ! 
^IP" 4- c^ (a 4- 6 cosa; 4- c sina) J 

201. I a?sina;daj = sinx — ajcosa;. 

202. j a:*sinajdaj = 2a;sinaj — (»* — 2)cosa?. 

203. I x^ ^vaxdx = (3 a^ — 6) sin a; — (a* — 6 aj) cosa;. 

204. j af sinajda; = — af*cosaj4-m j af*~^C08ajda?. 

205. I X cosajcto = cosx 4- x slua?. 

206. j a.*^cosa;c?a; = 2a;cosaj4-(aJ^— 2) sina;. 

207. j ar^cosa;dx = (3ar^ — 6) cos a; 4- (a^ — G a;) sina?. 



TRANSCENDENTAL FUNCTIONS. 



28 



208# I of cos xdx = Qcr smx-^ m i af*'^ Bin xdx. 
209. f2ia£cte= L..5lE£ + _L_ C^dx. 



c/ af" m — 1 af* * m — U af* * 



21 
216 



211. r£iB£da; = aj ^^^ ^^JL...., 

J X 3.3! 5.5! 7.7! 9.9! 

J X ^ 2.2! 4.4! 6.6! 8.8! 

010 r» • ^ sm(m — n)a; siii(m + n)a5 
2l9« I QUimxBin7ixdx= — ^^ ^ ^ — ^—^ 

J 2(m — n) 2{m + n) 

214. Ccosmxoosnxdx = "^'^(^ " ^)^ + ^^'^^^ + \)^ . 
J 2(m-n) 2(m4-w) 

5. I sin "^ a? da; = « sin" 'a; -+- Vl — »*. 

. I cos ^a;da5 = aj COS"' a; — Vl —ar*. 

217. j tan~'a;daj = x tau"^a; — ilog(l +»*). 

218. ) ctn *a;da; = a;ctn~'a; + ilog(l -fa?')* 

219. I \'era\n~^xdx= (a;— 1) versin''aj4- V2aj — a^- 
. I (8m~'a;)^dar = a;(8in~'x)* — 2a;-f 2V1 — a^sin"**. 

, j a5.sin~'a?da; = J[(2a:^— 1) 8in~'a; + a;Vl — a^]. 

««« r^ • -1 ^ a:*+'8in-^a; 1 Taf+'dx 
222. I af* sin * a;da; = I . 

J n-f 1 n + U/ Vl-a:^ 



i 



220 
221 






-f' 



224. i a:"tan"^a;cZa; = 



a;"^Han 'a; 
H + 1 



1 r ar^^'da; 



24 TRANSCENDENTAL FUNCTIONS. 

225* l\ogxdx=:x\ogx^x. 

226. ril2g£l!cLc = —l- (log «)*+». 
J X n + 1 

227. I—; = log. log a. 

•/ X loga; 

228. f ^ = ^- 

Jaj(loga;)" (n — l)(logic)"-* 

229. Car\ogxdx = xr^'[-^^ ^ ^^ 1 

»/ L^i-j-i (wi + i)'j 

280. r€"cte = — • 
•/ a 

aj€"da; = — (ao;— 1). 

282. rare«'da; = ^^-- faf-^e^da?. 
*/ a a*/ 

233. f— d« = L_^-£!l+-«_ f-^ete. 

%/ of m— loT"* m — Ic/af* 

234. f€"logxda: = ?^li^&5-i f— c/a;. 
%/ a aJ X 

235. I € sin xdx = — ^^ ^• 

J a^ + 1 

286. fe"C08*dar=£:iii£5!^±liE^. 
J ar + l 



PEFINITE INTEGRALS. 



DEFINITE INTKEAIS. 



887. ("-2^ = ^, it a>Oi 0, it a = 0; -H, « o<0. 
8l».r"«-'e-*t= rTloglT'<it-r(n). 

r(» + i) = «-r(n). r(2) = r(i)=i. 

r (n + 1) = w !, if H is an integer r (J) = Vir. 

240. I eia'xdxss | coe'xdx 

1.3.5. ..{n-l> « ., . 
= - ' ' • -, if R IB aD even integer. 

2.4.6. ..(»-l) ... ... ^ 

B * i, if n 18 an odd inteser. 

1.3.5.7. ..« ^ 



..m 



for any value of n. 






Bmmxax__w 



= I, If m > ; 0, if m = ; - ^, if m < 0. 



ainx.ccsmxdx 



0, ifm<-l orm>l; 



4' 


, if m--l 


or 


™=1: 


^-' 


-!<■ 


»<i. 


-r 


j^ 8 












•"•r 


a«(i")il;r- 


r 
■ 


.ln(j:-) 


i^ 


m 


^^ 
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246. f cosmxax^; ^. 
Jo 1 






247. • *^ 



r ^ 

Jo Vl-Ar^8in«a? 



^K. 






= £. 



249. Ce '^dx=.±y/i? . =^r(}). 
•/o z a ^ a 



r^ 



250. I of e "c/j; 



^ r(7i+V) ^ n! 



^n+l ^n+l 



251. Par^'*e-"'c?a;=^'^-''^"-('^^-^) /?. 
Jo 2"+* a" \a 

252. re-'-::cZx=i:!l^. 
Jo 2 

I e ••co8ma;cte = -T -., if a>0. 

or -i-mr 

254. r*e - sin ma; da; =—???^,, if a>0. 
»/o a* + 'fn,' 

_ - — 

255. r*e-«-»co8 6a;da; = :^^^^?^:.^-^. 
c/o 2 a 

256. fi^g^rio; 2!?. 

%/o 1 — a; 6 

257. f'i2S^«ir = -'^.. 
Jo 1+x 12 




DEFINITE IMTEGRAIJJ. 



2«4. r'a!.log8iDa!da!=-Mog2. 
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AUXILIARY FORMULAS. 



The following formulas are sometimes useful in the reduction 
of integrals : 

265. log u = log cu + a constant. 
2BB. log ( — u) = log u -f a constant. 

' — sinWl — tt* + a constant. 
2«7, sin~*u = < — isin"^ (2%* — 1) + a constant. 

i sin"^ 2 u Vl — tt* + a constant. 

{— tan~^ - + a constant, 
tan"* — -i- — h a constant. 
1 — Ctt 

2«9. log (a? ± yi) = i log {a^ + f)± i tan"* S?. 

270. 8in^^M = cos~Wl — u* = tan *————- =csc~*— 

Vl-u* w 

271. cos~^M = sin" Vl — u* = tan~*-v|-i— 1 = sec~^ • 

272. taa-^a;± tan-^2/ = tan~^( -^^-^V 

278. sin""^a; ± 8in""'y = sin"* (a;Vl — y'±y Vl — a^). 
274. cos-^o; ± cos'^y = cos"* (xy q: V(l — a5*)(l — y*)). 



276. sma; = 



276. cosic = 



2i 



2 

277. s'lnxi =ii{e' --€') = isinhx. 

278. cosa;i = ^(e' + e~') = cosho;. 

279. log.a? = (2.3025851) logioic. 



"^ 



The Natural Logarithm* of Number* between 1.0 and 9.9. 



I 


; 0.000 i 0-09S 1 0,182 | 0,262 , 0.336 | 0.40.'i , 0.470 


0.531 0,588 ! 0.(A2 


a. 


1 0.693 1 0.742 1 0.7SS , 0.833 0.87S 


0-916 0.9,S6 


0,993 1.030 1,065 


3, 


, 1.099 1.131 ; 1.163 1.194 '1.224 


1.253 ' 1.281 


1.303 1.335 1 1.361 






1..S04 


l..i26 


1.5481 1.5691 1..SS9 


5. 


11.609 1-629 1 1,649 1 1.663 il.f^6 


1701 


1,723 


1.740 ll.7.«i 1.775 


6. 


1.792 !,80S 


1.82,1 


1.341 1 1.8.16 


1.872 


1.887 


1.902 1.917 1-9.32 


7, 


1 1.946 1.960 


1,974 


1.98S 1 2.001 


2.015 


2.028 


2.041 2.054 2.067 


8. 


[ 2.079 1 2,092 


2.104 


2.11612.128 


Z,K0 


2.1 S?, 


2.163 2.175 2.186 


9. 


1 2.197 1 Z.208 


2.219 


2.230 1 2.241 


2.251 


2.262 


2.272 2.2S2 12.293 



The Natural Logarithms of Whcrie Numbers from 10 to 100. 



H. 


1 I 2 3 


4 


a 


7 1 8 » 


1 


2.303 ' 2.398 1 2.485 1 2.56S 


2.639 


2.7O8 2.773 1 2.ai3 , 2.390 2.944 


2 


2.996 1 3.CH5 . 3.091 ! 3.135 ! 3.178 ] 3.219 1 3.258 i 3.296 ' 3.332 | 3.367 


3 


3 401 


3.434 , 3-466 3.497 3..^Z6 1 3.S.SS 3.584 . 3.611 i 3.638 | 3.664 


4 


3.6S9 


3.714 1 3.738 3.761 13.784 1 3.307 


3.82913.850 3.87il 3,892 


6 


3.912 


3.932 1 3.951 , 3.970 . 3.989 4.007 


4.025 14.043' 4.0601 4.078 


6 


4,094 


4.111,4.127 4.143 14.159 4.174 


4.190 4.205 j 4.220 4.234 


7 


4,248 


4.263 4.277 1 4.290 4.304 4.317 


4.331 4.344 4.3.57 1 4.369 


8 


4.W 


4..W , 4,407 1 4,419 1 4,431 4.443 


4.454 4.466 1 4.477 1 4.4S9 


9 


4.500 


4.511 1 4..522 1 4.533 1 4.543 4,554 


4.564 1 4.575 1 4.585 1 4..S95 


iO 


4.605 


4.615 1 4.625 4.635 4.644 4.6S4 


4.663 4.673 1 4.682 1 4.691 



The Valuet In Circular Measure of Angles which ar« ^ven jr 
Degrees and Minutes. 



,, 


0.0003 


V 


0.0026 




0.0524 








I-74.U 


?.' 


0-0006 


10' 


0.0029 


4" 


0.0698 


.10^ 


0.5236 


lift" 


V)W) 


3' 


0.0009 


?i)' 


0.00.S8 


i;o 


0.0873 




0.6981 


1?(1° 


2-0944 


4' 


0.0012 


30' 


0.0087 


ft^' 


0.1047 


SO^ 








•>' 


0,001s 


4(1' 


0.01 16 


70 




Nf 








6' 


0.0017 


.50' 


0.0145 


8" 


0,1396 


W 


1.2217 


l.W 


2.6180 


7' 


0.0020 


1" 


0.0175 


9" 


0.1571 




U963 


IW 


2-792S 


8' 


0.0023 


2" 


0.0349 


'"" 


0.1745 


90^ 


1J708 


"" 


2.9671 


^^^^^^^^ 
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TABLES. 



NATURAL TRIGONOMETRIC FUNCTIONS. 



Angle. 


Kin. 


Cbc. 


Tan. 


Cm. 


Hrc. 


Cot. i 




0° 


0.000 


00 


0.000 


00 


1.000 


1.000 


90° 


1 


0.017 


57.30 


0.017 


57.29 


1.000 


1.000 


; 89 


2 


0.035 


28.65 


0.035 


28.64 


1.001 


0.999 


88 


3 


0.052 


19.11 


0.052 


19.08 


1.001 


0.999 


87 


4 


0.070 


14.34 
11.47 


0.070 


14.30 


1.002 


0.998 


86 


5° 


: 0.087 


0.0S7 


11.43 


1.004 


0.996 


85^ 


6 


0.105 


9.567 


0.105 


9.514 


1.006 


0.995 


84 


7 ' 


0.122 


8.206 


0.123 


8.144 


1.008 


0.993 


83 


8 


0.139 


7.185 


0.141 


7.115 


1.010 


0.990 


82 


9 


0.156 


6.392 


0.158 
0.176 


6.314 


1.012 


0.988 i 


81 


10° 


0.174 


5.759 


5.671 


1.015 


0.985 i 


80° 


11 


0.191 


5.241 


0.194 


5.145 


1.019 


0.982 ' 


79 


12 


0.208 


4.810 


0.213 


4.705 


1.022 


0.978 


78 


13 


0.225 


4.445 


0.231 


4.331 


1.026 


0.974 ! 


77 


14 


0.242 
0.259 


4.134 


0.249 


4.011 
3.732 


1.031 
1.035 


0.970 = 
0.966 


76 


16° 


3.864 


0.268 


76« 


16 


0.276 


3.628 


0.287 


3.487 


1.040 


0.961 


74 


17 


0.292 


3.420 


0306 


3.271 


1.046 


0.956 


73 


18 


0.309 


3.236 


0.325 


3.078 


1.051 


0.951 


72 


19 


0.326 


3.072 
2.924 


0.344 
0364 


2.904 


1.058 


0.946 


71 


20° 


0.342 


2.747 


1.064 


0.940 


70« 


21 


0.358 


2.790 


0.384 


2.605 


1.071 


0.934 


69 


22 


0.375 


2.669 


0.404 


2.475 


1.079 


0.927 


68 


23 


0.391 


2.559 


0.424 


2.356 


1.086 


0.921 


67 


24 


0.407 


2.459 


0.445 


2.246 
2.145 


1.095 


0.914 
0.906 


66 


25^ 


0.423 


2.366 


0.466 


1.103 


66° 


26 ; 


0.438 


2.2S1 


0.488 


2.050 


1.113 


0.899 


64 


27 


0.454 


2.203 


0.5)0 


1.963 


1.122 


0.891 


63 


28 , 


0.469 


2.130 


0.532 


1.881 


1.133 


0.883 


62 


29 ' 


0.4S5 
"0..S0O 


2.063 
2.000 


0.554 


1.804 
1.732 


1.H3 


0.875 


61 


30' 


0.577 


1.155 


0.866 


60' 


31 


0.515 


1.942 


0.601 


1.664 


1.167 


0.857 


69 


32 


0.530 


1.8S7 


0.625 


1.600 


1.179 


0.848 


68 


33 


0.545 


1.836 


0.649 


1.540 


1.192 


0.839 


67 


34 


0.559 


1.788 
1.743 


0.675 


1.483 


1.206 


0.829 


66 


35^ 


0.574 


0.700 


1.428 


1.221 


0.819 


66* 


36 


0.588 


1.701 


0.727 


1.376 


1.236 


0.809 


64 


37 


0.602 


1.662 


0.754 


1.327 


1.252 


0.799 


63 


38 


0.616 


1.624 


0.781 


1.280 


1.269 


0.788 


62 


39 


0.629 


1.589 


0.810 
0.839 


1.235 
"1.192 


1.287 


0.777 


61 


40° 


0.643 


1.556 


1.305 


0.766 


eo" 


41 


0.656 


1.524 


0.869 


1.150 


1..325 


0.755 


49 


42 


0.669 


1.494 


0.900 


1.111 


1.346 


0.743 


48 


43 


0.682 


1.466 


0.933 


1.072 


1.367 


0.731 


47 


44 


. 0.695 

0.707 
Cos. 


1.440 
1.414 


0.966 
1.000 


1.036 


1.390 


0.719 


46 


45° 1 


1.000 


1.414 


0.707 


46° 


1 


Pec. 


Ctn. 


Tan. 


Cm. 


81n. 


Aa^. 




ValuM of th« Complete Elliptic Integral!, A' and E, for Different 
Values of the Modulus, k. 



lin-'i 


A' 


E 


.,.-.,. 


K 


E 


lin-'i 


K 


E 


0° 


1.S708 


\.S-,QI& 


30" 


],6358 


1,4675 


60° 


2.1565 


1.2111 


1° 


1,5709 


1,5707 


31° 


1.69t: 


1.4608 


61° 


2,1842 


1.2015 


2" 


1.S713 


1,5703 


32° 


1.7023 


1,4539 


62° 


2.2132 


1.192C 


y 


1.5710 


1.5697 


33° 


1,7119 


1.4469 


63° 


2.2435 


1.182£ 


4° 


1,57Z7 


1.5689 


34° 


1.7214 


1.4397 


61° 


2.2754 


1.1732 


S° 


1.5733 


1.5678 


35° 


1.7312 


1.4223 


65° 


2.30S8 


1.163E 


6" 


1.S7U 


1.5665 


36° 


1.7415 


1.4243 


66° 


2J439 


1.1S4S 


7° 


1.5767 


l.,5649 


37° 


1,7522 


1.4171 


67° 


2,3809 


1.1453 


8* 


1.5785 


1.5632 


38° 


1,7633 


1.4092 


63° 


2,4198 


1.1362 


9° 


1.5805 


1.5611 


39° 


1.7743 


1.4013 


69» 


2.4610 


1.1272 


10° 


1.5828 


1. 5589 


40° 


1.7868 


1.3931 


70° 


2.5046 


1.1184 


11° 


1.5854 


1.556* 




1,7992 


U849 


710 


2.5507 


1.1096 


12° 


1.5882 


1.S537 


42° 


1.8122 


1,3765 


72° 


2.5993 


1.1011 


13" 


1.5913 


1.5S07 


43° 


1.8256 


1.3680 


73" 


2.6521 


1.0927 


14° 


1.59+6 


1.5476 


44° 


1,8396 


1J594 


74° 


2.7081 


1,0844 


15° 


1.5981 


1.5442 


45° 


1.8541 


1.3506 


75° 


2.7681 


1.0764 


(P 


1.6020 


1.5405 


46° 


1.8691 


U418 


76° 


2.8327 


1.0686 


7° 


1.6061 


1.5367 


47° 


1,8848 


1J329 


77° 


2.9026 


1.0611 


8° 


1.6105 


1.5326 


48° 


1.9011 


1J238 


78° 


2.9786 


1;0538 


9° 


1.6151 


1,5283 


49° 


1,9180 


1.3147 


79° 


3.0617 


1.0468 


20° 


1.6200 


1.5238 


50° 


1.9356 
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The Common Logarithms of r(n) for Values of n between 1 and 2. 
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